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Abstract. In this paper we consider multiplicative functions f and g, [f| <
g, as in Part I, and prove > f(n) = {1+o0(1)}z"(1+ia)" A, 3 g(n) if

n<x n<z

the series > (g(p) — Ref(p)p~"*)p~* converges for some a € R.
p

1. Introduction

Let M be defined by
My :={f:N— C: f multiplicative; (i), (ii), (ili) hold}

where
(i) |f(p)] < B for all primes p, B > 1,

k
i Y |f§i)| < o0,

p,k>2

i) 3 16 =0 (o2 ).

pF<a
k>2
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In [5] we proved asymptotic results for the behaviour of

(1.1) M(f.x) =" f(n)

n<zx
as x — 0o.
For example, if f,g € Mh |f| < g and

Zg <d(e Zg )—0 as € — 0,

n<x® n<x

we showed (see [5], Theorem 5.1):

If
. —it
(1.2) 3 9p) = Ref0p™ _ o an teR,
p
p
then
B g(p
M(f) I) =0 10g$ Z
p<z

as r — OQ.

In this paper we consider the case that the sum (1.2) converges for some t = a.
For this let P; C P be a set of primes such that, for some o > 0,

1
(1.3) waalog:ﬂ as T — oo.
psz
p€EP;

Define multiplicative functions g;,7 = 1,2 by

k) 9@h), peP w_ ) o@h), pé¢P
(") = { 0 otherwise, 92(0") = 0 otherwise.

Then g = g1 * g2, and we prove with the notation (1.1)
Theorem 1.1. Let f,g € th >0 and |f| < g, such that for some a € R

(1.4) Z 9(p Ref ™ _

Assume that g = g1 * go with (1.3) holds. Then, as © — o,

ia

ERTI -
X (1 +Y° g(ﬂ")p"”) > g(m){1+o(1)}.

n<x

M(f,z) =
(1.5)
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2. Proof of Theorem 1.1

Using the notations of [5] we put (f,g € M)

f:h’*f07
g="hi*go

where fy, gg are exponentially multiplicative. The corresponding Dirichket se-
ries are

F(s) = H(s)Fo(s),
G(S) = Hl(S)G()(S)
where s =0 +it (0 > 1,t € R).

Put
(2.1) M) =3 fn) = 4, 3 gln)n
where

_ H(l+ia g(p pia
(2.2) Ay = 7}[1( 5 -y s

p<z

Obviously, as © — oo,

- -1
de= o) T (1432 im0 (143 e )
p<z m=1
Remark 2.1. If a sum Z f(p™)p~™(+1) has the value —1, then the product

may be omitted. Othervvlse the product has the form cL(logx), where ¢ is a

non-zero constant and L(y ) a non-vanishing slowly oscillating function with
IL(y)| = 1.
Now the following holds.

Lemma 2.1. Let M(x) be defined by (2.1). Then, as x — oo,

|M(9C)|<<b;$/|1\/g2u)|du+o Zg ) <
)

p<z

p exp
log log x

< €} e
p<z p<zx

"
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The proof follows from Remark 4.1 of [4] and Remark 5.1, (ii) of [5].
Put (cf. [4], Remark 4.1)

Ko=1 *Afo * (f - Aa:ga)
where g,(n) = g(n)n'®. Then

LM =1+ Lo(f — Apga) + R1

)

1*L0(f_Azga) = 1*Afo * (f_Axga)+R2+R3

where Ry = L* (f — A,g,) and

Ri(z) <
Further
where

Ry =1x Ah1 * (f - Amga)v
R3 = 1% Agga * (Ay — Ay,).

|R2(x)| = o (xexp (Z g;p))) .

The convergence of (1.4) implies

As in [4], page 172

(2.3) 3 IRef(p)p: —g(p)? =

|Rs(z)| < e*xexp (Z g;p)) +o (xexp (Z gg?)) .

Thus we obtain, for 2 <u <z

M<u>—ff(j’g(z)+ (bgu (;9 ))

and
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Then (cf. [4])
/|M <o <1ogx/‘ j;‘2|F(S)AmG(sia)|2|;i|2) T

“fefe))

Our aim is to prove

[ 153(s)? a4t _
/ R | PO — 4.6l — i) 5 =
EFy(s +ia at
(2:5) /\Fosm"“““) 4GOI e =
_ 9(p)
=o | (logz)exp 227 as T — oo.
Pz
Put
1
hie)={t: 1< )
and
Iy(e) :={t: <|t] <72},

elogzx
Choose B’ such that a < B’ and ¢g(p) < B’ for all p, and define (see (2.7) of [4])

!

B .
o :=m— and ﬁ:l—M.
!

%0
Observe § > 0. Then the following Lemma holds.

Lemma 2.2. For every >0

<

(2.6) |F(s+ia) — A;G(s)] = o(1) exp (Z pp) for ¢ € I1(¢)

and

(2.7 max(|F (s + ia)|, |G(s)]) < e*? exp (

Z g;p)) for t € I(e).

p<z
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Proof. Consider

j _ F(s+ia)
|F (s +ia) — A,G(s)| = |AIG(S)HW T
and
(2.8) F(s+ia) _ H(s+ia) Fo(s+ia)

ALG(s)  Hi(s) ArGo(s)

In the definition of (2.8) we may assume that f(p) = g(p) =0 if p > x. Then
(see (2.2))

Fo(s+ia) f)p~™ —g() | _
ijo(s) a 7exp (Z )_

p<zx

H,(1 fo)p™" —glp) (1
H(l—i—za (,;E <P81 - 1)) .
Observe
IZf - ”(pfl—l)m
p<lx
0o, (|S 1|Zlogp) oy Wbt ol
p<y y<p<wz
=: 21 + 22.

