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Abstract. In this paper, we compute the regularity index of the set
of seven almost equimultiple points and give an example for the set of
equimultiple points in projective space P? which does not attain Segre’s
upper bound.

1. Introduction

In this paper, we always denote by P":=P} the n-dimensional projective
space over an algebraically closed K of arbitrary characteristic, and denote
by R := Klzo,...,z,] the polynomial ring in variables zo,...,z, over K.
If Pp,..., P are distinct points in P™, we denote by p1,...,ps the defining

homogeneous prime ideals of Py, ..., P in R, respectively.

Let Py, ..., P; be distinct points in P™ and my, ..., ms be positive integer.
Then the set of all homogeneous polynomials that vanish at P; to order, for
i=1,...,sis homogeneous ideal I := p[" N---Np=. We call the zero-scheme

S

defined by I fat points (or a set of fat points) in P™ and we denote it by

Z :=miP+ - +mgPs.

If my =--- =mg =2, then fat points Z = 2P, + - - - + 2P; is called double
points. If m; = --- = mgz = m, then mP; + --- + mP; is called equimultiple.

If Z=miP + -+ msPs, with m; € {m,m + 1}, then we call the points
P; the points of support of Z.
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If the support of Z span P” then Py, ..., Ps is called non-degenerate in P™
and we also call Z a set of non-degenerate fat points in P".
The homogeneous coordinate ring R/ of Z is a grade ring. R/I = @ R/I.
>0
We call the function
HR/I(t) = dlmK(R/I)t

the Hilbert function of Z in P™. The Hilbert function Hp/;(t) strictly increases
m; +n—1
i=1 n
stabilizes. We call the least integer such that Hp,;(t) = e(R/I) the regularity
index of Z in P, and we denote it by reg(Z). It is well know that reg(Z) =
=reg(R/I), the Castelnuovo-Mumford regularity index of the ring R/I.
From now on, if a is a rational number, we denote by [a] integer part. For
generic fat points Z = m1 Py + - - -+ my Py in P? with my > --- > my, Segre [7]
showed that

until it reaches multipliable number e(R/I) = Y , at which it

reg(Z) < max {ml +mo — 1, [ﬂh-l—-i-ms} }

2

It was conjectured by Trung (see [8]) and, independently, by Fatabbi and
Lorenzini (see [5]) that

reg(R/I) < max {Tj(Z)| j=1,...,n},

Ty(Z) = max{ [Z?—lm;’; - 2] }

.., Pj,on a j-dimensional linear space.

where

if P,

The number

17"

T(Z) :maX{Tj(Z) |j= 1,...,n}

is called the Segre’s bound because it generalizes Segre’ upper bound. There
were many different results of proving the Segre’s upper bound. In 2016, Ballico
et al. (see [1]) successfully proved the Segre’s bound for n + 3 non-degenerate
fat points in P". Recently, Nagel and Trok (see [6]) have successfully proved
the Segre’s bound for arbitrary fat points Z in P".

The problem to exactly determine reg(R/I) is more fair difficult. So far,
there have been only a few results of computing reg(R/I).

For arbitrary fat points Z = m1 Py +- - - +m4Ps in P, Davis and Geramita
(see [4, Corollary 2.3]) proved that

reg(R/I)=my +mo+---+ms—1

if and only if the points P, ..., P; lie on a line in P”, the points Py,..., Ps in
P™ is said to be in linearly general position. If no j 4+ 2 of the points Py, ..., Ps
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are on a j-dimensional linear subspace for j < n, we also call the fat points
Z =m1P) + -+ mgPs in general position in P”. A rational normal curve in
P™ is a curve of degree n with parametric equations

zo=t" 21 =t""Yu, ... 1 = tu™ L U™

For fat points Z = m1P; + --- + msPs in P with my > --- > m,, Catalisano
et al. [3] showed formulas to compute reg(Z) in the following two cases:

If s> 2and Py, ..., Ps are on a rational normal curve in P" [3, Theorem 7],
reg(R/I) = max {ml +mg — 1, {(Z m; +n— 2)/11} }
i—1

Ifn>32<s<n+22<m;>--->mgand Pp,...,Ps are in general
position in P™, then
reg(R/I) = my +mg — 1.
For fat points Z =m1P; + -+ - + Mgq2Psto in P™ with Py, ..., Psyo not in
a linear (s — 1)-space in P", s < n, Thien [9, Theorem 3.4] pointed out:

reg(R/I) =T(Z).

