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Abstract. Given an integer n > 2, let P(n) stand for its largest prime
factor. Given integers k > 2 and ¢ > 2, consider the set Ej , of those
integers n > 2 for which P(n + i) | n 4 for i = 0,1,...,k — 1. These
sets are very thin. For instance, the smallest element of Fs3 o is 1294 298,
whereas the smallest known element of E3 3 has 77 digits. The study
of the sets Ej . originated in 2009 and was later pursued by others.
Here, we present a survey of the results obtained so far and provide
new ones. In the process, given an arbitrary integer £ > 2 and setting
G¢:={n € N: P(n)" | n}, we introduce two polynomial-time algorithms
each providing the list of all elements of G¢ below a given bound. We
conclude by raising various open problems.

1. Introduction

In a book of the first author [2] published in 2009, thousands of numbers
with interesting arithmetic properties are listed. One of these “fascinating
numbers” is the integer 1294 298, which has the particular property of being
the smallest positive integer n for which each of the numbers n,n + 1,n + 2 is
divisible by the square of its largest prime factor. Indeed, one can check that

1204298 = 2-61-1032,
1204299 = 3%*.19.292
1294300 = 22-52.7-432%
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The next six integers with this same property are

9841094, 158385500, 1947793550, 5833093013, 11587121710,
20944 167 840.

How many more are there? What about three consecutive integers each di-
visible by the cube of their largest prime factor 7 Or four consecutive? This
motivates the introduction of the following family of sets. Given fixed integers
k>2and ¢ > 2, let

Ere:={neN:Pn+i)'|n+i foreachi=0,1,... k—1},

where P(m) stands for the largest prime factor of m, so that in particular
1294298 € Es 5.

Of course, given an arbitrary integer ¢ > 2 and distinct primes po, . .., pg—1
with & > 2, the Chinese remainder theorem guarantees the existence of in-
finitely many integers n such that p¢ | n +4 for i = 0,1,...,k — 1. However,
this theorem does not guarantee that for such integers n we have P(n+1) = p;
fori=0,1,...,k—1, although this is the case for the number 1294 298 when
¢ =2 and py = 103, p; = 29 and py = 43. As we will see, each set Ej , is very
small. Nevertheless, it is natural to conjecture that, given any k > 2 and ¢ > 2,
the corresponding set Ej, ¢ is infinite. But how does one prove this? Here, we
show that the set Ej 5 is infinite and study its size. We also examine other sets
Ey ¢ each time building strategies to find their elements. We also provide a
heuristic argument whose goal is to determine the size of the (so far unknown)
smallest elements of F42 and Fs 2. In the process, given an arbitrary integer
¢ > 2 and setting Gy := {n € N: P(n)’ | n}, we create two distinct algorithms
which each provide the list of all elements of G, below a given bound, and
both these algorithms run in polynomial time. To study the sets Ej, ¢, we rely
on elementary, analytic and probabilistic number theory tools, as well as basic
results from algebra.

We conclude our presentation by raising various open problems.
2. Various elements of Ej ,

Using a computer, one can check that the smallest element of Ej 3 is 6859,
with
6859 = 19° and 6860 =2?.5-7°.
Similarly, one can check that the smallest element of E5 4 is 11859210, with
11859210 =2-3*-5.11* and 11859211 =7-13-19%

One may be surprised to learn that the next four elements of E54 are much
larger than its smallest element, as they are the four numbers

632127050601 113 666 430, 1 337 735 048 956 150 266 042 387,
2512088574784 743 818 066 896and4 974 823 008 148 736 705412 779.
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It is as if the number 11859210 is completely out of tune with the other
numbers with the same property; let’s say it was lucky! This seemingly abnor-
mal behaviour does happen at times, one reason being that the multiplicative
structure of consecutive integers is very unpredictable.

In Section 7, we will show how one can attempt to find elements of the
various sets Es ¢ for any given integer £ > 2.

Before embarking on a broad study of the various sets Ej ¢, we introduce
some notation and state preliminary results.

3. Notation and preliminary results

From here on, the letters p and ¢ will be used exclusively for primes. In
particular, we write > f(p) (resp. [[, f(p)) to denote sums (resp. products)
which run over all primes p. We denote by 7(x) the number of primes p < z.
The smallest prime factor of an integer n > 2 is denoted by p(n).

Given two functions f and g defined on [a, c0), where a > 0 and g(x) > 0,
we will write that f(z) = O(g(z)) if there exist two constants M > 0 and xg
such that |f(x)| < Mg(x) for all > x¢. In particular, f(x) = O(1) if f(z) is
a bounded function. Moreover, instead of writing f(x) = O(g(x)), we shall at
times write f(x) < g(z). Similarly, we shall write f(z) = o(g(x)) as ¢ — oo
if, for any given real number ¢ > 0, there exists a constant xg = z¢(e) such
that |f(z)] < eg(z) for all x > xy. Also, we shall write f(z) > g(x) if there
exist two constants M > 0 and xo such that |f(x)| > M|g(z)| for all x > xo.
Finally, we will write f(z) < g(x) if we simultaneously have f(z) < g(z) and
g(x) < f(x), in which case we say that f(x) and g(z) are of the same order.

