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Abstract. In the present paper, we introduce the canonical Sturm—
Liouville operator

v d? A(x) a d a®> 5 a Az) .a
AT e (A(m) ‘lex> & (zﬂ T Al “b> !
where A is a positive function satisfying certain conditions. We prove
the boundedness of the canonical Sturm—Liouville Hausdorff operators on
the space LP? (R4, A(z)dz), p € [1,00). We investigate canonical Sturm—
Liouville convolution operator, and obtain some useful results. The re-
lation between the canonical Sturm—Liouville convolution and Hausdorff
type operators is also established. The properties of the adjoint canoni-
cal Sturm—Liouville Hausdorff operators are further discussed. The har-
monic analysis associated with the operator A plays an important role

in establishing the results of this paper.

1. Introduction

The study of Hausdorff operators, which originated from some classical
summation methods, has a long history in real and complex analysis. In the
one-dimensional setting, Hausdorff operators on the real line were introduced
in [11] and studied on the Hardy space in [15]. The natural generalization in
several dimensions was introduced and studied in [4, 6, 13]. Particularly, Haus-
dorff operator is an interesting operator in harmonic analysis [16]. It contains
some important operators, such as Hardy operator, adjoint Hardy operator
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[7, 12], and the Riemann-Liouville fractional integral operator [1, 2]. The mod-
ern study of general Hausdorff operators on L'(R) and the real Hardy space
H(R) over the real line was pioneered by Liflyand and Méricz in [15]. Many
research papers have addressed the boundedness of the Hausdorff operator on
Hardy spaces. For instance, Liflyand and his collaborators in [13, 14] proved, by
more effective ways, that the Hausdorff operator has the same behavior on the
Hardy space H'(R) as that in the Lebesgue space L'(R). Recently, Daher and
Saadi in [8, 9] investigated the Dunkl Hausdorff operator on the Lebesgue space
Ll (R) and on the Hardy space H(R). Subsequently, Mondal and Poria [18]
studied Hausdorff operators associated with the Opdam—Cherednik operator.
Furthermore, Tyr [30] studied the boundedness of ¢g-Hausdorff operators on ¢-
Hardy spaces. Another fundamental tool in harmonic analysis is the canonical
Sturm-Liouville Hausdorff operators, which is the main object of study in this

paper.

Here, we denote by M = (Ccl b) an arbitary matrix in SL(2,R) such that

d
b > 0. We define the canonical Sturm-Liouville operator AM on (0, c0) by

2 A’ 2 A’
AM . — a4 + ((x) _ Qiax) d_ (ag;? +i%s () +Z_a> 7

dz? A(x) b ) dx b2 b Ax) b
where A is a positive function satisfying certain conditions.
Note that if M = (_01 é), the operator AM is reduced to the Sturm-—

Liouville operator A:

o Ax) d

Tode? T A(z) da”
The classical Sturm—Liouville operator A plays an important role in analysis
[34, 3]. In particular, the two references [5, 28] investigate standard construc-
tions of harmonic analysis, such as translation operators, convolution product,
and Fourier transform, in connection with the operator A.

Using the Sturm-Liouville harmonic analysis [5, 28], for all A € C, the
system
2
AMU = 7(272 + ,02)’11,7
u(0) = e'#Y, w/(0) =0,
admits a unique solution, denoted by cpy and given by

PN (@) = 2B TE 0 (1), w e Ry,

where @, (z) is the Sturm-Liouville kernel [23, 25].
In this paper, we introduce the canonical Sturm-Liouville transform .#:

(oo}

FUNW = [N @ f@A@ds, A€,
0
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The canonical Sturm-Liouville transform .#™ can be regarded as a general-
ization of the Sturm-Liouville transform # (see [17, 21, 22, 23, 25, 26, 27]):

ym@%=/w®ﬁ®Am®aA€R+

Let ¢ € L'([1,00)). We define the Hausdorff operator H, associated with
the canonical Sturm-Liouville operator AM for f € L'(R, A(z)dz) by

