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Abstract. Aymone introduced the weighted prime number race, which
reflects the magnitudes of the primes. We discuss the distribution of prime
numbers in reside classes from some perspective of probability theory, using
a weighted counting function.

1. Introduction and main result

It is known as Chebyshev’s bias that there tend to be more primes of the
form 4k + 3 than of the form 4k + 1 (k € Z). This phenomenon lasts up to
a certain number, but in fact the following phenomenon occurs: Denote by
7(x,q,a) the number of primes p < x such that p = a (mod ¢). The function

7T(.13,4, 1) - F(Z‘,47 3)

changes its sign infinitely many times. Let x4 be the real and non-principal
Dirichlet character mod 4, that is,

1 ifn=1 (mod4),
xa(n) =< —1 ifn =3 (mod 4),

0 if n is even.
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Then we have
m(e,4,1) —m(2,4,3) = Y xalp).
p<zx:prime

Throughout this paper, let x be a real and non-principal Dirichlet character
modulo ¢g. Aymone [2] discussed whether for some 0 < o < 1 the weighted
counting function

3 x(p)

o
p<ax:prime p

changes sign only for a finite number of integers x > 1 using conditions based
on the Dirichlet L-function. Furthermore, Aoki and Koyama [3] introduced the
waited counting function

’/Ts(xaqva): Z s (820)

p<z:prime
p=a(mod q)

Note that 7(z,q,a) = ms(z, q,a) if s = 0. The sign-changes of

71'(:1?,(], 1) - 7T($, q, l)

is studied in a series of papers [6, 7, 8] by Knapowski and Turén, where [ # 1
(mod g). Denote by N, (I) the number of solutions for 22 = [ (mod q). Kétai [4]
proved that if L(s,x) # 0 for s € (0,1) and if I; # l3(mod ¢) and N,(l;) =
= N,(l2), then

lim sup (7T(.’I,', q, ll) - W(‘T7 q, ZQ)) IOg(E

r—00 \/E

Kétai [5] also states the following fact in (4.6):

> 0.

1 h h
r+h,q,a)—n(r,q,a) = — - + O
g ¢.0) ~ (@ 4,0) ¢(q) logz <log2x)

for every fixed ¢ > 3, and (a,q) = 1, where ¢ is the Euler totient function. For
these facts, we are interested in the distribution of large primes. We focus on
the arithmetic functions

(1.1) H;r(gc) = Z M,

= 2n° logn
(12) R P

n>x
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for o > 1. Here A denotes the von Mangoldt function which is defined as
follows:

logp if n = p™ for some prime p and some m > 1,
A(n) =
0 otherwise

for every integer n > 1. The meaning of (1.1) and (1.2) is as follows: Let ¢ = 4
and x = x4.

M) - = Y oy A

n?logn n? logn
n>x n>x
n=1(mod 4) n=3(mod 4)
_ Z A(n)xa(n) _
= n’ logn
= > Z Ly
p>x:prime p m=2 p" >z mme

p:prime
Hence we investigate the asymptotic behavior of
Z A(n)x(n)
n°logn
n>x

We introduce the Mobius function p: w(1l) = 1. For n > 1, we write n =

= pi'ps? - pr*, where p1,pa, ..., p denote distinct prime numbers, then
(71)’6 far=as=-=ap=1,
p(n) = .
0 otherwise.

In addition, we write
n)=> x(d), Bn)=>Y_ udx(d
dn dln

We note that A(n) and B(n) are nonnegative and multiplicative and non-
negatlwty will be proved i 1n the proof of Lemma 3.1 of Section 3. The Dirichlet

series Z A(n)n~° and Z B(n)n~* are calculated in Corollaries 2.1 and 2.2
of Sectlon 2. We state our mam theorem:

Theorem 1.1. Assume o > 1.