A continuous function L : [a,00) — RT, where a > 0, is called a slowly
oscillating function (or slowly varying function) if given any fixed number ¢ > 0,
we have lim, o L(cx)/L(x) = 1. We write L for the set of slowly oscillating
functions. Some common elements of £ are logz, loglogz and e(°8®)" for
any fixed number o € (0,1). It can be shown that any function L : [a,00) —
— R with a continuous derivative (for all > a) belongs to £ if and only if

xLL(/S) =0(1) as * — oo (see Chapter 1 in the book of Seneta [17]). One of the

nice properties of differentiable and increasing slowly oscillating functions L is
that

x

(3.1) /% —a +0(1))% (z = ).

a
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Indeed, using integration by parts and setting n(t) := ¢tL/(t)/L(t), we obtain

R S YO
/m = L(t)ﬁ/tL(t)L(t)‘“‘

a a

T r dt T r dt
- m—l—O(l)—k/n(f)m:m—&-O(l)—ko(l)-/m,

a a

from which (3.1) clearly follows.

We will be using the prime number theorem in one of its basic forms, namely

X X
(3.2) m(@) = jogz O <10g2x) :

and Mertens’ theorem in the form

-

(3.3) I1 (1 - 1) =1 +°(1>)1ng (z = o0),

p

p<z

N
1
where v := lim ( E — —log N > is the Euler-Mascheroni constant.
n

1
N—o0
n=1

4. The size of Ej 5

The 12 smallest elements of the set E5 > are
8, 49, 242, 288, 675, 1444, 1681, 2400, 2645, 6727, 6859, 9408.

The fact that this set is infinite follows from the Fermat-Pell equation 22 —
—2y? = 1, as it is well-known that this equation has infinitely many integer
solutions. A nice proof of this can be found in the book of Joseph Silverman [18].

Once it is known that a particular set of positive integers E is infinite, a

natural question arises: “How many elements of F are there below a given
number x 7" So, let us introduce the counting function of the set Ej 5, that is,

E272(x) = #{n <z:ne€ Egyg}.

We will first search for a lower bound for Es o(z). Given an integer ¢ > 2,
let Gy be as defined in Section 1 and set Gy(x) := #{n < z : n € G,}. For
now, we are interested in Gy, more precisely in finding integers n such that
n,n + 1 € G5. For this, we observe that

(4.1) (2p? = 1) =1 =4p*(p—1)(p+1) for all primes p.
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It is clear that both (2p* — 1)? and 4p?(p — 1)(p + 1) are in Go, implying that
each corresponding number n = 4p?(p—1)(p+1) € E» . How many of these n
are there below x 7 This amounts to asking how many primes p are there such
that (2p? — 1)? < 2. This last inequality is successively equivalent to

2<\/a?+1 o< Vr+1
2 ) — 2 9

(4.2) w? —1<Vz, p*<

which in light of the prime number theorem in the form (3.2) and using the
last inequality in (4.2) allows us to conclude that

1/4

X
4.3 E .
(4.3) 2,2(7) > log

What about a non trivial upper bound for Es o(x)? In 2013, De Koninck,
Doyon and Luca [5] proved that

(4.4) Eso(z) < xexp{—(25/24)\/2log x loglog x}.

In 2020, de la Bretéche and Drappeau [8] showed that the constant 25/24 can
be replaced by 1.33. One may wonder which of the lower bound (4.3) and
upper bound (4.4) is closer to the real value of Eso(x)? We will get back to
this question in the last sections of this paper.

5. Searching for elements of E3 »

Recall that B30 ={n e N: P(n)? | n,P(n+1)? | n+1,P(n+2)? | n+2}.
Setting Eso(z) := #{n < z : n € E3,} and using a computer, it is possible
to show that F32(10'%) = 60. The list of all elements of E3» with 15 digits or
less is given in De Koninck and Moineau [7].

How can one quickly generate elements of Fs3 9?7 Instead of searching for
three consecutive integers each belonging to G2, we will examine a bigger pic-
ture and search for consecutive polynomials f(x), f(x)+1, f(x)+2, with integer
coeflicients, hoping that at integer arguments these three polynomials will re-
veal elements of E39. Why this approach? Polynomials have many features
that integers don’t have, including having a degree, roots and a derivative. Let
us see how this works.

As we did in [7], consider the consecutive polynomials

fl@) = (22 +1)%@ - 1)(z +1),
(5.1) flx)+1 = z?(42* - 3),
flz)+2 (222 —1)*(2® + 1).
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With x = 5087, we find the somewhat larger 23-digit numbers

69315509064481032011329 = 2°.37.53-53.2543- 19168572,
69315509 064481 032011330 = 11-71-769-1163-1321 - 2903 - 50872,
69315509064481032011331 = 2-5-72-17-29%.1672%-181 - 442732,

The bad news with the system of polynomials (5.1) is that the polynomials
involved are of degree 6 and are therefore bound (unfortunately) to generate
very large elements of Fs 5, thus skipping many of the small elements of Fs
which we would also like to identify. This motivates replacing z2 by x in (5.1),
yielding a new system of degree 3 polynomials

g(z)—1 = (2z+1)>3%z-1),
(52) ox) = w(a®—3),
glz)+1 = (2z—1)*(z+1).

The good news with this new system is that the polynomials involved are of
degree 3. The bad news is that we lost the square factor in the polynomial g(z).
To overcome this hurdle, we choose x = mP(m), a number clearly belonging
to G2. Letting m run up to 100000 000, we find 13 042 elements of Es 5.

Another way to take advantage of system (5.2) is to allow for “half-integers”,
that is by setting = y/2 in the above system, which yields the new system

) -1 = -2+
(53) ) = -3,

) +1 = -1

which nevertheless always yield three consecutive integers. This approach al-
lows one to find more elements of Fs3 . Indeed, system (5.3) is more “prolific”
than system (5.2); for instance, the number 122169 948 877430 € Es 5 is found
through system (5.3), but not through system (5.2).