Hof(@)i= [ h@odt. o ey,
1

where f;, t > 1 is the dilation of f given by

Jil@) = fA((ng (3) were

The main purpose of this paper is to extend some results of the classical Haus-
dorff operator given in [33] to the framework of canonical Sturm-Liouville
theory, and to investigate the canonical Sturm-Liouville wavelet transform.
We prove the boundedness of canonical Sturm—Liouville Hausdorff operator in
space LP(R,, A(z)dz), p € [1,00). The relation between the canonical Sturm-—
Liouville convolution and Hausdorff type operators is also established. Next,
we introduce the adjoint operator Hj on L*(Ry, A(z)dz) by

Hif(z) = /f(tac)¢(t)dt, r e R4,

We present the properties of the adjoint operator H, including its bounded-
ness on LP(Ry, A(z)dz), p € [1,00). We also establish a relation between the
canonical Sturm-Liouville convolution operator and the adjoint operator H;';

This paper is organized as follows. In Section 2, we recall some results
about the Sturm-Liouville transform %, the Sturm-Liouville translation 7,
and the Sturm—Liouville convolution *. In Section 3, we introduce the canonical
Sturm-Liouville operator A, and we investigate the properties of the canoni-
cal Sturm-Liouville transform .# ™, the canonical Sturm-Liouville translation
T_;” and the canonical Sturm-Liouville convolution ™ associated with this
operator. In Section 4, we introduce the canonical Sturm-Liouville Hausdorff
operators Hy and we establish their properties. In the last section, we investi-
gate the canonical Sturm—Liouville convolution operator and derive its relation

with the operators Hy and Hj.
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2. Sturm-Liouville harmonic analysis

In this section we recall some results about the harmonic analysis associ-
ated with the Sturm-Liouville operator (Sturm-Liouville transform, Sturm-
Liouville translation and Sturm—Liouville convolution).

We consider the second-order differential operator A defined on (0, c0) by

where

A(x) = 2?1 B(x), o> —1/2,
for B a positive, even, infinitely differentiable function on R such that B(0) = 1.
Moreover we assume that A satisfies the following conditions:

(i) A is increasing and lim A(z) = oo,
Tr—r 00

A A
(ii) T is decreasing and wll)rr;o ((;)) =2p>0,
(iii) there exists a constant 6 > 0, such that
A'(z)

(2.1) =2p+ e D(z),

A(z)

where D is an infinitely differentiable function on (0,0), bounded and with
bounded derivatives on all intervals [zg, o), for z¢ > 0.

This operator was studied in [5, 28], and the following results have been estab-
lished:

(I) For all A € C, the equation

(2.2)

Au = —(A\? + p?)u,
u(0) =1, 4/(0)=0,

admits a unique solution, denoted by ), with the following properties:
o for z € R, the function A — ¢, (x) is analytic on C.

e For A € C, the function z — @x(z) is even and infinitely differentiable
on R.

(IT) For nonzero A € C, the equation
Ay = _()‘2 + p2)ua

has a solution ®) satisfying

ei)\w
Dy(z) = Vix, N,

VA(x)
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with
lim V(z,A) = 1.

Tr— 00

Consequently there exists a function (spectral function) A — ¢(\), such that
pa(a) = c(N)Pa(z) + (= A)P-r(2), z€Ry,

for nonzero A\ € C.
Moreover there exist positive constants ki, ko, k, such that

k[ APOTE < Je(M)]72 < ko AP,

for all A such that ImA < 0 and |A| > k.
(III) From (2.2) the Sturm-Liouville kernel ¢, () satisfies

AR + G AOF =~ + 263 00

Integrating this equation between 0 and = we obtain

N2 A
L [ L ez = -0 )

0

(ea(x))? —1
5 .

From the property (ii) of the function A we have

rA),
A(t) (‘P/\
0

(t))%dt > 0.

Therefore, (¢ (t))? —1 < 0. Hence

loa(z)] <1, Nz eR,.

