Annales Univ. Sci. Budapest., Sect. Comp. 58 (2025) 167-176

ESTIMATES FOR
MULTIPLICATIVE FUNCTIONS, II.

Karl-Heinz Indlekofer (Paderborn, Germany)

Erdener Kaya (Cologne, Germany)

Communicated by Imre Kétai

(Received 21 May 2025; accepted 10 June 2025)

Abstract. In this paper we consider multiplicative functions f and g,
|f| < g, as in Part I, and prove

D f) = {1+o()}a" (L +ia) ' 4x Yy g(n)

n<lz n<x

if the series >_(g(p) — Ref(p)p~"*)p~" converges for some a € R.
P

1. Introduction

Let M; be defined by

My :={f:N— C: f multiplicative; (i), (ii), (ili) hold}
where
(i) |f(p)] < B for all primes p, B > 1,

k
(ii) Z |f(1; )| < oo,

p,k>2 p
N z
@) 3 176 =0 (i)
pkz_z
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In [5] we proved asymptotic results for the behaviour of

(1.1) M(f,x):=) f(n)

n<zx

as & — 0o.
For example, if f,g € My, |f| < g and

Zg <d(e Zg )—0 as ¢ =0,

n<xe n<z

we showed (see [5], Theorem 5.1):

If
— R
(1.2) Zg ef( L =oo0 for all teR,
then
g(p
M(f,x)=o0
(f,2) logw ;
as x — o0.

In this paper we consider the case that the sum (1.2) converges for some t = a.
For this let P; C P be a set of primes such that, for some o > 0,

1
(1.3) waalogz as T — oo.
Z p
pPsST
pePy

Define multiplicative functions g;,7 = 1,2 by

W) 9", peP W) 9@), p¢P
nl?) = { 0 otherwise, 92(0") = 0 otherwise.

Then g = g1 * g2, and we prove with the notation (1.1)
Theorem 1.1. Let f,g € My,g >0 and |f\ < g, such that for some a € R

(1.4) Zg Ref) P,

Assume that g = g1 * go with (1.3) holds. Then, as x — o,

M(f.2) = 1 (1 + Z f™p 1“‘”)
X <1 + ) g(pm)p‘m> > gm){1+o(1)}.
m=1

n<zx

(1.5)
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2. Proof of Theorem 1.1

Using the notations of [5] we put (f,g € M)
f="hx*fo,
g = h1*go

where fy, go are exponentially multiplicative. The corresponding Dirichket se-
ries are

F(s) = H(s)Fo(s),

G(s) = Hi(s)Go(s)

where s =0 + it (0 > 1,t € R).

Put
(2.1) M) =3 fn) = 4. 3 gln)n™
n<x n<x
where
H(1+ ia) g(p p~i@
(2.2) Ay = AN ;

Obviously, as * — oo,

o -1
Ao =1 +o) ] (1 + Z fp —m““a)) (1 + Y g(pm)p_m> :
p<z m=1
Remark 2.1. Ifasum > f(p™)p~ (1% has the value —1, then the product

m=1

may be omitted. Otherw;se, the product has the form cL(logx), where ¢ is a
non-zero constant and L(y) a non-vanishing slowly oscillating function with
[L(y)| = 1.

Now the following holds.

Lemma 2.1. Let M(z) be defined by (2.1). Then, as x — oo,

o / L N L ) «
3

p<zx

g(p | M (u x
< e} 1 exp Z / #du +o0 log exp
xc1

p<z
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The proof follows from Remark 4.1 of [4] and Remark 5.1, (ii) of [5].
Put (cf. [4], Remark 4.1)

Ko=1xAg *(f — Azga)
where g,(n) = g(n)n'®. Then
LM =1x LO(f - Azga) + R

where Ry = L * (f — A,g,) and
D 22
p<z

1 *LO(f_Azga) =1 *Afo * (f_Azga) + Ry + Rs

Ri(z) <

Further

where
RQ =1x Ah1 * (f - Axga)a
Rz =1x% A:cga * (Af - Aga>'

|R2(x)| = o (mexp (Z ggf))) .

The convergence of (1.4) implies

(23) Z |R€f —1a — ( )|2 < 00

|R3(x)| < e“x exp (Z g;) +o (xexp (Z ggy))) .