Using a variety of approaches, including the systems of polynomials men-
tioned above and others, we found 12027 elements of E3, with 24 digits or
less. The following is a table showing the number of elements of Fs5 5 we found
so far.
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Number of || Number of Number of || Number of
digits elements digits elements
7 2 16 53
8 0 17 101
9 1 18 187
10 2 19 442
11 4 20 941
12 4 21 1927
13 5 22 2974
14 14 23 3202
15 28 24 2140

Table 1: Number of elements of E3 > found so far

In Table 1, the number of elements of Es3 2 in each k-digits category with
k < 18 is accurate. However, for each k € {19,...,24}, the real figures for the
number of k-digits numbers belonging to Es o are most likely much larger than
the ones listed above. A list of all the known members of Es3 2 with no more
than 21 digits is available on the first author’s web site [3].

6. Searching for elements of F3 3

Recall that

Esz:={neN:Pn+i)?|n+i, i=0,1,2}.

Can one find three consecutive polynomials of the form

gle) =1 = (2z-1)° x gi(x),
(6.1) glx) = a3 X go(x),
glx)+1 = (2z+1)% x gs(x),

where the g;(z)’s are of minimal degree d? To find this “small” number d, we
will rely on Mason’s theorem.

Mason’s theorem (1984). Let a,b, ¢ be nonzero co-prime polynomials, not all
constant. If a +b = c, then

max{deg(a), deg(b), deg(c)} < No(abc),
where No(abe) denotes the number of distinct roots of the polynomial abc.

An elegant proof of Mason’s thoerem has been given by Noah Snyder [19].
This result is a mathematical theorem about polynomials, analogous to the
well known abc conjecture for integers.
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Applying Mason’s theorem to the polynomials in (6.1), we seek to find the
minimum value of d. To do so, write

oo = (9(0) ~ Do) + 1)+ 1
c(x) a(x) b(z)

Mason’s theorem implies that

max{dega(z),degb(x),degc(z)} < No((g(x) — Dg(x)(g(x) + 1)),
234+d) < 3(1+4d),
implying that d > 3, so that d > 4. So, the polynomials g; will each be of
degree 4. Now, how can we obtain each g;(x) explicitly ? To do so, we first

observe that since the three polynomials appearing in system (6.1) only differ
by a constant, they must have the same derivative. Hence we have that

(9(x) = 1) = (9())" = (g(z) + 1)".

It is clear that this common derivative fo(x) is of degree 6 and moreover of the
form

fo(z) = az®(2x — 1)*(2z + 1) = az®(42* — 1)?
for some positive constant a. Hence, we have that

(@) = [ fofe) dz,

implying that
g(z) = /am2(4x2 —1)%da.

This gives

(¥)=a 167 _871:54_1‘73
9= 7 5 3 )
Choosing a = LCM][7, 5, 3] = 105, we find that

g(x) = 23(2402* — 16822 + 35).

From this explicit form of g(x), we deduce that system (6.1) can be written as

g(x) =1 = (2o —1)3(302* + 452° + 242 4 62 + 1),
g(x) 23(2402* — 16822 + 35),
glx)+1 = (224 1)%(302* — 452° + 242 — 62 + 1).
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Using a computer, one will find that at x = 39682272446 the above system
reveals the 77-digit number n; which is such that

ny—1 = 3%.137-251-49253 - 6892241 - 1400173417
1749071927 - 2602138829 - 26454848297,
ny = 2%-1162-31-3301- 92639 - 376627 - 474994139
573384841 - 5057839271 - 19841136223,
np+1 = 13-23-41-61%-233-3767-9551-977719

5076637 - 367839041 - 396464197 - 13010581133,

In 2014, Péter Burcsi and Gabor Gévay (private communication) found the
77-digit number ny which satisfies

ng—1 = 27.53.4253-27631 - 27953 - 1546327 - 2535271
17603683 - 1472289739 - 16476952799,
3%.19-37-787- 711163 - 2181919 - 137861107
-318818473 - 937617607 - 73230901337,
no+1 = 2-12899 133451 - 421607 - 2198029 - 8046041
19854409 - 555329197 - 32953905599°.

n2

Most likely, the above 77-digit numbers are not the two smallest elements
of E373 .

7. Searching for elements of E; ,

How can one find integers n such that P(n)% | n and P(n +1)¢ | n+ 17
One way is to look for a polynomial g(z) such that

g(ac) = 2 X gl(x)v
(7.1) { g(z) +1 (x—1)° x  ga2),

where the polynomials g;(x) are of degree 5, as a consequence of Mason’s the-
orem. Indeed, letting d be the minimal degree of the polynomials g;’s and
rewriting the system (7.1) as

{h(x)—l = af x  g1(x),
h(z) = (@-1)°% x  gf2),

we have the trivial representation

h(z) =h(z)—14+_1 .
(z) = h(z) L
c(x) a(x) b(z)
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Mason’s theorem implies that
max{degh(x),deg(h(z) —1),deg 1} < No(h(z)(h(z) — 1))

and therefore that d + 6 < 2(d 4 1), that is, d > 4, which means that d > 5.
Hence, we can assume that the polynomials g1 (z) and g2(x) are of degree 5. As
before, this means that g(x) and g(z) 4+ 1 have a common derivative of degree
5+ 6 = 11, with factors z° and (z — 1)°. Therefore, g(z) = [a2® (z — 1)°dx
for some positive constant a, Choosing a = 2772, we finally obtain that

g(z) = 2%(2522° — 13862* + 3080x% — 346522 + 1980z — 462),
glz)+1 = (z—1)52522° + 1262* + 562° + 2127 + 62 + 1).

Choosing = 20905 825 364, we find the 116-digit integer ns which satisfies

ny = 23.5.83-22157-127139 - 12177577 - 17565259
-372289003 - 1659308773 - 3257215037 - 52264563416,
ns+1 = 56932939 - 122489 - 146359 - 50300881 - 919974911

4166729363 - 15532846993 - 20905825363°.