We denote by
e /1 the measure defined on R by

and by LP(u), p € [1, o0], the space of measurable functions f on R, such that
1/p

17 oy = / F@)Pdu(x)| <o, pe L oo),
0

| fllLoe(u) = ess sup |f(z)| < oo.
CEER+
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e v the measure defined on R by
dA
dv(}) i= —————=
"= e

and by LP(v), p € [1, 00], the space of measurable functions f on R, such that
11l @) < o0

The Sturm-Liouville transform is the Fourier transform associated with the
operator A and is defined for f € L*(u) by

(o}

(2.3) F(H) = / ox(@)f(2)dp(z), A€ R,

0

Some of the properties of the Sturm-Liouville transform .%# are collected
below.

Theorem 2.1. (See [3, 5, 28, 34]).

(i) Plancherel theorem for . The Sturm-Liowville transform & extends
uniquely to an isometric isomorphism of L*(u) onto L?(v). In particular,

[fll2uy = 17 (L2

(ii) Inversion theorem for F. Let f € L'(u), such that Z(f) € L*(v). Then
o) = / oA@)F(F N (N, ae zcR,.
0

The Sturm-Liouville kernel ¢y satisfies the product formula [5, 28]

o0

(2.4) ox()pa(y) =/<px(2)w(a?,y72)du(z) for x,y€Ry;

where w(z,y,2) is a measurable positive function on R, with support in
[|(E - y‘> x + y]7 SatiSfying

o0

[ w2 = 1.
0
(2.5) w(z,y,2) =w(y,z,z) for zeRy,

(2.6) w(z,y,2z) =w(x,z,y) for z>0.
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We now define the generalized translation operator induced by (2.4). For
f € LY(p), the linear operator

(2.7) Ty f(x /f w(z,y,z)dp(z), x,y€ Ry,
0

will be called Sturm-Liouville translation [5, 28].
As a first remark, we note that the relation (2.5) means that

rf (@) = 7o f(y), 2y € Ry
Theorem 2.2. (See [19, 23, 25]).

(i) For ally >0 and f € LP(u), p € [1,00], we have
Iy fllze gy < 1 F1lLe
(ii) For f € L*(u) and y € R, we have
F(ry /)X = ex(y) Z(F)(N), A eRy.
Let f,g € L?(u). The Sturm-Liouville convolution f * g of f and g is
defined by

(2.8) fgla) = / e fWe)du(y), € Ry
0

The convolution * is commutative, associative and satisfies the Young in-
equality (see [19]). Let p,q,7 € [1,00] such that %—i—% =1+ 1. Then for
f e LP(n) and g € LI(u) we have

I+ gllory < N fllzewllgllzag
Theorem 2.3. (See [19, 29]).

(i) For f,g € L*(p), the function f x g belongs to L>°(u), and

oo

fog(x) = / @ FHNF QN (N, R,

0

(ii) Let f,g € L*(u). Then

/If*g )2 ) :/| FYHVPIFM ()N Pdv(N),
0

where both sides are finite or infinite.
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Example 2.4. (See [10, 20]). Note that if A(z) = sinh?**!(z) cosh?**1(x),
a>p>-1/2and p = a+ 8+ 1, the Sturm—Liouville operator A is reduced
to the Jacobi operator denoted by A, g):

2

Aa,p) = % + [(2a + 1) coth(z) + (268 + 1) tanh(x)]%.

In this case () is the Jacobi function denoted by gog\a’ﬁ) (x):

1

A (@) = 2R

1
(p=iX), 5(p+iA), a+1, = sinh®(z)),

where 2Fi(a,b,c, z) is the hypergeometric function. We denote by pq g and
Vq,3 the two measures defined respectively by

dA

djte 5(x) = sinh®* T (z) cosh? T (z)dz  and dv,g()\) == Irlen s VE
T|Ca,pB

where
) TEND(E(1+N)
a.fB L2 (p+iA)L(5(p+iX) —B)

