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Abstract. We apply results on equivalent power series (see K.-H. Ind-
lekofer [5]) to functions with given modulus of continuity and to functions
holomorphic in {z : |z| ≤ 1} \ {1}, and derive Hardy’s theorem on the
existence of power series which converge uniformly on the unit circle but
not absolutely.

1. Introduction

There are series which on the unit circle converge uniformly but not abso-
lutely.

This was proved in 1913 by G. Hardy in [3]. In 1916 E. Landau gave a
simplified version of Hardy’s proof (see E. Landau - D.Gaier [7]), which can be
summarized as follows (see [7], §14).

Let D := {z ∈ C : |z| < 1} and D := {z ∈ C : |z| ≤ 1} be the open and
closed unit disc of C, repectively, and H(D) := {f : D → C, f holomorphic}
be the algebra of functions holomorphic in D. Let (i =

√
−1)

g(z) = (1 − z)−i =
∞∑

n=0
(−1)n

(
i

n

)
zn =

∞∑
n=0

bnzn.

Key words and phrases: Conditionally convergent power series, conformally equivalent power
series.
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Then g ∈ H(D), bounded in D and

|nbn| = n
∣∣∣ i(i + 1) · . . . · (i + n − 1)

1 · . . . · (n − 1) · 1
n

∣∣∣ =

=
√

(1 + 1
12 ) · . . . · (1 + 1

(n − 1)2 ) →

√√√√ ∞∏
r=1

(1 + 1
r2 ).

i.e.

(1.1) bn ≍ 1
n

.

Further, putting

Bm(φ) :=
m∑

n=0
bneinφ for m ≥ 1, φ ∈ R,

we conclude for −1 < r < 1
m∑

n=0
bneinφ − g(reiφ) =

m∑
n=0

bneinφ(1 − rn) −
∞∑

n=m+1
bnrneinφ

and, by (1.1)∣∣∣ m∑
n=0

bneinφ−g(reiφ)
∣∣∣ ≤ (1−r)

m∑
n=1

n|bn|+
∞∑

n=m+1
|bn|rn ≤ 1

m

m∑
n=1

c+ c

m

∞∑
n=m+1

rn

if r = 1 − 1
m . Since g((1 − 1

m )eiφ) is bounded we have

(1.2) |Bm(φ)| ≤ c independent of m and φ.

Now, if
an := bn

log n
, n ≥ 2,

then

(1.3) f(z) =
∞∑

n=2
anzn

is holomorphic for |z| < 1,

(1.4)
∞∑

n=2
|an| = ∞

and

(1.5)
∞∑

n=2
aneinφ is uniformly convergent

(which implies that f(z) is continuous in D).
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For the proof of (1.5) we estimate, if v ≥ u ≥ 2 are integers,

|
v∑

n=u

aneinφ| =
∣∣∣ v∑

n=u

Bn(φ) − Bn−1(φ)
log n

∣∣∣ =

=
∣∣∣ v∑

n=u

Bn(φ)( 1
log n

− 1
log(n + 1)) − Bn−1(φ)

log u
+ Bv(φ)

log(v + 1)

∣∣∣ <(1.6)

< c

v∑
n=u

( 1
log n

− 1
log(n + 1) + c

log u
+ c

log(v + 1)) =

= 2c

log u
.

This ends the construction of Landau.

In this paper we shall prove the existence of such functions f

(i) with a given modulus of continuity

and

(ii) which are holomorphic in C \ K,

where 1 ∈ K and K \ {1} ⊂ {z : |z − 1| < ε} ∩ (C \ D).
Here the modulus of continuity ω(f ; h) for functions f ∈ H(D), which are

continuous in D, is defined by

(1.7) ω(f ; h) := sup
|φ|≤π

sup
|t|≤h

|f(ei(φ+t)) − f(eiφ)|.

If f is given by (1.3) then (see (1.6))

f(eit) − f(ei(t+h)) =
∑
n≤u

bn

log n
eitn(1 − eihn) + O( 1

log u
)

and

∣∣∣ ∑
n≤u

bn

log n
eitn(1 − eihn)

∣∣∣ ≪
∑
n≤u

|bn|
log n

hn = O

h
∑
n≤u

1
log n

 = O

(
h

u

log u

)
.

Choosing u = 1
h gives ω(f ; h) = O

(
1

log 1/h

)
.
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2. Functions with a given modulus of continuity

If ζ0 ∈ D, ζ0 ̸= 0 then

Φζ0(z) := 1 − ζ0

1 − ζ0
· z − ζ0

1 − ζ0z

defines a conformal and bijective mapping Φζ0 of D onto itself. In 1973 [4] we
introduced the space

Aα,c :=
{

f ∈ H(D) : f(w) =
∞∑

n=0
anwn,

∑
n

|an| < ∞, ω(f ; h) =

= Of

(
h1/2

log 1
h α(c log 1

h )

)
for h → 0+

}
,

(2.1)

where α : [x0, ∞] → (0, ∞) and c > 0.