(i) There is a positive constant Cy such that

A(n)x(n) A(n) 1
00727_; ne _72 n? logn S; no Cﬂﬂﬁﬁ

for all positive integers x.
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(ii) There is a positive constant Cy such that

S r

n>x n>xr

for all positive integers x.

Corollary 1.1. Assume o > 1. We have

Co 1 B(n) x(p)
— < <
(0 -1 + 0(1)> xofl Z no - Z po —
n>x p>@
p:prime

< YA (Do)

n>x

as x — oo. Here Cy is a constant in Theorem 1.1.

We remark that there are a lot of studies on the tails of infinitely divisible
distributions. For example, see [10], [11], [13] and [14]. Furthermore, see
Sato’s book [12] for infinitely divisible distributions. Terminology follows Sato’s
book [12].

2. Dirichlet L-function

We consider the Dirichlet L-function

L(s,x) = Z x(n)

for s = o + it with o > 1. Note that L(s,x) # 0 for o > 1.

Lemma 2.1. Assume o > 1. We have

Lo—it) _ 5 X0) g _
L(o, x) 2 n?L(c,x) B

n=1

= exp i(eitlogn o 1)X(7’L)A(7’L)

n? logn
n=2 B

Remark 2.1. If x(n) takes negative values, is not a characteristic

function of an infinitely divisible distribution.
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Proof. The first equation is obvious. We see from Example 2 of [1, p.239] that

Lo — it _ it lognx (ﬂ)
(o —it,x) = exp lz e 7 log

for all t € R. Hence the second equation holds. [ |
The following lemma holds in the same way as Lemma 2.1.

Lemma 2.2. Assume o > 1. We have

L(U7 X) Z M U X) ztlogn _
L(o —it, x)

i(eit logn _ 1) _X(n)A(n)

- %P n? logn

n=2

Let o > 1. As stated in [15], the Riemann zeta distribution ¥ is an infinitely
divisible distribution whose characteristic function is represented as

(2.1) U(t) = /e“uqf(du):

R

A(n)
_ itlogn
P [Z n" logn

o

exp /(e”“ — DII(du) | ,
0

where the Lévy measure II is as follows:

H(du) = Z Mélogn(du)'

n? logn
n=2 &)

Here §, represents the probability measure concentrated at a, that is,

5.(B) 1 ifa€ B,
“ B 0 otherwise

for any Borel set B in R. Using the Riemann zeta function ((s), we have

P G Y

¢(0)
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Hence we have

A 1 = 1 ztlo
_ gn
C Z a :

n:l

This means that
1 1
)= 3 ).

See Lin and Hu [9] for the Riemann zeta distribution.

In this section, we investigate the following two functions:

T (t) :=(t) - L(Z(; ’:)X)
U_(t): \i/(t)-m.

We show that these become characteristic functions of infinitely divisible dis-
tributions. The convolution for two finite measures H; and Hs on R is defined
by

Hy + Hy(B) = / Hy(B — o) Hy (dz)

for any Borel set B in R.

Theorem 2.1. Assume o > 1. We have

S S SRR S () PO
= o/ C(U)L(mx); ne togn(d) =

n? logn

. [i( INCESNOING

n=2

Remark 2.2. The probability distribution ¥, defined by ¥ (¢) is an infinitely
divisible distribution.

Proof. From (2.1) and Lemma 2.1, it follows that

n? logn
n=2 &)

U, (t) =exp lZ(eitlogn _ 1)(1—|—X(n))A(n)] )



A weighted prime number race

Set

vy(dx) := Z n"}i((i)x)élogn(dw)

n=1

for any Borel set B in R. Then it follows that

Y Lio —it, x) ite
U(t) ————=2 = | "V x vy (do).
L(o,x) R/
Here we have
Veri(B) = [ri(B- o) -
R
1 &1
- m Z ﬁ Z na;g((:.) X) /610gn(B — x)élogm(dx) =
m=1 n=1 ’ 2
SR~ R U ()
(o) mz::1 me ngl n°L(o, )61°g”+10gm(3>
Hence we obtain that
. R Lo —i
b)) = G (Z(U Z’)X) _
1 S 1 = St
~ @ Zl me Zl ”"E((Z?x) / € Slog n-logm (dx) =
m= n= 2
= ; SR} X(n) itlog(mn) _
((o)L(, x) MZ:M; (mn)

This implies the first equality holds.