The Jacobi transform denoted by .7, g) is defined for f € L (pta.5) by

oo

Fras) (D) = / o (@) f(@)dpap(a), A€ Ry
0

The Jacobi function cpg\aﬁ ) satisfies the product formula:

o}

o (@) (y) = / o (2 wap(@,y, 2)dpas(z), A zy € Ry,
0

where wq, g(z,y,.) is the kernel given by

[cosh(z) cosh(y) cosh(z)] (@ +A+1
[sinh(x) sinh(y) sinh(z)]2
11
272

(1 - QQ(xvyﬂ Z))a_%

wa,ﬂ(xa Y, Z) = Qq

X 2F1 (04 + ﬁa o — 5704 + (1 - Q(x7ya z)))X(\mfyL:rer)(z)a

and
cosh?(x) 4 cosh?(y) + cosh?(z) — 1

2 cosh(x) cosh(y) cosh(z) ’
INa+1)

o= Ja(a+ 1)

Qx,y,2) =
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Here X(|z—y|,z+y) is the characteristic function of the interval (|x —yl|, z 4+ y).

The Jacobi translation operator is given by
D f(x) /f 2)We5(,y,2)dppap(2), T,y €Ry.
0

Let f,g € L?(ita,5). The Jacoby convolution [ *(a,p) 9 of fand g is defined
by
(oo}

f *ap) 9(@) == / 8 () g(9)dpiasly), @€ Ry

0
3. Canonical Sturm—Liouville operator

Throughout this paper, we denote by M = an arbitary matrix in

b
d
SL(2,R) such that b > 0. We define the canonical Sturm-Liouville operator
AM on (0,00) by

d? A'(x) a d a2 , a A’(z) .a
M . = _ ht . _ —
A=t (A(a:) Qbe) da <b2 T A —Hb>’

where A is the positive function given in Section 2.

Note that if M = (01 (1)), the operator AM is reduced to the Sturm-

Liouville operator A:

o A d

T d2? | A(z) da”

For all A € C, the equation
AMy = —(35 + p*)u,
u(0) = ez Ww/(0) =0,
admits a unique solution, denoted by ! and given by

ol (2) = 3B (@), xRy

For f € L'(u), we define the canonical Sturm-Liouville transform %M ( f)
by

FUNW = [ A @ f@da(e), A€ Ry

0
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This transform can be written as

d 2 a2 A
(3.1) FUHN) =T F(F)(3),  feLl(n),
where .Z is the Sturm—Liouville transform given by (2.3).

We denote by v, b > 0, the measure defined on Ry by

dA

duvp(A) := m,

and by L?(13), p € [1,00], the space of measurable functions f on Ry, such

that || f|l Lr(,) < oo.

Theorem 3.1. (i) Let f € L*(u), such that FM(f) € L'(vp). Then

oo

f(z) = / A @FM (DN (V). ae zeR.,

0

where N is the matrixz given by N = (—Ca _bd)
(ii) For f € L*(u) we have

17

(D2 sy = 120 -

Proof. (i) follows from Theorem 2.1 (ii) and relation (3.1).
(ii) follows from Theorem 2.1 (i) and relation (3.1). |

For f € L'(u), we define the canonical Sturm-Liouville translation opera-
tors by

(o ]
N f(z) = e H YD) /f )e'H5 w(w, y, 2)du(z), .y € Ry
0

It is easy to prove the following results.

Theorem 3.2. The operators Tév, y € Ry, satisfy:
(1) ngvf(x) = Ta]:Vf(y); T,y € RJr'

(i) 72 () = e~ 600, ()57 (2),

where T, is the Sturm-Liowville translation given by (2.7).