Given an arbitrary integer ¢ > 2, the following addresses the general case
of E27 0-

Theorem 1. Let £ > 2 be a fixed integer. Then, there exist g1(x), g2() € Z[z]
each of degree £ — 1 such that

(7.2) 2t gi(z) + (-1)" = (& = 1) - ga(a).

(€ —1)-(0—1)!
20—1)!

()_1 zt1 0—1\ z'2 L L /-1 T 1
I =G\ w1 1 )20—2 (—2)i11 1)

Applying Theorem 1 to each ¢ = 2,3,4,5, we obtain respectively the fol-
lowing pairs of polynomials:

Explicitly, for £ even and C = , we obtain

g(x) = (2z—1)(z+1)2
glz)+1 = (22 +3)2”
g(x) = (622 + 152+ 10)2®,
glx)+1 = (62% =3z +1)(x+1)3
g(r) = (202° —102° + 4z — 1)(x + 1)%,

glx)+1 = (202® 4 702% + 84z + 35)x™.
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g(z) = (70z* + 3152° + 5402 + 420z + 126)2°
glx) +1 = (702* —352° + 152 — 52 + 1)(z + 1)°.

A detailed proof of Theorem 1 is given in [7].

Finally, regarding the sets E3 ¢, let us add that recently, Karl Dilcher and
Maciej Ulas [9], mentioning the above Theorem 1 as part of their motivation,
revealed interesting properties of the polynomials appearing in (7.2).

8. Searching for elements of F4 > using polynomials

As of now no members of Ej, 5 are known. A naive approach is to examine
numbers n € E3 o and check if either n —1 € G5 or n + 3 € G, since any of
these cases would reveal a member of Ey 5. After all, as we showed in Section 5,
we have at hand 13 042 members of E3 5.

Using an approach through consecutive polynomials similar to the ones
used above, but this time with the objective of finding elements of Fy o, one
could consider the system of polynomials

(8.1)
f(x) = £2?(102° — 1052* + 4272 — 84022 +805x—315)
flx)+1 = %( 1)2(102° — 85z% + 24723 — 26122 + 362 + 18),
fl@)+2 = f(z—2)%(102° — 652 + 12723 — 7222 + 9z + 9),
fl@)+3 = (= —3)*(102° — 452" + 672% — 3322 + 4z + 6)

and try replacing = by 1,2, 3, ... expecting to eventually find an element of Ey 5.
This approach, although theoretically interesting, is practically hopeless, as we
will now see. For this we need some background results on “friable numbers”,
also called “smooth numbers”.

An integer n > 2 is said to be y-friable (or y-smooth) if P(n) < y. To
count how many y-friable numbers there are up to a given number x, it will be
convenient to work with the function

U(e,y) = #n<z:Pn) <y} (2<y<a).

Setting © = logx/logy and keeping u fixed, one can show (see Theorem
9.3 in the book of De Koninck and Luca [5]) that

(8.2) U(z,y) = (1 +o))zp(u)  (x— o),

where p(u) is the Dickman function, which is defined as the unique continuous
function p : [0,00) — (0, 1] which is differentiable on [1,c0) and satisfies

plu) =1 for 0<u<l,
pu)+plu—1)=0 for u>1.
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The function p(u) decreases very rapidly as u increases, as suggested by the
following graph and table of values.

1.0
o.8
o.e
0.4

0.2

k 1 2 3 4
p(k) || 1.0 | 0.3068 | 0.0486 | 0.00491
k ) 6 7
p(k) || 0.000354 | 0.0000196 | 0.00000087

Table 2: Values of p(k) for k € {1,2,...,7}

It follows from (8.2) that for each positive integer k, as ¢ — oo,

1
U(e, 2% = #{n<a:P@) <2} = (14 o(1)ap <1gg/ >
— (14 o(1))ap(k).
Given an irreducible polynomial f € Z[z], what can we say about the friable

values of f(n)? In 2002, Greg Martin [15] conjectured that for such a function
f, we should have

83 #0n<as P7W) <) = 1+ o)ep (ELD) (oo

How is that of any help in gauging the size of the smallest elements of ;o7
We discuss this in the next section.

9. Returning to the search for elements in F4 o

If Martin’s conjecture (8.3) is true, then, for large n,

log f(n)> _

logy

Prob(P(f(n) < 1) = (
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Writing the system of polynomials (8.1) as

f@) = 355 folw),
@)+l = -1 A,
f@) 2 = =22 )
f@)+3 = -3 fala),

in order for the above to eventually reveal a number r such that f(r) € E4 o,
this particular number r will have to satisfy the four conditions

P(fi(r)) < P(r—i) fori=0,1,2,3.

According to (8.3), this will occur (relying on the values given in Table 2) with
a probability smaller than

p(5)* ~ 0.000354* ~ 1.57 - 1076,

implying that the smallest such r would be larger than 6 x 1015, with a corre-
sponding n € Ej 2 whose size would be larger than (6x 10'°)7 ~ 10'%, meaning
that this number n should have at least 109 digits. Not good! All this to say
that we need another approach, one that will allow us to find a much smaller
element of F4 5. In fact, we will see in Section 13 that the smallest element of
E, 5 is most likely a number with fewer than 40 digits.

10. Two algorithms for generating all elements of G, below a given
bound

We start by taking a closer look at the set Gy := {n € N: P(n)? | n} and
to its counting function Go(z) := #{n < x : n € Go}. How can one manage
to quickly obtain the list of all elements of G2 up to a given number z, say
x = 2307 Perhaps naively, one could compute the set

{m-P(m):1<m <25},

which is clearly a subset of the desired set {n < 230 :n € G5}. Unfortunately,
this approach will be missing too many elements of Gs.