For equimultiple fat points Z = mP; + --- + mPs in P® with m # 2;
Py,...,Ps; not in a linear (r — 1)-space and s < r + 3, Thien and Sinh [11,
Theorem 4.5] showed:

reg(R/I) =T(2).

In this paper, we compute regularity index of a set of seven almost equitulple

points in the projective space P* (Theorem 3.3) and provide an example for the

set of equitulple points projective space P? which does not attain Segre’ upper
bound (Example 4.1).

2. Preliminaries

We use the following lemmas which have been proved yet. The first lemma
allows us to compute the regularity index where the set of fat points is on a
line.

Lemma 2.1 ([4], Corollary 2.3). Let Z = miPy + -+ + msPs be a set of
arbitrary fat points in P". Then,
reg(Z)=my+---+ms—1
if and only if the points Py, ..., Ps lie on a line.
Let {i1,...,ir} be the subset of the set of indices {1,...,s}. We call Y =
=m;, P, + -+ m;, P;_ the subset of fat points of Z = m1 P + - + mgPFs.

The following lemma helps us to compare the regularity index of a subset of a
given set of fat points.
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Lemma 2.2 ([9], Lemma 3.3). Let X = {Py,..., Ps} be a set of distinct points
in P" and mq,...,ms be positive integers. Put I = " Ny N...N o=, If
Y ={P;,,..., P, } is a subset of X and J = ;" N, 2 N...Np",

reg(R/J) < reg(R/I).
This implies that if Z =mP; + - -+ mPs is the set of fat points defining
by I, and Y =m;, F;, +---+m,;, P, is the set of fat points defining by J,
reg(Y) < reg(Z2).

The next two lemmas allow us to compute the regularity index for a given set
of points.

Lemma 2.3 (][9], Theorem 3.4). Let Py,..., Psyo be distinct points not in a
linear (s — 1)-space in P*, s < n and my,...,ms are positive integers. Put
I=pNey?Nn...Np.3° , A= R/I. Then,

reg(A) = max{Tj|j =1,...,n},

where .
Z mi, +7-2
T; = max =
J
if Pyy,-.., P, are on a j-dimensional linear subspace.

Lemma 2.4 ([11], Theorem 3.1). Let X = {P1,...,Psy3} be a set of distinct
points in a general position on a linear s-space, not on a (s — 1)-dimensional
linear subspace in P, s < n , and m; are positive integers. Let Z = m1P; +
+ -+ mgsyr3Ps13 be the set of fat points. Then,

reg(A) = max{T;|j =1,...,n},

where .
Z My, +j-2
T; = max =
J
P, ..., P, are on aj-dimensional linear subspace.

The following lemma gives the upper bound for the set n+3 non-degenerate
fat points in P™ .
Lemma 2.5 ([1], Theorem 2.1). Let Z = m1P; + -+ + mp+3P,13 be a set of
n + 3 non-degenerate fat points in P™. Then,

veg(Z) < max{Tylj = 1,...,n},
where .
E my, +.7 -2
T; = max =
J

P ..., P, are on a j-dimensional linear subspace.
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3. The regularity index of a set of seven almost equimultiple points
in P4

In this section, we compute the regularity index of a set of seven almost
equimultiple points in P*.

Lemma 3.1. Let X = {Py,...,P;} be seven distinct non-degenerate points
in P* such that there are not s + 3 points of X on an s-dimensional linear
subspace, s < 4. Let 3 < mq > --- > my be positive integers and

Z:m1P1+-~-—|—m7P7.
Put

q

Emiz+j_2
T; = max 121—
J

|Piy,. .., P, on a j-dimensional linear space},
and

T = max {Tj\j - 1,2,3,4},
when if T =T, orT =T, thenreg(Z)=T.

Proof. Consider the two following cases:
o T =T : Calling ¢ a line passes through P, ,..., P, ,r < 3 such that

Ty =my, +---+my, — L
Consider the set of fat points
Ze=my P, +---+my P

Since Lemma 2.1 and Lemma 2.2 we have reg(Z) > T = T3, since Lemma 2.5
we have reg(Z) < T = Tj. Therefore

reg(Z) =T ="T.
e T >1Ty:when T =T, since the condition of this Lemma, there are not
three points on a line and five points of X on a 2-dimensional linear subspace.