_id 2
(iii) M (z) = e 5N ) (2) 0} (y).
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Theorem 3.3. (i) For ally € Ry and f € LP(u), p € [1, 0], we have
I Flle gy < W F Lo
(i) For f € L*(n) and y € Ry, we have

FM(N ) = e FV N () FM(F)(N), A eRy,

—a b
where N = ( c —d)'
Proof. (i) follows from Theorem 2.2 (i) and Theorem 3.2 (ii).
(i) Let f € L*(u) N L?(u). Then

O/Tf 2)dp(z) =

:/ —i (2% +y )/f e 2bz 1‘ Y, 2 )du(z) @y(-ﬁ)du(w)
0 0

FgM

By using Fubini’s theorem, (2.5) and (2.6) we obtain

U0 =8 [ e | [l @) 5wy (o) | du).
0 0

And by Theorem 3.2 (iii) we deduce that

(3.2) FMEN ) = TN () FM(F)(N), A e Ry

Since L(p) N L?(y) is a dense in L?(p), the formula (3.2) remains valid for

fe L. u

Let f,g € L?(u). The canonical Sturm-Liouville convolution f *V g of f
and g is defined by
ca 2
B3) 1@ [ [ )] dut). e Ry,
0

Then we can write
(84) [V gl@) =B (B ) (¢Bg) (@), weRy,

where * is the Sturm-Liouville convolution given by (2.8).

The canonical Sturm-Liouville convolution #V is commutative, associative

and satisfies the Young inequality. Let p, g, r € [1, 00] such that % + % =1+ %
Then for f € LP(u) and g € L(p) we have

1N gl ) < N F N eollgll Lage-
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Theorem 3.4. (i) For f,g € L?*(u), the function f N g belongs to L>=(p),
and

oo

f+g(a) = /efi%mwiv(w)a?M(f)(A)ﬂM(g)(/\)dl/b(/\), zeRy.
0

(ii) Let f,g € L*(u). Then
/ 1 # g() (e / FM NPT ()0 Py (),
0

where both sides are finite or infinite.

Proof. (i) follows from (3.4), Theorem 2.3 (i) and (3.1).
(ii) follows from (3.4), Theorem 2.3 (ii) and (3.1). |

Example 3.5. (See [24]). Note that if A(z) = sinh®***(z)cosh®**(x),
a > B > —1/2, the operator AM is reduced to the canonical Jacobi opera-
tor A a.8)’

d? a d a2 a
A(%B) dz2 + (haﬁ(x) —Qng) EP <b2m +i— a:h ( )-i-zb>7

where
ha,p(z) = (2a+ 1) coth(z) + (28 + 1) tanh(z).

In this case

a,B),M i 2 “mZ s
@9\4 (c,B) (z)=e L(€N%+22?) (b ’6)(1‘).

(z) = P

The canonical Jacobi transform ﬁ(%, gy is defined for f € LY (piap) by

oo

FM () = / SOIM () F(@)duap(z), A€ Ry

0

The canonical Jacobi translation operators are given by

a

T?Saaﬂ),Mf(x) — iﬁ 22 +y?) /f ZiZZwa,ﬁ(x7yaz)d,ua,ﬂ(Z)7 z,y € R,.

Let f,g € L?(ita,5). The canonical Jacobi convolution f *f\(;ﬁ) gof fand g
is defined by

o0

Follp ota) = [ D) (697 0)] dpaslo). o € Ry

0
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4. Canonical Sturm—Liouville Hausdorff operator

In this section we define and study the Hausdorff operator associated with
the canonical Sturm-Liouville operator AM.

Let f € LP(u), p € [1,00) and ¢ > 1. We define the dilation function f; by

(1) e = LD (7)),

and satisfies

(4.2) 1fell oy

IN
7N\
o
=
=
N~
T
10
=
=
k)
=

where

A(z) )
k(t) = su .
0= (45
From (2.1), there exist two constants C7,Cy > 0, such that
Cie?® < Az) < Che?P® x> 0.

Therefore,

L 2oti-e o

el
where C' = o

Let ¢ € L'([1,00)). We define the Hausdorff operator H, associated with
the canonical Sturm-Liouville operator AM for f € L'(u) by

(4.3) Hyf(z) = / f(@)p(t)dt.