Another way would be to try to check one by one each positive integer
n < 107 to see if it belongs to G'5. This approach would be very time consuming,
the main reason being that one would need to factor each such n, and it is well
known that “factoring” cannot (so far) be done in polynomial time.

As we will now see, there are other ways.
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10.1. A first algorithm

We create a first algorithm, one that can quickly generate all the elements
of G5 below any given power of 2. In fact, as we will see, this algorithm runs
in polynomial time (that is, very fast), by opposition to most algorithms which
involve factoring, which can only be done in exponential time or at best in
sub-exponential time (that is, very slowly). For a rigourous explanation of the
distinction between a “polynomial time” algorithm and an “exponential time”
or “subexponential time” algorithm, see Episode 35 in the book of De Koninck
and Doyon [7].

The idea behind the construction of the algorithm is the following. Fix an
integer N and observe that if n € (N/2, N] N G, then 2n € (N,2N] N G,
and similarly for any prime p, that if n € (N/p,2N/p] N Gy and p(n) > p,
then pn € (N,2N] N Go. This simple observation means that knowing all
n € [1, N] N G5 allows one to obtain all n € (N,2N] N G, since

N
nEGgand§<n§N if and only if 2n € Go
and NV < 2n < 2N

n€G2,§<n§¥andp(n)Z3 if and only if 3n € Ga,
N < 3n <2N
and p(3n) =3
nEGQ,%<n§%andp(n)Z5 if and only if 5n € G,
N <bn <2N
and p(5n) =5

N 2N
neGy,— <n<

r Pbr

and p(n) > p, if and only if p,.n € Gs,

N < p.n <2N
and p(pyn) = py

for n not prime, and where r = 7((2N)/3). This choice of  comes from the
string of inequalities
2N > p,n > pp(n)* > pj.

The above allows one to identify most n € Gy located in the interval
(N,2N], but not all, since some elements of (N,2N] N G5 do not appear in
the above enumeration. Indeed, there remains the squares of primes located
between N and 2N, which are obviously also members of G3. We must there-
fore add the 7(v/2N) — 7(v/N) numbers p? € (N, 2N].
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This is why we have
{n € (N,2N]:n € Gs} =

=2-{ne (N/2,N]Nn Gy} U

U3-{ne€(N/3,2N/3]N G2 and p(n) > 3} U

Ub5-{n e (N/52N/5]NGy and p(n) > 5} U

U---Up,-{n € (N/p.,2N/p,] NG5 and p(n) > p,} U

U {p?: VN < p < V2N}.
Because the sets p; - {n € (N/p;,2N/p;] N G2 and p(n) > p;} coincide with
{pin € (N,2N]N Gy and p(p;n) = p;} , these sets are disjoint. In practice, the
condition p(n) > p; is equivalent to requiring that n is not divisible by p;_1,
as all numbers with smaller prime factors have been accounted for in previous

terms of the union. This algorithm can be programmed using MATHEMATICA:
see the first author’s web site [3].

Using the algorithm, one can obtain the following table of the exact values
of Go(N) for N =2F k=5,...,43.

N =2F [ G5(N) N =2F [ G5(N) N =2F [ G3(N)

25 8 218 3642 231 2059 504
26 13 219 5838 232 3404363
27 22 220 9397 233 5637783
28 36 221 15154 234 9353062
29 57 222 24517 235 15543 299
210 89 223 39757 236 25873 449
211 142 924 64606 237 43138297
212 224 225 105249 238 72036070
213 354 226 171873 239 120475143
214 562 227 281236 240 201782341
215 893 228 461 254 241 338446 875
216 1425 229 758 039 242 568461 667
217 2276 230 1248269 243 956 088 615

Table 3: Values of Go(2F) for k =5,6,...,43

By slightly adapting the above algorithm, one will obtain all the elements
of Gy for any given integer ¢ > 3. For instance, doing so, one will obtain
that G3(2%%) = 733981869, G4(2°7) = 190689911, G5(2%) = 337714064,
G6(2™) = 449806 051 and G7(27) = 248763 764.

Remark 10.1. The only limit to the expansion of Table 3 is storage capacity.
Indeed, building the list of all those n € (N, 2N]N G4 requires knowledge of all
those n € (N/2, N] N G2, which therefore must have been previously stored.

Remark 10.2. As mentioned at the beginning of this section, it would be la-
borious to establish by“brute force” that G2(23°) = 1248 269. Using the above
algorithm on a computer, one can obtain the same outcome in seconds.
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Remark 10.3. The algorithm can be further improved by first adapting it to
find all odd positive integers belonging to [9,2%) N G5. Let A be the resulting
set. Then, the set [4,2F] N Gy can be obtained by simply gathering the disjoint
sets

A, 2-AN[4,28Y), 22 ANn[4,28%), .., 282 AN[4,27).

)

Doing so allows one to obtain the value of G5(230) at least twice as fast.

In the above algorithm, we showed how one could use the set of elements of
G4 contained in the interval [1, N) in order to obtain those n € G5 belonging
to [N,2N). We also showed how this algorithm can be generalized to yield all
the elements of Gy for an arbitrary integer ¢ > 2. We will now exhibit another
algorithm, one that does not require to store those elements of G, already
found.

10.2. A second algorithm

Let N be a positive integer and assume that our first goal is to compute
G2(N). Let M = 7(v/N), so that pyy is the largest prime number not exceeding
V/N. For each positive integer m < M, we will count the number of m-tuples
of non negative integers (a1, as, ..., an) such that [T, p{" < N with a,, > 2.
Here p1,po, ... stands for the list of all primes in increasing order.