Calling v a 2-dimensional linear subspace passes through P;,,..., P; , ¢ < 4,
such that

|

Consider the set of fat points

mi1+...+miq

Zy =m Py 4+ m; Py,

since Lemma 2.3 we have reg(Z,) = Tb, by Lemma 2.2 we have reg(Z) >
>reg(Z,) =T> =T. By Lemma 2.5 we have reg(Z) < T. Therefore, we have

reg(Z)=T. |
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Proposition 3.1. Let X = {Pi,...,P;} be seven distinct non-degenerate
points and not in linearly general position in P* such that there are not siz
points of X on a 3-dimensional linear subspace. Let m > 3 be a positive inte-
ger, we consider the set of seven almost equimultiple fat points:

Z=mi P +maPs+ - +mrPr,

withmqy =mo=mg=m, mgy=---=my=m+ 1. Put
q .
E ms, +J - 2
T; = max =
J
P, ..., P, on a j-dimensional linear subspace and

T = max {Tj\j - 1,2,3,4},
then
reg(Z)=T.

Proof. Since there are not six points of X on a 3-dimensional linear subspace,
there are not four points of X on a line and five of X on a 2-dimensional linear
subspace. We consider the two following cases:

CASE 1. There are three points of X on a line. When

4
T, — {7m+6]’ T, < [5m+

}, T <2m+2, Ty >3m—1

4
we have ) )
.3m-1—7m4+6:5m*1020. This implies 3m — 1 > 7m4+6 .
Therefore )
T >1Ty.
o3m—1—5m3+4:4m_720. This implies 3m — 1 > 5m3+4 .
Therefore i
T, > Ts.
So,

T = max {Tl,TQ}.

By Lemma 2.1 we have
reg(Z)=T.

CASE 2. There are not three points of X on a line. When

™m + 6
4

T4=|: :|, T1:2m—|—1
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™m+6  m-—2

Since 2m + 1 — 1

T, > Ty

> 0, this implies 2m + 1 > [7m+6} or

4

SUBCASE 2.1. There are four points of X on a 2-dimensional linear subspace a.

a) If 2-dimensional linear subspace « passes through Y = {Py, Ps, Ps, Pr}.
We have

T, — {5m+5

= Ty =2 2
3 :|a 2 m+a

therefore,
T="T.

By Lemma 2.1 we have

reg(Z) =Ty =2m + 2.

b) If 2-dimensional linear subspace « passes through the most three points
of Y = {P4,P5,P6,P7}. When

T, — {5m+5} T, < [4m+3

3 2
we have
osinceQm+lf7m+6 = 8m+4;7m76 = m4—2 >0, apply 2m+1 >
> [7m+6} Therefore,
Ty > Ty.
e since 2m—|—1—5m+5 = 6m+3;5m75 = m =2 > 0apply 2m+1 >
> [5m+5} Therefore,
T > Ts.

So,
T = max {Tl,Tg, T3,T4} = om+ 1.

By Lemma 2.1 we have

reg(Z)=T =T, =2m+ 1.

SUBCASE 2.2. There are not four points of X on a 2-dimensional linear sub-
space 3. When

13 < {5m+5} 15 = [3m+3}

2
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from he proof of SUBCASE 2.1.b) we have

4
Ty<2m+1=T, ﬂﬁ:Fﬁjg]S{m;ﬁ}S%n+1:ﬂ.
Therefore
T="T,.
By Lemma 2.1 we have
reg(Z) =T ="1T. [ |

Proposition 3.2. Let X = {P1,...,P;} be seven distinct non-degenerate
points and not in linearly general position in P*. Let m > 3 be a positive
integer, we consider the set of seven almost equimultiple fat points:

Z=m1Py+maPy+ - +m7Pr,
with my =mg=mg=m, mg=---=my=m-+ 1. Put
q .
Emiz +J -2
T; = max =
J
if Pyy,..., P, on a j-dimensional linear subspace, and

T:mm{ﬂusz&Q.

Then
reg(Z)=T.

Proof. Since X is not non-degenerate points in P? then there are not five
points of X on a line. We consider the two following cases:

CASE 1. There are four points of X on a line. When

3

7m+6], T3§{6m+5 .

