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Abstract. Let M;j stand for the set of all complex valued multiplica-
tive functions satisfying |f(n)] < 1 for all n € N. Some fifty years
ago, Hedi Daboussi proved that, given any irrational number o, we have
SUD fepy Doney ()XY = o(x) as @ — co. We show that the same
result holds if f satisfies the additional condition |f(n)| =1 for alln € N
and if we replace the exponential expression €*™*™ by h(u(n)), where h
is the characteristic function of a set made of a collection of subintervals
of [0,1) and u(n) is an arithmetic function with specific properties.

1. Introduction

Let M stand for the set of all complex valued multiplicative functions such
that [f(n)] <1 for all n € N. Some fifty years ago, Daboussi (see Daboussi
and Delange [1]) proved that given any irrational number «,

1
(1.1) lim sup — f(n)e(an) =0,
xr—r o0 f€M1 x 7;;
where e(r) := exp{2mir}.
While the classic proof of (1.1) is based on the large sieve inequality, the
second author [3] gave a simple proof using essentially the Turdan-Kubilius in-
equality. In [2], he also proved the following.
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Theorem A. Let u: N — R be such that

(1.2) lim 1 Z e(u(pin) — u(pan)) =0

T—00 I
n<x

holds for every pair of primes p; # ps. Then,

lim sup — Zf = 0.

Tr—ro0 fEMl n<z

From here on, we let P(n) = arn® +ap_1n* 1+ +anbea polynomial
with real coefficients with the property that at least one among ag,...,a; is
an irrational number.

Remark 1. Setting u(n) = P(n), the conditions of Theorem A are satisfied
and therefore the conclusion of Theorem A holds for this particular choice of

Here, letting M7 be the set of those functions f € M; satisfying the
additional condition |f(n)] = 1 for all n € N, we show that the Daboussi
estimate (1.1) holds if f € M7 and if we replace the exponential expression
e?men by h(u(n)), where h is the characteristic function of a set made of
a collection of subintervals of [0,1) and u(n) is an arithmetic function with
specific properties.

2. Setting the table

Given an integer k > 2, consider the family of real intervals I; := [a;, 5;],
j =1,...,k where 0 < a; < B < aj;1 < Bj+1 < 1 for each integer
j€{l,...,k—1} and then consider the set

k
U . C[0,1)

and the function

1 if z€F
h = ’
(@) {0 if ze[0,1)\E

which we extend to the set of all non-negative real numbers by setting
h(z+n) = h(z) for x € E and n € N.
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Given an arbitrarily small but fixed § > 0, we introduce the two functions

5/2
1
hi(z) := 3 / h(x 4 u) du,
—5/2
5/2
1
ha(x) := 5 / ha(z + u) du.
_5/2
We then have
ha(x) = Z cje(jz)
j=—00

for some real numbers ¢; with Z?i_oo lej| < co. With the interval R(u) :=
= (u—d,u+9), set

Let K € N be such that

(2.1) > el <o

Since

and letting A(A) stand for the measure of the set A, one can easily see that
(2.2) lco — AM(E)| < 20.
Further define the function
(2.3) Hs(z) .= AE) + Z cje(jz).
It is easily seen that
(2.4) A(S) < 86k

Letting P(n) be as in Section 1 and letting E and h be as in Section 2, we
define the set T as the set of those positive integers n for which h(n) = 1, that
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is, those n for which {P(n)} € E, where here {y} stands for the fractional part
of y. Given f € M7, we introduce the two summation functions

v)i=> f(n) and SY(z):=>" f(n
n<zx n<z
Finally, let

D(z2) e /2 gt

-k

stand for the normal distribution function.
3. Main results

With the notation introduced in Section 2, we have the following results.

Theorem 1. We have

lim sup — S(f)( ) = AME)SD (z)| = 0.
:1:~>oo}¢€M*

Theorem 2. Let u: N — R be such that

(a) the sequence u(n) is uniformly distributed modulo 1,

(b) for every pair of primes p1 # p2 and each £ € N, we have

xlggo% 3 e(e(u(pln) - u<p2n>)> ~0.

n<x

Let E and h be as in Section 2 and let T; be the set of those positive integers
n for which h(u(n)) = 1. Moreover, given f € M7, set

(f) Zf

n<zx

and
co := lim #{n<x {u(n)} € E}.