To do so, we recursively construct a tree of all valid combinations and count
its nodes. Here is an example of what the tree looks like in the particular case

Pm = O

52
2 % 52 3% 52 5 % 52
22 x 52 2 92, r2
Zx3x57 3THST 5B 3458 pasd

_ = =

In the above tree, we counted so far 10 nodes. The way we did it is that, at
each step of the recursive function, we simply considered those primes g such
that 2 < ¢ < p,, and ¢ xnode < N, so that each of the nodes is counted exactly
once. The above approach can be generalized in order to evaluate G,(N) for
an arbitrary integer ¢ > 2.

In fact, the algorithm to compute G¢(N) (for a given integer ¢ > 2) — which
we chose to call Algorithm B — can easily be programmed using python: see
the first author’s web site [3].
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The main advantage of Algorithm B over Algorithm A is that one only
needs to store the primes < N'/¢ instead of all the actual elements of G, not
exceeding N/2. Another non negligible advantage of Algorithm B is that its
running (polynomial) time is about ten times faster than that of Algorithm A.

11. The distance between successive elements of G5

With no surprise, the sum of the reciprocals of the elements of G5 converges.
This follows from the fact that, using Mertens’ theorem (see (3.3)), we have

Z Z H<1+ +—+ ) Z H(1—)_1<<

n€G2 q<p q<p
lo
< Z gp
As a consequence, if we write g1 < g < --- for the list of all elements of G,

then,
limsup(giy1 — i) =

1—00
Note that in Section 4, we proved that liminf;_, . (gi+1 — ¢;) = 1.

Now that we know that the distance between consecutive elements of Gy
can be arbitrarily large, one might inquire about the average distance between
consecutive elements of G5. To do so, we first prove the following.

Theorem 2. Letting A stand for the Golomb—Dickman constant defined by

A= / P i~ 062433,
0

u+ 2
we have
log log x
11.1 P =\ 1+0 | —= .
Ly % r e (10 (V)
neGsy

Proof. First write

SEUIED W VLD WTIERE

n<z p<Vzx mp*<z p<VT
ne€Gs P(m)<p

T T
= Z pW¥ <pQ,p) + Z p‘If<2,p) =
p<exp{y/logz} exp{y/logz}<p<y/z

(112) Sl(x) +SQ(£E)
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To bound the sum S;(x), first recall the inequality

} 2<y<a).

(For a proof of this, see Théoréme 5.1 in the book of Tenenbaum [20]). Using
this inequality, we may write that

x 1 (logx
Si(x) < Z ppzexp{—Q( —2)}<<
(11.4) p<exp{/logx}
1
< xexp {—2\/10gx} .

For the evaluation of Sz(x), we will be using a classical result due to Hilde-
brand [11] which we state as follows.

1logx
11. 1 —=
(11.3) (z,y) < xexp { 5Togy

Proposition 1. (Hildebrand) Let € > 0. Then, setting u = logx/logy, we

" w(o.) = op(w) (140, (L))

logy
uniformly for > 3 and exp{(loglog )3} < y < x.

Choosing y = exp{y/logz} in Proposition 1 and reckoning that

log(u+1) 0 log log x
logy Vliog x

it follows, using the prime number theorem in the form (3.2), that

s - (1ho(5)) ¥ (i

exp{+/logz}<p</z
log1 v 1 1
oglogx ogx
= 14+0 — -2 )dn(t) =
x( * (x/logx )) / tp(logt ) ()
e\/logw

loglog x 1
= 14+0 14+0
(o () (0 () )~
v 1 dt
ogx
—9 -
x / p(logt )tlogt

exp{y/log z}

log1 I d

oglog x U

= 1+0 —2)— =

(o(Va)) [ oo
2

(11.5) = x(1+0<1°g1:;g;)>/
0
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where we first used the change of variable u = logxz/logt and thereafter
w=u—2.

Finally, using (11.4) and (11.5) in (11.2), the proof of (11.1) is complete. H
As an immediate consequence of Theorem 2, we have the following.

Corollary 1. The distance d between consecutive elements n,n + d of Gs is
on average

@ = P(n) x 1.60172....

12. Focusing on the size of G2(x)

In 1986, Erdés, Ivié and Pomerance [10] proved that, as @ becomes large,
(12.1) Zi—xé(x) 140, lelos
’ “— P(n) N log z ’
where
[/ dt
ogx
o(x) = —
(=) /p (logt) t?
2
can be approximated as

(12.2) 0(x) = exp {—\/2logxlog logz (1 + go(x) + o(go(x)))} ,

where

do(z) = logs z — 2 — log 2 1+ 2 _ (logs = —log 2)?
o 2log, x log, 8logs x

(here log;, « stands for the logarithm of x iterated k times).
In 2002, A. Ivi¢ [12] proved that

1 1
(12.3) Go(z) = \/()gx(log2x+log3mlog2+o(l)) > oy
n<zx

Combining (12.1), (12.2) and (12.3), we get

1
Ga(z) = x\/()gx(longJrlogga:10g2+0(1))><

(12.4) X exp {—\/QInglog logz (1 + go(x) + o(go(m)))} .