Theorem 4.1. Let ¢ be a measurable function on [1,00) such that

(4.4) Cop = 7(’“(“) 6]t < ox.

t
1
Then the Hausdorff operator Hy is bounded on LP (), p € [1,00) with

[Hg fllLe(u) < Copll fllLeu)-
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Proof. By using Minkowski’s inequality for integrals, we have

r P 1/p

[ HefllLr ) = /ft($)¢(t)dt dp(z) <
1

P 1/p

/ F@llemlat | du@)| <

1/p

/ F@PlomPda(z) | dt =

IN
8H\8 0\8 0\8

- / 1l oo 91,
1

Then by (4.2) we obtain

1Ho fllLe(uy < Copll Fll o )-

Going back to the definition of

o / oo P 1/p
[ / ( / |ft<z>||¢<t>|dt) du(x)] ,
0 1

we deduce that the integral

o0

Hyf(z) = / fo@)é()dt

1
is absolutely convergent for almost all x € R, and defines a function Hyf €

€ LP(R,). [ ]

Theorem 4.2. Let ¢ € L*([1,00)). Then for f € L'(u), we have
o0
M(H, (A / FM( o(t)dt, NeER,.
1

Proof. Let ¢ € L'(R;), and let f € L' (). From Theorem 4.1, Hy f € L'(u).
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Then by (4.3) we have

FY(Hs ) /%f¢uxM>

o0

7Vﬁ <4%mwm
0

1

Since
//m o) (@)|dtda(z) < [l quoenll 11 (e < 00
0 1

by Fubini’s theorem we obtain

FM (Hpf)(A) = [ fe(z SO,\ z)du(z )] o(t)dt =
=/l
= [ FH e
The theorem is proved. |

Let f,g € L?(u), and let ¢ be a measurable function on [1,00) satisfying
the condition

® Cor= [ (2) foar < .

t
1

We define the adjoint operator H ¢ by the relation

/%f !ffw ().

Theorem 4.3. Let f € L?(u), and let ¢ be a measurable function on [1,00)
satisfying the condition (4.5). Then

(4.6) Hf(x 7 flta



120 F. Soltani

Proof. Let f,g € L?(u), and let ¢ be a measurable function on [1, 00) satisfying
the condition (4.5). From (4.3) and Fubini’s theorem we have

O/f ) Hyg(w)dp(x O/f 1/gt ()t | dpu(z) =

f(@)gi(z)dp(x) | ¢(t)dt =

——g ~—y
r \8

0
/ f(tz)g(z)du(z) | ¢(t)dt.
0

Using (4.2

~—

, this calculation is justified by the fact that

[ (@)[lge(2)|dp(2)|¢(@)|dt < Co ol fll L2 9l 2wy < 00

Then according to Fubini’s theorem we obtain

7f ) Hyg(x)du(e =7 7f<tx>¢<t>dt g(e)du(z) =
0 0 1
- / H, f(2)g(x)du(a),
where -
H3 (@) = [ fta)

This calculation is justified by the fact that

77|f tz)||g(@)|dp(z)|o(t)

This completes the proof of the theorem. |

wllgllLz ) < oo

Remark 4.1. From Theorem 4.1, the operator Hj is bounded on L”(u),
p € [1,00) with
IHGFllLe(uy < Copp 1f ey

where Cy , is the constant given by (4.4).

As in the same of Theorem 4.2, we obtain the following result.
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Theorem 4.4. Let ¢ be a measurable function on [1,00) satisfying the condi-
tion

[ k(t
(4.7) Cpoo i= /(T)|¢(t)|dt < 0.
1
Then for f € L*(u), we have
MHGF) (A / FM( o(t)dt, NeRy,
1

where f;(x) = f(tx).

Proof. Let ¢ be a measurable function on [1, 00) satisfying the condition (4.7),
and let f € L'(u). Then by (4.6) we have

FM(H3f)(\ /%f@AUMU

//ftrc t)dt | @} (x)dp(z).