Corollary 2.1. We have

S A _ 916, x)
n=1

n

for s =0+ it with o > 1.

Proof. The corollary is obvious from Theorem 2.1.
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Theorem 2.2. Assume o > 1. We have

\ — ooezta,L(U7X) = B( ) (E
i (1) —0/ (o) 2 e D)

exp [i(eitlogn _ 1) (1 — X(n))A(n)

nologn
n=2 &)

Remark 2.3. The probability distribution W_ defined by ¥_ () is an infinitely
divisible distribution.

Proof. From (2.1) and Lemma 2.2, it follows that

@,(t) = exp lZ(eitlogn . l)w

Set
v (B) = 10,0 > 1O

for any Borel set B in R. Similarly to the proof of Theorem 2.1, we obtain that

_ Lloyx) v~ 1 ool _
Uxy_(B) = (o) mz::lﬁngl 6logn+logm(B)_
L(,x) N~ o #(n)x(n
= 60 nm =
(@) 2 2 (mmye Vst (B)
L(0, x) x~\ #m)x(n)
= —— L og k(B
¢(0) kz_‘:nw e
Hence the first equality holds. |
Corollary 2.2. We have
B
> P s
n=1

for s =0+ it with o > 1.

Proof. The corollary is obvious form Theorem 2.2. |
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3. Proof of Theorem 1.1

First, we make preparations for proving Theorem 1.1.

Lemma 3.1. For any positive integer x, we have

A(n _ B(n
Hg(z)SZ# and TI; (x)gg 27(10).

n>x

Proof. Let p be prime. Notice that

Ap™) = D oxd =1+ x)"
d|p™ n=1
B(p™) = Y puld)x(d) = p(1)x(1) + up)x@) =1 - x(p)

d|p™

for m > 1. Since B(n) are multiplicative, we see from this that B(n) > 0.
The fact that A(n) > 0 is stated in Theorem 6.19 of [1]. First, we prove the
first inequality. If x(p) = 0, then A(p™) =1 =1+ x(p)™. If x(p) = 1, then
AP™)=m+1> 14 x(p)™. Let x(p) = —1. If m is odd, then A(p™) =0 =
=1+ x(p)™. If m is even, then

_exm™  L+x(m)™

Ap™) =1
(™) ™
These imply that
L+ x@E™)AP™) _ 1+x@™ _ A@™)
pmo logpm PIm - pmo :

Hence the first inequality holds. Secondly, we prove the second inequality. We
obtain that

L—x@e™)AP™) _ 1=x@)E+xE) +-+x)™"Y)
pma logpm pmam
_ 1-x() 14xm) 4+ x@™
pma m -
< 1ox) _ B(pm)’
mer pmﬂ'

Hence the second inequality holds. |
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Here we set

H+ (du) = i Wélogn(du)a
II_ (du) = Z w(slogn(du)'
n=2

In addition, we set A\; = I, ((0,00)), Ao = II_((0,00)), ps (du) = Ay 1L (du),
and p_(du) = Ay 'TI_(du). Let K > 0 and define finite measures Ry, and R},
by

- —A1 = >\n T *
(3.1) Y (du) = K~'e™™ ) 5ol (du),
n=1
3.2 Ry (du) = K*“Azooxf " (d
(3-2) o (du) = e Zﬁp_(m
n=1

on (0,00). Here p}* and p™* denote the n-fold convolutions of p; and p_,
respectively. For any finite measure H, we denote by H the tail of H, that is,

H(z)=H{u:u>z}).