The unfortunate situation with the approximation of §(z) given in (12.2)
is that the function go(x) is negative for all x < 102834447 and positive for
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all x > 102834448 Practically, this means that the approximation of Gy(x)
provided by estimate (12.4) only makes sense for extremely large values of x
(namely for numbers with more than two million digits), which is not adequate
since we are seeking accurate values of Ga(x) for those numbers x with one
hundred digits or less. This is why we need to find another approach. A first
naive observation is “why make use of an approximation for §(x) when we could
work with the exact value of d(z)?”, a value which in turn will yield a more
accurate value of > _ 1/P(n) through (12.1). Indeed, by a simple change of
variables, we get that

logz/log2

[ logx\ dt p(u) _q/,
(12.5) d(z) = /p <logt> == log x / %x Vi dy =loga - I(z),
2 1
say, which inserted in (12.1) gives
1
(12.6) > oM (14+o(1)zlogz-I(z)  (z— o).

n<x

Combining (12.3) and (12.6) gives

log x

(12.7) Ga(x) = xloga:\/ (loglog x + logloglogxz —log2 + o(1)) - I(x).

As we will see, this last approximation of Go(x) is much better than the one
given by (12.4).

To see this, first set

’ 2

f(z,u) =2z "Y"logx @,
u

so that, in light of (12.5) and (12.6) we may write that

3 ﬁ = (1 + o(1))wd(x) =

(128) - logz/log2
= (1+4+o0(1)) / f(z,u)du (z — o).

Now, the first graph below shows the curves f(z,u) corresponding to = =
= 10%, 107 and 108. The same for the second graph, this time for = 103,
103! and 1032, For each of these curves, the corresponding number zd(x) is
equal to the area under the curve f(z,u) from u =1 to u = logz/ log 2.
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25000]- o
[ (10, ) 4x102 (152.4)
20000F
f 3x10%2
15000
[ 2x10%
10000}
! (107, u)
5000 1
[ 6
- u

2 3 4 5 6 4 6 8 10

<1022 (103, )

One will notice that most of the points under the two families of curves
have their abscissa located within a very narrow interval (in fact, the intervals
[1,6] and [1, 8], respectively), which explains why the corresponding integral in
(12.8) converges very rapidly.

Comparing the data from the two approaches, namely the one using the
approximate value of §(z) given by (12.2) and the other one using the exact
value of d(z) given by

log z/ log 2
(12.9) 0(z) =logx / leb)x_l/" du,
U
1
we obtain the following table.
x Go(z) Ga(z) Ga(x)
real value predicted value | predicted value
using (12.2) using (12.9)
107 44947 524371 44162
1010 6298 636 51731829 6534731
10™ || 1052806859 | 6852450401 1120107017

Table 4: The predicted values of Go(x) using two different approaches

As one will notice, using the exact value of §(x) given by (12.9) (rather than
the one given by (12.2)) provides a better approximation of Gao(x). Setting

—1
1
Li(z) := <1og x\/ Ogx(log log z + logloglog z — log 2) I(z)) ,

we obtain

(12.10) Ga(x) = (1+0(1)) (z — 0),

Li(z)

an expression which will allow for appropriate approximations for the counting
functions for each of the sets Ej, o for k = 2,3,4,5.
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13. The counting functions of Ej »

In Section 4, we provided lower and upper bounds for the counting function
of the set F2 5. We could not obtain the exact order of Es2(x) as we could
only prove that, for some positive constant c,

1/4

T« Eso(z) < zexp{—cy/2logzloglogx},
log x

which seems to indicate that finding an asymptotic expression for Es o(x) may
be a very difficult problem. Nevertheless, what can one expect regarding the
size of Fj2(x) for a fixed integer k& > 2?7 In light of the asymptotic value
of Gy(x) revealed by relation (12.10), one can argue heuristically that the
probability that an integer n belongs to G is 1/L(n) and moreover since we
can assume that the two events “n belongs to G>” and “n+1 belongs to G3” are
independent events, then it is reasonable to pretend that the probability that
n and n+ 1 both belong to G is 1/L(n)?. From this reasoning, we deduce that

N
1
one can expect that the true order of Fs2(N) is Z ———. Approximating
7 = L(n)?

this sum by an integral and since L(x) is a slowly iI;creasing function, we can
use (3.1) to conclude that

N

D

n=2

N
1 dt N
o (1+0(1))2/ Fap = oW e Vo)

thus implying that, as x becomes large,

(13].) E2’2(£E) ~ L(aj)2

The above argument is in tune with the following more general heuristic result.

Proposition 2. (Heuristic) Let A be an infinite set of positive integers, where
the events “n € A” and “n+ 1 € A” are independent events. Assume that its
counting function A(x) := #{n < x:n € A} satisfies the estimate

(z = 00),
where L(x) is a slowly increasing function. Given a fized integer k > 2, let

Ap(z) =#n<z:nn+1,....,n+k—1€ A}.

Then,

(13.2) Ag(z) < (z — 00).
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Choosing k = 2 in Proposition 2 and setting Fy(x) := z/L1(x)?, we can

expect to have

(13.3)

EQQ(!L‘) = FQ (ac),

which reveals the following table of values.

y r [ 6 | 8 [ 10 [ 12 14
a=Ey>(10") || 79 549 [ 4231 | 36426 [ 358582
b=[F10N)] [ 7 526 [ 4270 | 39509 | 408900

b/a 0.9494 | 0.9581 | 1.0092 | 1.0846 | 1.1403

In the above table, by |c], we mean |c+ 1/2], that is, the closest integer to c.

In the case k = 2, one can go a step further with a heuristic argument.
Indeed, as we choose at random two integers and require that they each belong
to G2, we must also require that they be consecutive. For this last condition
to hold, the two integers must be coprime. Now it is well-known that the
probability that two positive integers chosen at random are coprime is 6/72.
In other words, it seems reasonable to conjecture that relation (13.3) can be
replaced by

Bra(e) = (1+0(1) 5 Fale) (o 00),

in which case we obtain the comparison table

y k [ 6 | 8 | 10 12 [ 14
a = B3 5(107) 79 549 4231 36426 | 358582
b= |5 F(107)] 46 320 2596 24018 | 248581
b/a 0.582278 | 0.582878 | 0.613567 | 0.659364 | 0.693233

which one may argue is more realistic and accurate.