} T, < [5m+4

:|7 T124m

So
1 - — 61 -
7m4—|—6 _ 6m Zm 6 _ 9m4 6 > 0, we get dm >

e since 4m —

> [7m + 6} , therefore
T > Ty;
6 5 6m-—5 6 5
e since 4m — m3+ = m3 >0, we get 4m > [ m+ ] , therefore

Ty > T3;
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om+4  3m—4 5m + 4

2 2

e since 4m — >0, we get 4m > [ ] , therefore

T > To.
So,
T = max {Tl,TQ,T3,T4} —T,.

By Lemma 2.1 we have
reg(Z) =T =1T;.

CASE 2. There are not four points of X on a line. We consider the two following
subcases:

SUBCASE 2.1. There are three points of X on a line /. When

7m+6], T, < {6m+5} T, < [5m+4

T4|: :|7 T123m71

4 2
we have
-1
e since 3m —1— 7m4+6 = 5m4 0 >0,s03m—12> {7m+6} therefore
Ty > Ty;
6 5 3m-—8 3m —8
e since 3m — 1 — m = m3 and m > 3, we get mn > 0 imply
6 5
3m—1> [ m+ }, therefore
Tl Z T3a
SO
T = max {Tl,TQ}.
Calling o 2-dimensional linear subspace passes through P, ,...,P;, of X
such that

T = [mi1+"'+mik}

2

To rate Tb, we consider the two following cases:
(i) « passes through four points of X. When
dm + 4]

T2§|:

4 4 2m-—6 2m — 6
m;— = m2 and m > 3, we get m

4 4
mt } Therefore,

since 3m —1— > 0. This implies

3m12[

T, > Ts.
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(ii) If « passes through five points of X, « has to contain ¢, (if not there
are seven points on a 3-dimensional linear subspace, contradiction).

(iiy) If £ passes through Py, Py, Ps,

2
Ti=3m—1, Tp= {5”” }

2

5m—|—2_m—4
2 27
5m + 2

Sine 3m — 1 —

eifm>4,3m—12> [ },thereforeleTQ.

5.3+ 2
eifm=3,T1=33—1=8and Ty = [ + ] = 8, therefore T} = T5.
So
T > Ts.
(iix) If £ passes through two points of { Py, Py, P3},
T1:3TTL7 TQS |:5m+3:|
Since 3m — om + 3 = m;3 and m > 3, m=3 > 0. This implies 3m >
> [5m + 3} . Therefore
T, > Ty
(ii3) If £ passes through at most one points of { Py, Ps, P3},
4
Ty >3m+1, Tp< {5m+ }
5 4 -2 -2
Since 3m + 1 — m+ _m and m > 3, we get m > 0. This implies
4
3m+12> [5m + } . Therefore,

T > Ts.

So, we have T' = T;. Calling P, P,, P, three points on a line ¢, the corre-
sponding multiples are my, , my,, my, such that

Ty =my, +my, +my, — L.
We consider the set of almost equimultiple points

Zy=my, P, +my, P, +my, Py,
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By Lemma 2.1 we have reg(Z;) = T1, by Lemma 2.2 we have reg(Z;) < reg(Z)
and by Lemma 2.5 we have reg(Z) <T =Tj. So

reg(Z) =T ="T1.

SUBCASE 2.2. There are not three points of X on a line £. In this case there
are not six points of X on a 3-linear space. Since Proposition 3.1 we have

reg(Z) =1T.

So, we consider for in case, there are six points of X on a 3-linear space.
6m + 5}

<

(4) There are four points of X on a 2-linear space. Then T3 < [
4 1
m } . So

T3 < {
T = max{Ty,T»}.

From Lemma 3.1 we get
reg(Z) =1T.

(4) If there are not three points on a 2-linear space. Since Ty < T} thus
T = max{Ty,T», T5}.
We consider the set of six almost equimultiple points
Zy =my Py + -+ my Py
Then, the set of P;,,..., P, in a general position. By Lemma 2.4 we have

reg(Z,) =1T.

By Lemma 2.2 we have reg(Z,) < reg(Z) and by Lemma 2.5 we have reg(Z) <
<T, so

reg(Z)="T. |

Theorem 3.3. Let X = {Py,..., Pr} be seven distinct non-degenerate points
in P*. Let m > 3 be a positive integer. We consider the set of seven almost
equimultiple fat points:

Z:m1P1—|—m2P2—|----+m7P7
with my =mg=mg=m, mgy=---=myz=m-+ 1. Put

q
Zmil +7—-2
=1

Tj:maxl_
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P, ..., P, on a j-dimensional linear subspace and
T = max {Tj\j - 1,2,3,4}.