0

Since

[ [ 11616016 @)dan(e) < ol s < o,
1

by Fubini’s theorem we obtain

(H¢f = ftz)y (x)du(x) | ¢(t)dt =
=/
= [#Munmetat
1
The theorem is proved. |

Example 4.5. If we choose ¢(t) = %X(l,oo)(t)v we obtain the canonical Sturm-—
Liouville Hardy operator denoted by H and given by

= [ r

It is well known that Hardy operators are important operators in harmonic
analysis, for instance, see [7, 12].
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Example 4.6. If we choose ¢(t) = ﬁ%x(lm)(t), n > 0 we obtain

the canonical Sturm-Liouville Riemann—Liouville fractional integral operator
denoted by Z,, and given by

(o]
1 n,ldt
(@) = 5y T
1

The study of Riemann-Liouville fractional integral operators can be found
in [1].

5. Canonical Sturm—Liouville convolution operators

In this section, we first recall some fundamental results on the canonical
Sturm-Liouville convolution operators. In the following we establish a relation
between the canonical Sturm-Liouville convolution operator and the canonical
Sturm-Liouville Hausdorff operator.

Let f € LP(p), p € [1,00) and let g € L(u), with 1%—|—% = 1. We define
the canonical Sturm-Liouville convolution operator by

EN(F)(s) = f =N g(s) = / ¢85 ()7 g(2)dp(z),
0

where x% is the generalized convolution product given by (3.3).

From Hoélder’s inequality we have
IEN ()l ) < N F e ollgll Lage-

We obtain a relation between the canonical Sturm-Liouville convolution
operator and the canonical Sturm—Liouville Hausdorff operator.

Theorem 5.1. Let f € LP(u), p € [1,00) and let g € LI(p), with % + % =1.
Then for ¢ a measurable function on [1,00) satisfying the condition (4.4) we
have

N(Hy f)(s / EN (1) (5) ()t

where f; is the dilation of f given by (4.1).

Proof. Let f € LP(u), p € [1,00) and let g € L9(u), with %—i— % = 1. From
Theorem 4.1 we have Hy f € LP (i), p € [1,00). Then by (4.3) we get
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o0

EN (Hyf)(s) = / ¢85 H, f (2)rN g(2)dp()

/
!
_ / €, (fo)()o(t)dt

Using (4.2), this calculation is justified by the fact that

et /ft t)dt | 7 g(x)dp(x)

/ i 1, (o (x)du(x)] o(t)at

/ / @)Y 9(2) [du(@) S|t < Co pll 1l 1o 9] e < -

1 0

This ends the proof of the theorem. |

As in the same of Theorem 5.1, we obtain the following result.

Theorem 5.2. Let f € LP(u), p € [1,00) and let g € LI(p), with % + % =1.

Then for ¢ a measurable function on [1,00) satisfying the condition (4.4) we
have

VN = [ €N 0

where f{(x) = f(tx).

Proof. Let f € LP(u), p € [1,00) and let g € L9(u), with %—F% = 1. From
Remark 4.1 we have Hjf € LP(u), p € [1,00). Then by (4.6) we get

[o )

€N (H)(s) = / e 13 ()N g(a)du(z) =

:/6%2 /ft 1)dt| N g(w)dp(z) =

77”5]3 (@)X g(@)dp(x) | $(t)dt =

o0

- / EN (F) () ()t

1
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This calculation is justified by the fact that

o0

/ / @7 9(@)]du(@)$OIdt < CogllFllr 19l o < oo
0

1
This ends the proof of the theorem. |

Conclusion. In this work we have succeeded in generalizing the results of
Brown and Méricz for the classical Hausdorfl operator [4], Upadhyay et al.
for the Hankel Hausdorff operator [31, 32] and Daher et al. for the Dunkl
Hausdorff operator [8, 9] to the setting of canonical Sturm-Liouville theory. In
this paper, we have studied the canonical Sturm-Liouville Hausdorff operator
on the Lebesgue space LP(), p € [1,00). If A(z) = sinh®** ™ (z) cosh?” ™ (z),
a > > —1/2, we obtain the results of the canonical Jacobi case. Note that if

M = (_01 é), we obtain the results of the classical Sturm—Liouville case.

Acknowledgments. The author wishes to thank the Reviewer for the careful
reading and editing of the paper.
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