We showed ([4], Satz 1)

Proposition 1. Let c1, c′
1, x0 be positive numbers and let α : [x0, ∞) → (0, ∞)

be monotonically increasing such that

(2.2)
∑

n≥x0

1
nα(n) = ∞

and
α(t(n + 1)) ≤ c′α(tn) for all real t > 1, n ∈ N, n ≥ x0.

Then there exist f ∈ Aα,c such that f1(z) = f(Φζ0(z)) =
∑

bnzn diverges
absolutely for |z| = 1.

Since Φζ0(z) is holomorphic on the boundary of D, the modulus of conti-
nuity of f1 = f ◦ Φζ0 can be estimated by

ω(f1; h) = O(ω(f ; h)).

L. Alpár [1] showed that if f(z) =
∞∑

n=0
anzn is absolutely convergent for |z| = 1,

then f1(z) = f(Φζ0(z)) =
∑∞

n=0 bnzn is uniformly convergent for z = eiφ,
φ ∈ [0, 2π].

Thus we have

Theorem 1. There exist functions f ∈ Aα,c satisfying (2.2) such that f1(z) =
= f(Φφ0(z)) =

∑∞
n=0 bnzn converges uniformly but not absolutely for |z| = 1.

Corollary 1. There exist functions f1 ∈ H(D), f1(z) =
∑∞

n=0 bnzn, continu-
ous on D such that
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(i) ω(f1; h) = O
(

h1/2

log 1
h log log 1

h log log log 1
h

)
for h → 0+,

(ii)
∑∞

n=0 |bn| = ∞,

(iii)
∑∞

n=0 bneinφ is uniformly convergent for φ ∈ [0, 2π].

Remark 1. The result is best possible in the following sense (cf. [4] Satz 2):
If f ∈ Aα,c such that ∑

n≥x0

1
nα(n) < ∞

then f1(z) = f(Φζ0(z)) =
∑∞

n=0 bnzn is absolutely convergent (|z| = 1) for
every ζ0 ∈ D.

3. Functions holomorphic in D \ {1}

Define u : C → C by

(3.1) u(z) = z2 − (z − 1
2 )4.

Then u(1) = 1 and |u(z)| < 1 for z ∈ D \ {1}(see Figure 1). Especially we have

|u(eiφ)| = 1 − sin4
(φ

2

)
(φ ∈ [0, 2π]).

Figure 1. Modulus of u(z) = z2 − ((z − 1)/2)4 on |z| = 1
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Then K.-H. Indlekofer and R. Trautner [6] proved

Proposition 2.

(i) If g ∈ H(D), g(z) =
∑∞

n=0 anzn is absolutely convergent for |z| = 1, then
g(u(z)) =

∑∞
n=0 bnzn is absolutely convergent for |z| = 1.

(ii) There exist g ∈ H(D) such that g(z) =
∑∞

n=0 anzn is absolutely conver-
gent for |z| = 1 and g(u(Φφ0(z))) =

∑∞
n=0 bnzn is absolutely divergent

for |z| = 1.

The function g(u(z)) in (i) and (ii) is holomorphic in D\{1} (see Figure 2).
Choose g as in (ii) and put f = g◦u◦Φζ0 . Then f(z) =

∑∞
n=0 bnzn is uniformly

convergent and
∑∞

n=0 |bn| = ∞.

Figure 2. |u(z)| = 1 for u(z) = z2 − ((z − 1)/2)4

Let G be the maximal region where f is holomorphic, and put K = C \ G.
Define

(3.2) K1 := K ∩ {z ∈ C : |1 − z| ≤ ε}

where 0 < ε < min{1, 1
2ζ0

}. Let {z1, z2} = {z : |u(z)| = 1} ∩ {z : |z − 1| = ε}.
Then |z1| = |z2| = 1 + ε′ with 0 < ε′ < ε. Define

(3.3) K2 := K ∩ {z : |z| ≥ 1 + ε′},

so that by (3.2) and (3.3) K = K1 ∪K2. Then by Théorème A of N. Aronszajn
in [2]

f = f1 + f2

where f1, f2 are holomorphic in G1 = C \ K1 and G2 = C \ K2, respectively.
Since the function f2(z) is holomorphic for |z| < 1 + ε′ it converges absolutely
for |z| = 1, and for f1 the following holds.
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Theorem 2. There exists f1(z) holomorphic for z ∈ C \ K1 such that
f1(z) =

∑∞
n=0 anzn converges uniformly but not absolutely for |z| = 1.
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