Then
reg(Z) =1T.

Proof. We consider the following cases:

CASE 1. If X is in general position in P*, by Lemma 2.4 we have
reg(Z) =1T.

CASE 2. If X is not in general position in P4, then we consider the two following
subcases:

SUBCASE 2.1. There are not six points of X on a 3-dimensional linear subspace.
Then by Proposition 3.1 we have

reg(Z) =1T.

SUBCASE 2.2. There are six points of X on a 3-dimensional linear subspace.
Then by Proposition 3.2 we have

reg(Z)=T. [ |

4. A case about the regularity index of the set of fat points such
that Segre’s bound is not attained

In this section, we give a case about the regularity index of set of fat points
such that Segre’s bound which is not attained.

Lemma 4.1 ([3], Lemma 1). Let Py,..., P., P be distinct points in P™ and p
be the defining ideals in R corresponding to the point P. If m1,...,m,,a are
positive integers, J := pi" N--- N and I = J N p*, then

reg(R/I) = max{a — 1, reg(R/J), reg(R/J + p“)}.

Note that R/(J + p®) is a zero-dimensional graded ring algebra, the reqularity
index reg(R/(J + p®)) is the least integer such that [R/(J + p*)]); = 0. To
estimate reg(R/(J + p®)) we shall use the following lemma.

Lemma 4.2 ([3], Lemma 3). Let Py,..., P., P be distinct points in P™ and p
be the defining ideals in R corresponding to the point P. If m1,...,m,,a are
positive integers, J = pi" N---N" and p = (x1,...,2,) then reg(R/(J +
+p%)) < b if and only if xg_iM € J + o't for every monomial M of degree i
M T1,...,Tp, t=0,1,...,a—1.



The regularity index in projective space P* 21

Example 4.1. Let o, be two 2-linear space in P3. Let Pi,..., Py be nine
distinct points such that Py, Py, P3, Py € o\ 8 and Py, P, P3, are on a line
L, P5,Ps,P;,Ps € B\ o, Py, Py ¢ o UB. Let m be a positive integers. Then
Z =mP, +---+ mPy is a set of nine non-degenerate equimultiple fat points
in P2. We have

4m

Ty =3m—1, Th= |:2:| =2m, T3=

Let p; be the homogeneous prime ideal in R = K{xg, z1, 2, x3] corresponding
to be point P; j = 1,...,9. Choose Py = (1,0,0,0), then pg = (z1,22,23).
Put J =p7"N---NP", I =JNpg. Then R/I is the coordinate ring of Z,
so reg(Z) = reg(R/I), the Castelnuovo-Mumford regularity index of the ring
is R/I. By Lemma 4.1 we get

reg(R/I) = max{m — 1, reg(R/J), reg(R/J + pg")}.

Since { is a line passing through three points P, P», P3, then there are a
2-linear space [ passing through four points Pi, P>, P3, Py we have g™ €
€ Ni_,p™. Since a is a 2-linear space passing through four points Py, P, Pr, Py

we have o™ € ﬂ§:5 = pj". Hence a™p™ € N, This implies that for every

monomial M of degree ¢ in x1,29,23,7=0,1,...,m — 1. We have
ampmM € J.

Since «, 8 are a 2-dimensional linear subspace avoiding Py = (1,0, 0,0), we can
write & = 2o + ga, 8 = xo + gs for some g,, gs € py. Thus we have

(o + o)™ (0 + gp)™ € J.
Moreover, since ga, gz € g9 and M € @i we get x2™M € J + pyt! for
i =20,...,m — 1. This implies that
i TITIM € T 4 it
fori=0,...,m —1. By Lemma 4.2 we get
reg(R/(J + pf)) < 3m — 1.
Let U =mP; + --- + mPs. We have

Ty (U) =3m—1, TyU)= [4;”] —9m < 3m— 1,

8m +1
3

1) = |2 <o

By Lemma 2.1 we have reg(U) = 3m — 1. Since R/J is the homogenous
coordinate ring of U, thus

reg(R/J) =reg(U) = 3m — 1.
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Therefore,

reg(Z) = reg(R/I) = max{m —1,3m —1,reg(R/(J+ g’ ))} =3m -1 < T(2).

1]
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