We know that the series (2.3) converges. Let 7l°i1°g‘r < 6o(x) = o(1) such that
g T
for y = a0 ()

Z [f()p~" — 9(p)? =:01(x) < do(x)

y<p<z p

as x — 0o. Then

1 2 —ia __ 2 2
5, < (Z p) (Z |f(p)p - g(p)l) <

y<p<z

and obviously (cf. (2.9))

1 1 1
1+ B2 < Js = 1fo(a) log + (5o(o) (log =)'

which proves (2.6).
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Next put
1G(s)] = [G1(s)[|G2(s)]
Then
(2.10) |Go(s)| < exp (Z gim)
and
(2.11) |G1(s)| < exp (pga 91;@) (ﬁ%;z g1(p) cos tlogp))
By [4], Lemma 2.3
(212) ‘G1($)| < 5aﬁ exp (Z gl;f))) for t e IQ(E)

and (2.10), (2.11) and (2.12) give the estimate (2.7) for G(s).
Let

|F(s+ia)| = |Fi(s +ia)||Fa(s + ia)|.

Then

; f (p)p g
(2.13) |Fo(s +ia)| < exp (Re Z QMW < 2(p

p<z p<zx
Further
R —ia,,—1it
(2.14)  |Fi(s +ia)| < exp (Z 91(0) | 3 6!”1@51’) .
p<z* ze<p<z

Observe the estimate (see G. Tenenbaum [7], (4.35))

Refi(p)p~" e < |fi(p)| cos 9 + V2Ii()I(f1(p)] = Refi(p)p=2)
and obtain for the last sum in (2.14)

T Refi(p)p~top~* <

e <p<lz p
V2B iall
e = Y MWaspogn+ X 2Rl - Refipp e <
e <p<lx e <p<z

Z 91(p) cos(tlogp) + O(1).

xe<p<lzx
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Thus, by (2.13) and (2.15), the estimate (2.7) holds for F(s + ia).

For the estimate (2.5) we split the interval (—oo,00) into I;(e) U Iz(e) and
{t: e 2o < |t }.

In the first case we obtain by Lemma 2.2

I a) |2
/ M‘ |F(s+ia)—AmG(s)|2L<<

Fo(s+ia) |s + ial?
<=2
(2.16)
a 2 9(p) Fo(s +ia))?  dt
< max{e?, e*Phexp |23 T2 ) / FZ(s—i—ia) |s + ial?
p<z |t]<e—2e
whereas
Fj(s+ia) ‘2 ) 5 dt
- |F - A,G —_—
/ Fo(s +ia) |F(s +da) ()i |s + ial? <
t|>e =2
(2.17)
9(p) / Fj(s +ia) ‘2 dt
<e 2 — - —.
P ; D Fo(s+ia)l |s+ial?
b= [t|>e2e

The Integrals in (2.16) and (2.17) can be estimated by

Z 1 / Fé(s-i—ia)‘?dt
5 -
= k2 +1 Fy(s +ia)

Ik <e—2 Itokl<s
and
k2+1 Fo(s+ia)
keZ 1
2 [t—k|<3Z
|k|>e
Further we have
Fj(s +ia) Z f pie
F (s+ za -

and | o
—Z 8P S)+0() for o> 1.

Since |f(p)] < B, we use |a,| < Bb, in the proof of Lemma 4.10 in Chapter
III. 4. of [8] and conclude

[NIE

/ 2
=1+ +it)| dt < logzx.

2
. . < 2
/’ logx+z(a+k)+zt)’ a<sp? [[%

log x

2
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Thus, by (2.16) and (2.17) the estimate (2.5) holds.
Then, by Lemma 2.1, (2.4) and (2.5)

M(f,x):AIZg(n)nm—l—o _ exp Zg

n<x p<lx

as T — 00.
Observe

—exp 292) Zw

n<xe m< & p<z n<x
<o (L
p<zx
Then
> glnn™ =
n<z
(2.18)

= Z go(m)m'® g1(n)n' + %0

m<zxl—e n<lZ

z 9(p)
log P Z

p<z p

3

Put y = 2 2° <y < z. Since (see [9])

S gu(n) ~ LEUBY) (o)

= (logy)t—«

where L(logy) is slowly oscillating, we obtain by partial summation

. 1+iaL 1 mL 1

g g1(n)n'* = &Y 08Y) (igay) - ia/ cu™ L( ?gz du—+o g g1(n

= (logy) (logu) =
n< 2 nxy

1+ia
cy " L(log y)

2.19 = 1— E =

(2:19) (logy)t—« ( 14+ w = gi(n

ym
LS a0 Tawm
+zan<y

n<y

Combining (2.18) and (2.19) gives

ia

- glmn™ = {1+ o(D)} 1o D gln).

n<x n<lz
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Since
0o o] -1
Ay =1 +om) ] (1 +) f(pm)pm(””)> <1 + > g(ﬁ”)p’")
p<zx m=1 m=1
and
z 9(p)

Z g(n) > Z g2(m) gi(n) > og 7 exp Z e

n<zx m311/2 ngﬁ p<lx
the assertion (1.5) of Theorem 1.1 holds. [ ]

Remark 2.2 Theorem 1.1 contains the corresponding results of P.D.T.A. El-
liott [1], K.-H. Indlekofer, I. Katai, R. Wagner [3], E. Kaya [6] and E. Wirs-
ing [9]. If g =1 and |f(n)| <1 for all n we refer to [2].
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