T—r00

Then,
lim up s<f () — A(E)SD) ()| = 0.

As a consequence of these results, we have the following applications, the
second of which echoes the well-known Erdés—Kac theorem.
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Corollary 1. Let g be a strongly additive function. Then g has a limiting
distribution on N if it has a limiting distribution on the set T = {n € N :
:{P(n)} € E}, and the two limiting distributions are equal.

Corollary 2. Let g : N — R be a strongly additive function such that
g(p) = O(1) and set

A(z) := Z 9() and B(x) := g

p<z p p<z
Then,
(3.1 Ili)rrgo %#{n <z:g(n) <Ax)+zBx)} = ®(2)

holds for every real number z if and only if

(3.2) wll)rrgo )\(1) #{n<z:neT and g(n) < A(z) + 2B(z)} = ®(2)

for every real number z.
4. Proof of Theorems 1 and 2

We shall only provide the proof of Theorem 2, since the conditions and
conclusion of Theorem 1 follow from those of Theorem 2.

We have
S(f) Z f

n<zc

Given an arbitrarily small but fixed § > 0, let K be such that the sequence
{¢;} (defined in Section 2) satisfies condition (2.1). Then,

(4.1) S(f Zf (un))| <dz+#{n <z:{uln)} e S}

n<z

Now, observe that, with Hs as in (2.3), we have

(42) Y f)Hs(um) =NE) ST @)+ Y ¢ Y fln)e(juln)).

n<x 1<|jIKK n<z

Combining (4.1) and (4.2), we may write that

Nipy SV (x .
NS _Sn @) o s 1S e um)| +

T T
1<|j|<K n<x

(4.3) —|—%#{n <z:{u(n)} € S}+26
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Since by hypothesis (a) of Theorem 2, the sequence {u(n)} is uniformly dis-
tributed modulo 1, we have that

(4.4) lim #{n <z:{u(n)} e S} =AS).

T—r 00

Using (4.4), it follows from (4.3) that, as © — oo,

S () — )\(E)S(f)(x)‘ < 26z +
(4.5) +(A(S) +0(1))x + Z |c;] Zf(n)e(]u(n)) )
1<|jI<K n<z

Recalling condition (2.1) and inequality (2.2), we have from (4.5) that, as
x — 00,

sup <20+ A(S)+o(1)+

M RNNCIIE)
FeEM; T

T

(4.6)

+ Z |¢;] SUP - Zf

1<|j|<K n<z

Then, in light of the generalised form of the Daboussi theorem (see Remark 1)
and using inequality (2.4), we may replace inequality (4.6) by

S(f)( ) S(f) (x)

— AE) < 8kd + 2.

sup

femM; T

Since § can be chosen arbitrarily small, the conclusion of Theorem 2 follows.
|

5. Proof of Corollaries 1 and 2

Corollary 1 is an immediate consequence of Theorem 1. So, we only prove
Corollary 2. For any real number 7, we set

fr(n) = eI

From Theorem 1, we have that

Z fr(n Z fr(n)| =0 (x — 00).

n<x n<x

neT
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Letting

(g A(x)
hl’,‘l‘(n) = e”—(g B(x) ) = fT/B(’E) (n) . e_TA(w)/B(a:).

Hence, from Theorem 1, we have that

. 1 1
Jim sup |7 2 her () = Sy 2 R )| =0

n<z n<z

neT

Hence, letting ¢(7) := e~7/2 assertion (3.1) holds if and only if
1
LY ) lr) (o)
n<zx
which itself holds if and only if
1
NE) ; hy - (n) = (1) (x — o),

<z

which is equivalent to assertion (3.2), thus concluding the proof of Corollary 2.
|

6. Final remark

It would be interesting to characterize all those functions u(n) for which
condition (1.2) holds. We believe that, setting u(n) := An®, where A € R\ {0}
and £ > 1 is not an integer, condition (1.2) can be verified, implying that
Theorem 2 would hold in that case. However, we could not prove that.
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