Lemma 3.2. For x > 0, we have

KR (z) =V (z) and KRy (z) = U_(a).
Proof. By virtue of Theorems 2.1 and 2.2, we obtain that
o0 )\n
Wi(du) = ey o (du),
n=0
U_(du) = e i A2 " (du)
- - — ot P= ’

where pJ* and p* are understood to be dp. The equations (3.1) and (3.2) tell
us that the lemma holds. ]

Take Ag such that A\g > max{A;, A2, log2} and take K > 0 such that
Ke? < 1. We define new finite measures R;\ro and Ry by

-1, — = AG 7%
R} (du) = K e ’\OZ;?er (du),
n=1 "
X yn

R, (du) = Kﬁlef’\oz%pﬁ*(du)

n=1

on (0,00). We can obtain similar lemmas to Lemmas 2.3 and 2.4 of [15]:
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Lemma 3.3. Fork>1 andl > 1, we have
(RY)F+0%(z) > (K7'(1—e ™)' (RY )F*(x),

Ao
(Ry)E0=(x) > (K (1—e ™)' (Ry, )" ()
and
EF@ = (K0 -e)' " R @)
By (@) > (K 1—e) Ry (@),
Lemma 3.4. Let m > 2. For x > 0, we have

et B ol U i iy = TeTmr TR O i
o m (Ke’\O)Qk_lii e (KeAD)Qk
= ~ - 7 (2k—1)=
Aop—(x) 2R (Ry,) <w>+;2(m+k>_1&<’w>»
where
m— —1)% 2(m + k) -1 -
Si(k,z) = (KeAO)Q 1(R;\ro)(2(m+k) 1) (x) — T(RIO)(%) (z)
m— = 2m+ k) — 1——
S_(k,x) = (Ker)z 1(R/\0)<2(m+’“)’1)*(x) _ %(R/\o)(%)*(m)

The following theorem can be proved in the same way as Theorem 1.1 of
[15]. The proof is omitted.

Theorem 3.1. Assume o > 1. There is a positive constant Cg such that

(3.3) @Z‘?SH%@=Z%<Z oo

ERTNC) SELLSFIEND Dl L LIS SR

for all positive integers x.

Now we proof Theorem 1.1. From (3 3) and (3 4) it follows that

A(n) B(n) A(n)
— — < <
gn”logn HZ; ne T = n"logn HZ; Z: nlogn’
20, Z Z i\l(”) < X(aiA( n) <
~ no logn 4~ n7logn
A(n) B(n)
< i S =
- gn" logn 2027; no

Using Theorem 1.1 of [15], we obtain the theorem. |
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Finally, we prove Corollary 1.1. We have

> A _ 5o x5 X

n>x p>x m=2pm>x

The second term is calculated as follows:

>y mSZZ

m= 2pm>x m= 2p>[w1/m]

llog, o]

> Y w3

> .

m=2 p>[zt/m] m=[log, z]+1 p>[x1/™]

for x > 4. Then we obtain that

[log, ] [logy ] 1 00 1
SUDSIE I S SR
m=2 p>[zgl/m] m=2 n=[zl/m]+1
§ [log, ] 1 1 . 7 du
> ot m ([xl/m]+1)ma umo
[ 1/771]+1
[log, ]
1 1 1 1
< — K — <
- Z m{x” +m0-_1 ([xl/m +1)mo‘—1} -
m=2
[log, =] 1 mo 1
S - -1 =
iz m mo—1 272
o loglog, x
= o—2-1 go-27!
Furthermore, we have
D SR VD D
o B Ry pmo
m=l[log, z]4+1 p>[x 1/m] m=[log, xz|+1 p:prime
el 1 du
< =
- Z omao + umo
m=[log, z]+1
mo —1 2me

m=[log, z]+1
o+1 1 1

o—1 1—2-0 zo



A weighted prime number race 13

Hence we obtain that

Z Z i}/p?'ﬂo'

m=2pMm>x

:I:O'

o loglog, x o+1 1 1
o—1 z1/2 (c-1)(1-277) =z -1

for x > 4. Tt follows from Theorem 1.1 (i) that

x(p) 1 B(n
Z_ [ = COZF_Z no Z ; no’logn ?
p>xiprime n>r n>x m=2pm>x
x(p)
Z: p° = Z Z Z ; ne logn '
p>xiprime n>x n>z m=2pMm>x
Hence the corollary holds. |