Choosing k = 3 and k = 4 in Proposition 2, one can expect to have

E3’2($) =

Lyi(x)3

and
T

Ly(z)*

Eyo(x) <

Using the (incomplete) data from Table 1, we find that E5 (10%!) > 3711,
which is “getting closer” to the predicted value

1021
—— | =4928.
{Ll(mﬂ)ﬁ -

On the other hand, setting Fy(z) := we obtain the table

_r
Li(2)*
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T 30 31 32 33
Fy(107) || 0.616303 | 1.11522 | 2.05816 | 3.87101
r 34 35 36
Fy(107) || 7.41463 | 14.4541 | 28.6588

which indicates that one can expect the smallest element of F4 5 to have fewer
than 40 digits.

Finally, setting F5(x) := ﬁ, we obtain
r 67 68 69 70
F5(107) || 0.875797 | 1.79317 | 3.70491 | 7.72323
T 71 72 73
F5(107) || 16.241 | 34.4466 | 73.6777

which indicates that one can expect the smallest element of Es 5 to have around
70 digits.

14. Open problems
Open problems regarding consecutive integers divisible by a power of their
largest prime factor are numerous. We list a few.

14.1. The case of squares amongst n,n + 1,n 4 2 for n € F3 3

In the search for numbers belonging to E5 2, one may by tempted to start by
examining the perfect squares in the hope that the numbers near them would
also belong to G3. Indeed, that does occur. For instance, we found six such
numbers:

’TLEE&Q — n+j:m2 ‘
20944 167 840 n+1=(17-8513)2
23 153476 981 634 n+2=(2-67-149-241)2
20509 990 465 165 715 808 n+1= (10399 - 435503)2
57615604 841 725651 874 n+4+2=(2-61-1823-34129)2
1940 866 749 835 432 563 168 n+1=(593-983-75577)2
1202 552 397 955 428 157 263 374 n+2=(2-274152375281)2

Table 5: Integers n € E3 5 with n + j = m? for some j € {0,1,2}

Are there any other members of E3 o with that same property ? Most likely !
Infinitely many 7 Difficult to say!

What if we were to somewhat relax the condition and only require that for
some n € Ej3 2, one of the integers n, n+1, n+2 is a powerful number (also called
“squarefull number”) 7 Recall that a positive integer n is called powerful if p | n
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implies that p? | n. Since it is known that #{n < x : n is powerful} = co\/Z +
+0(x'/3), where ¢ = ((3/2)/¢(3) = 2.173 (see for instance Ivié¢ and Shiu [14]),
one can expect the occurrence of numbers n € E5 5 with n + j powerful (n + j
not a square) for some j € {0,1,2}. Indeed, we did find three more numbers
with that property, namely the number n = 11587121710 € Es3 5 for which we
have n+2 = 2%-33-51792, the number n = 1589922788 612140124 € Es 5 for
which we have

n+1=3%.5%.117.13%.151% - 1741°
and finally the number
n = 282671477408473 458447091665 772991 620124 € Es3
for which we have
n+1=3".5".11%.17% . 401% - 82526 558 591°.
Finding other numbers with that property will certainly be a challenge.
14.2. The occurrence of cubes

Given k integers £y, {1, ...,0k_1, each > 2, consider the set
F(o,l1,.... k1) :={neN:P(n+4i)|n+ifori=0,1,...,k—1},

so that in particular Ey , = F'(¢,...,£). Most likely, each set F'({y,...,l,_1) is
——
k

infinite, but besides the set F(2,2) = E3 5, no such statement has been proved.

Now, consider the sets F'(3,2,2), F(2,3,2) and F(2,2,3). We found 38
numbers with 30 digits or less belonging to either one of these three sets. The
first 24 of these (with 22 digits or less) are listed in the first author’s web
site [3].

What is the smallest number ny belonging to exactly two of the sets
F(3,2,2), F(2,3,2) and F(2,2,3)? This number ng is clearly smaller than
the numbers n; and ny mentioned in Section 6, but how much smaller ?

14.3. Elements of G, in arithmetic progressions

Another natural extension to the study of the sets Ej ¢ is the following.
Instead of searching for consecutive integers n such that P(n + j)¢ | n + j for
j=0,1...,k — 1, one could search for integers in arithmetic progression be-
longing to Gy. For instance, integers n,n + d,...,n + (k — 1)d such that
P(n + jd)* | n+ jd for j = 0,1...,k — 1 for some d > 2. Of course,
given any fixed integer d > 2, one can associate to any n € Ej ¢ the k-tuples
(n,n+d,...,n + (k —1)d) for which we have that P(n + jd)* | n + jd for
j=0,1,...,k — 1. Moreover, it is easy to prove the following.
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Proposition 3. Given arbitrary integers k > 2 and ¢ > 2, there exists an
arithmetic progression n,n +d,...,n + (k — 1)d, where P(n + jd)* | n + jd,
i=0,1,... k=1, for some positive integers n and d.

Proof. Let p be the smallest prime such that p > k — 1 and consider the
numbers

1-ph 295 (p+1) - ph.

Each of the above numbers belongs to Gy and they are in an arithmetic pro-
gression with common difference p*. |

Given a fixed integer £ > 2, the real challenge is to find a fixed integer
d > 2 for which there exist an infinite sequence of integers ni,ns, ... such that
ni,n; +d,n; +2d,...,n; + (k— 1)d all belong to Gy.
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