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Abstract. Let M1 stand for the set of all complex valued multiplica-
tive functions satisfying |f(n)| ≤ 1 for all n ∈ N. Some fifty years
ago, Hedi Daboussi proved that, given any irrational number α, we have
supf∈M1

∑
n≤x

f(n)e2πiαn = o(x) as x → ∞. We show that the same
result holds if f satisfies the additional condition |f(n)| = 1 for all n ∈ N
and if we replace the exponential expression e2πiαn by h(u(n)), where h
is the characteristic function of a set made of a collection of subintervals
of [0, 1) and u(n) is an arithmetic function with specific properties.

1. Introduction

Let M1 stand for the set of all complex valued multiplicative functions such
that |f(n)| ≤ 1 for all n ∈ N. Some fifty years ago, Daboussi (see Daboussi
and Delange [1]) proved that given any irrational number α,

(1.1) lim
x→∞

sup
f∈M1

1
x

∑
n≤x

f(n)e(αn) = 0,

where e(r) := exp{2πir}.
While the classic proof of (1.1) is based on the large sieve inequality, the

second author [3] gave a simple proof using essentially the Turán-Kubilius in-
equality. In [2], he also proved the following.
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Theorem A. Let u : N → R be such that

(1.2) lim
x→∞

1
x

∑
n≤x

e
(
u(p1n) − u(p2n)

)
= 0

holds for every pair of primes p1 ̸= p2. Then,

lim
x→∞

sup
f∈M1

1
x

∣∣∣∣∣∣
∑
n≤x

f(n)e
(
u(n)

)∣∣∣∣∣∣ = 0.

From here on, we let P (n) = aknk + ak−1nk−1 + · · · + a1n be a polynomial
with real coefficients with the property that at least one among ak, . . . , a1 is
an irrational number.

Remark 1. Setting u(n) = P (n), the conditions of Theorem A are satisfied
and therefore the conclusion of Theorem A holds for this particular choice of
u(n).

Here, letting M∗
1 be the set of those functions f ∈ M1 satisfying the

additional condition |f(n)| = 1 for all n ∈ N, we show that the Daboussi
estimate (1.1) holds if f ∈ M∗

1 and if we replace the exponential expression
e2πiαn by h(u(n)), where h is the characteristic function of a set made of
a collection of subintervals of [0, 1) and u(n) is an arithmetic function with
specific properties.

2. Setting the table

Given an integer k ≥ 2, consider the family of real intervals Ij := [αj , βj ],
j = 1, . . . , k, where 0 ≤ αj < βj < αj+1 < βj+1 < 1 for each integer
j ∈ {1, . . . , k − 1} and then consider the set

E :=
k⋃

j=1
Ij ⊆ [0, 1)

and the function

h(x) :=
{

1 if x ∈ E,

0 if x ∈ [0, 1) \ E,

which we extend to the set of all non-negative real numbers by setting
h(x + n) := h(x) for x ∈ E and n ∈ N.
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Given an arbitrarily small but fixed δ > 0, we introduce the two functions

h1(x) := 1
δ

δ/2∫
−δ/2

h(x + u) du,

h2(x) := 1
δ

δ/2∫
−δ/2

h1(x + u) du.

We then have

h2(x) =
∞∑

j=−∞
cj e

(
jx

)
for some real numbers cj with

∑∞
j=−∞ |cj | < ∞. With the interval R(u) :=

:= (u − δ, u + δ), set

S :=

 k⋃
j=1

R(αj)

 ⋃  k⋃
j=1

R(βj)

 .

Let K ∈ N be such that

(2.1)
∑

|j|≥K

|cj | < δ.

Since

c0 =
1∫

0

h2(u) du,

and letting λ(A) stand for the measure of the set A, one can easily see that

(2.2) |c0 − λ(E)| ≤ 2 δ.

Further define the function

(2.3) Hδ(x) := λ(E) +
∑

1≤|j|≤K

cj e
(
jx

)
.

It is easily seen that

(2.4) λ(S) ≤ 8 δ k.

Letting P (n) be as in Section 1 and letting E and h be as in Section 2, we
define the set T as the set of those positive integers n for which h(n) = 1, that
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is, those n for which {P (n)} ∈ E, where here {y} stands for the fractional part
of y. Given f ∈ M∗

1, we introduce the two summation functions

S(f)(x) :=
∑
n≤x

f(n) and S
(f)
T (x) :=

∑
n≤x

f(n)h(P (n)).

Finally, let

Φ(z) := 1√
2π

z∫
−∞

e−t2/2 dt

stand for the normal distribution function.

3. Main results

With the notation introduced in Section 2, we have the following results.

Theorem 1. We have

lim
x→∞

sup
f∈M∗

1

1
x

∣∣∣S(f)
T (x) − λ(E)S(f)(x)

∣∣∣ = 0.

Theorem 2. Let u : N → R be such that

(a) the sequence u(n) is uniformly distributed modulo 1,

(b) for every pair of primes p1 ̸= p2 and each ℓ ∈ N, we have

lim
x→∞

1
x

∑
n≤x

e

(
ℓ
(
u(p1n) − u(p2n)

))
= 0.

Let E and h be as in Section 2 and let T1 be the set of those positive integers
n for which h(u(n)) = 1. Moreover, given f ∈ M∗

1, set

S
(f)
T1

(x) :=
∑
n≤x

f(n)h(u(n))

and
c0 := lim

x→∞

1
x

#{n ≤ x : {u(n)} ∈ E}.

Then,
lim

x→∞
sup

f∈M∗
1

1
x

∣∣∣S(f)
T1

(x) − λ(E)S(f)(x)
∣∣∣ = 0.