4. Remark on Theorem 3.1

In [15], we discussed about the Dirichlet series

Zns’

for s = o + it with 0 > 0,. Then we assumed that f(n) > 0 for any n and
f(n) > 0 for some n > 2. Now we suppose that F'(s) converges absolutely for
o >0, =1.If F(s) # 0 for 0 > 0¢ > 1, then Theorem 11.14 of [1] tells us that

F(O-_it) _ - itlogn (f/of_l)(n)
(4.1) “Fo) exp T;(e - 1)7110 Tog
for 0 > 09. Here f~! is the Dirichlet inverse of f and f’(n) = f(n)logn
and f’ o f~! denotes the Dirichlet convolution of f’ and f~!. Our method
depends on the characteristic function of an infinitely divisible distribution for
(4.1). So we required f(n) to be completely multiplicative in Theorem 3.1 of
[15]. If f(n) is not completely multiplicative, there exists an example such
that (4.1) is not a characteristic function of an infinitely divisible distribution
as follows: Let d(n) be the number of divisors of n, that is, d(n) = > 4, 1
We consider f(n) = d(n)3. Then f(n) is multiplicative, but it’s not com-
pletely multiplicative. Furthermore, it follows from Theorem 13.12 of [1] that
f(n) = o(n?) for every § > 0. Hence the Dirichlet series F(s) converges abso-
lutely for o > 1.

Lemma 4.1. If f(n) = d(n)3, then we have f' o f~1(4) < 0.
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Proof. We see from Theorem 2.8 of [1] that

7@ §jf( ) =—f(2)

d\2
d<2

|
|
®

Hence we obtain that
f of_1(4) = dz;(f(d) logd)f_1 (2) = —10log2 < 0.

The lemma holds. |
Set

/ Z fn" logn 5logn(du)

m=2

for any Borel set B in R. Lemma 4.1 implies that if f(n) = d(n)3, I is not a
measure. Hence the following proposition holds:

Proposition 4.1. If f(n) = d(n)3, then F(c—it)F (o)~ is not a characteristic
function of an infinitely divisible distribution.

Remark. The arithmetic function d(n)? is not completely multiplicative.

In this paper, we discuss two cases

F(s)zz% and F(s):ZB(n)

n=1

See Theorems 2.1 and 2.2, Corollaries 2.1 and 2.2.
Proposition 4.2. The arithmetic functions A(n) and B(n) are not completely

multiplicative.

Proof. Since y is non-principal, there is a prime number p such that x(p) = —1.
Then

A(p®) =1+ x(p) + x(p)* # (1 + x(p))> = A(p)?,
B(p?) =1—x(p) # (1 - x(p))* = B(p)*.
Hence the lemma holds. |
Proposition 4.2 insists that we do not know whether (f’ o f=1)(n) > 0 for
any n > 2. Hence Theorems 2.1 and 2.2 do not tell us that
(42) (40 A1) (n) = 1+ x(n),
(4.3) (B'oB™)(n) =1—x(n)
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for n > 2 from the point of view of probability theory. However, from the point
of view of Dirichlet series, we can obtain (4.2). Indeed, we have

= (1 n))A(n = (f o fHn
Z(+X())() _ Z(f e I)

nslogn nslogn

n=2 n=2

for s = o + it with o > 1. It follows from Theorem 11.3 of [1] that (4.2) holds.
Similarly, (4.3) holds.

Hence, in this paper, we deal with an example that could not be handled
in Theorem 3.1 of [15].
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