As a consequence of these results, we have the following applications, the
second of which echoes the well-known Erdős–Kac theorem.
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Corollary 1. Let g be a strongly additive function. Then g has a limiting
distribution on N if it has a limiting distribution on the set T = {n ∈ N :
: {P (n)} ∈ E}, and the two limiting distributions are equal.

Corollary 2. Let g : N → R be a strongly additive function such that
g(p) = O(1) and set

A(x) :=
∑
p≤x

g(p)
p

and B(x) :=

√√√√∑
p≤x

g2(p)
p

.

Then,

(3.1) lim
x→∞

1
x

#{n ≤ x : g(n) ≤ A(x) + zB(x)} = Φ(z)

holds for every real number z if and only if

(3.2) lim
x→∞

1
λ(E)x#{n ≤ x : n ∈ T and g(n) ≤ A(x) + zB(x)} = Φ(z)

for every real number z.

4. Proof of Theorems 1 and 2

We shall only provide the proof of Theorem 2, since the conditions and
conclusion of Theorem 1 follow from those of Theorem 2.

We have
S

(f)
T1

(x) =
∑
n≤x

f(n)h(u(n)).

Given an arbitrarily small but fixed δ > 0, let K be such that the sequence
{cj} (defined in Section 2) satisfies condition (2.1). Then,

(4.1)

∣∣∣∣∣∣S(f)
T1

(x) −
∑
n≤x

f(n)Hδ(u(n))

∣∣∣∣∣∣ ≤ δ x + #{n ≤ x : {u(n)} ∈ S}.

Now, observe that, with Hδ as in (2.3), we have

(4.2)
∑
n≤x

f(n)Hδ(u(n)) = λ(E) S(f)(x) +
∑

1≤|j|≤K

cj

∑
n≤x

f(n)e
(
ju(n)

)
.

Combining (4.1) and (4.2), we may write that∣∣∣∣∣λ(E)S(f)(x)
x

−
S

(f)
T1

(x)
x

∣∣∣∣∣ ≤
∑

1≤|j|≤K

|cj |
x

∣∣∣∣∣∣
∑
n≤x

f(n)e
(
ju(n)

)∣∣∣∣∣∣ +

+ 1
x

#{n ≤ x : {u(n)} ∈ S} + 2δ.(4.3)
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Since by hypothesis (a) of Theorem 2, the sequence {u(n)} is uniformly dis-
tributed modulo 1, we have that

(4.4) lim
x→∞

1
x

#{n ≤ x : {u(n)} ∈ S} = λ(S).

Using (4.4), it follows from (4.3) that, as x → ∞,∣∣∣S(f)
T1

(x) − λ(E)S(f)(x)
∣∣∣ ≤ 2δx +

+(λ(S) + o(1)) x +
∑

1≤|j|≤K

|cj |

∣∣∣∣∣∣
∑
n≤x

f(n)e
(
ju(n)

)∣∣∣∣∣∣ .(4.5)

Recalling condition (2.1) and inequality (2.2), we have from (4.5) that, as
x → ∞,

(4.6)

sup
f∈M∗

1

∣∣∣∣∣S
(f)
T1

(x)
x

− λ(E)S(f)(x)
x

∣∣∣∣∣ ≤ 2δ + λ(S) + o(1)+

+
∑

1≤|j|≤K

|cj | sup
f∈M∗

1

1
x

∣∣∣∣∣∣
∑
n≤x

f(n)e
(
ju(n)

)∣∣∣∣∣∣ .

Then, in light of the generalised form of the Daboussi theorem (see Remark 1)
and using inequality (2.4), we may replace inequality (4.6) by

sup
f∈M∗

1

∣∣∣∣∣S
(f)
T1

(x)
x

− λ(E)S(f)(x)
x

∣∣∣∣∣ ≤ 8kδ + 2δ.

Since δ can be chosen arbitrarily small, the conclusion of Theorem 2 follows.
■

5. Proof of Corollaries 1 and 2

Corollary 1 is an immediate consequence of Theorem 1. So, we only prove
Corollary 2. For any real number τ , we set

fτ (n) := eiτg(n).

From Theorem 1, we have that

sup
τ∈R

∣∣∣∣∣∣∣∣
λ(E)

x

∑
n≤x

fτ (n) −
∑
n≤x

n∈T

fτ (n)

∣∣∣∣∣∣∣∣ → 0 (x → ∞).
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Letting
hx,τ (n) := e

iτ
(

g(n)−A(x)
B(x)

)
= fτ/B(x)(n) · e−τA(x)/B(x).

Hence, from Theorem 1, we have that

lim
x→∞

sup
τ∈R

∣∣∣∣∣∣∣∣
1
x

∑
n≤x

hx,τ (n) − 1
λ(E)x

∑
n≤x

n∈T

hx,τ (n)

∣∣∣∣∣∣∣∣ = 0.

Hence, letting φ(τ) := e−τ2/2, assertion (3.1) holds if and only if

1
x

∑
n≤x

hx,τ (n) → φ(τ) (x → ∞),

which itself holds if and only if

1
λ(E)x

∑
n≤x

hx,τ (n) → φ(τ) (x → ∞),

which is equivalent to assertion (3.2), thus concluding the proof of Corollary 2.
■

6. Final remark

It would be interesting to characterize all those functions u(n) for which
condition (1.2) holds. We believe that, setting u(n) := Anξ, where A ∈ R \ {0}
and ξ > 1 is not an integer, condition (1.2) can be verified, implying that
Theorem 2 would hold in that case. However, we could not prove that.
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