Thus we obtain, for 2 < u <z

M(u) = Il?g(z) +o0 (logu exp (pg% g;p))) .
Then (cf. [4])

/|M " <<(1ogx/\ /i;\zF@)—AwG(s >|2d2) +

+o (m exp ( g(p))
p<z p

As in [4], page 172

and

=
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Our aim is to prove

/‘?6(8)‘2”?( _ A, G(S—ZG)|2| |2 _

o(s)
EFy(s +ia a
(2.5) /‘F08+la‘|Fs+za) A 1 =
_ 9(p)
=o | (logz)exp ZZ— as T — oo.
p<z b
Put
=t <
hie)={t: 1< )
and
I(e) :={t: <|t] <72},

elogx
Choose B’ such that a < B’ and ¢g(p) < B’ for all p, and define (see (2.7) of [4])

!

B .
o :=7m— and lefm.
o

®o

Observe # > 0. Then the following Lemma holds.

Lemma 2.2. For every 8 >0

(2.6) |F(s+ia) — Az G(s)| = o(1) exp (Zg ) for ¢ € I1(e)

p<x

and

p<z

(2.7) max(|F (s +ia)|, |G(s)]) < e exp (Z g(j)> for t € Ix(e).

Proof. Consider

; _ F(s+ia)
|F(s +ia) — A,G(s)| = \AIG(S)\.\W Y
and
(2.8) F(s+ia) H(s+ia) Fy(s+ia)

A,G(s)  Hi(s)  A,Gols)
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In the definition of (2.8) we may assume that f(p) = g(p) =0 if p > x. Then
(see (2.2))

Fo(s+ia) f)p™ —g(p) | _
fleo(s) - 7exp (Z )

p<lzx

Hq(1 fp)p~" — g(p) 1
H(1 +za (I;I (ps_l - 1)) .
Observe
—za _ 1
|Zf ()<p51_1>§
p<lx
0o, (S_ Iy 1ogp) oy MO gl _
p<y y<p<z
=: 21 + 22.

We know that the series (2.3) converges. Let lolgol% < dp(z) = o(1) such that
for y = 2% (®)

Z |f(p)p7la — g(p)|2 =: 51(1’) < 50(x)

p

y<p<z

as ¥ — 0o. Then

5, < (Z }1)) (Z If(p)p"";—g(p)IQ) <

< Gt (log )

and obviously (cf. (2.9))

S+ 35 < |s — 1]6(2) log z + (6o(2))? (log )2

1
(50 (.I)
which proves (2.6).

Next put

|G(s)| = [G1(s)[|G2(s)].
Then

(2.10) IGa(s)| < exp (Z 91@)

p<z
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and

(2.11) 1G1 (5)] < exp Zgl(p) cp| T g1(p Costlogp)

p

p<xe s <p<lzx

By [4], Lemma 2.3

(2.12) |G1(s)| < P exp Z 91(p) for t € I(e)

p<z

and (2.10), (2.11) and (2.12) give the estimate (2.7) for G(s).
Let

[F(s + ia)| = |Fy(s + ia)|| Fa(s + ia)|.

Then
f2 —ta 92
(2.13) |Fo(s + ia)| < exp | Re W < exp Z
p<z p<lx

Further

. R —ia,,—1it
(214)  |Fi(s+ia) <exp [ S 9 T Refi(p)p~""p"

p<xc re<p<zx p

Observe the estimate (see G. Tenenbaum [7], (4.35))

Refi(p)p™" e < [fa(p)| cos? + V2l i(p) (11 (P)] = Refr(p)p~)
and obtain for the last sum in (2.14)

—it

Z Refi(p)p~"p <

e <p<z p
V2B gl
(215 < > MCOS(HOWH > = ai(p) - Refilpp P <
e <p<z ¢ <p<z
Z 91(p) cos(tlogp) + O(1).
:tf<p<m

Thus, by (2.13) and (2.15), the estimate (2.7) holds for F(s + ia).
For the estimate (2.5) we split the interval (—oo,00) into I;(e) U Iz(e) and
{t: e 22 < |t }.
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In the first case we obtain by Lemma 2.2

Fi(s +ia)|? , o dt
- | |F - A.G _
/ Fo(s—&—ia)‘ |F(s +ia) 2Gs)l |s + ial? <
[t|<e—2e
(2.16)
2a0 2« g(p) F6(5+Za) 2 dt
< max{e®, &} exp 227 ' / Fo(s +ia)l |s+ial?
p<z [t]<e—2«
whereas
Fi(s +ia)|? , o dt
- | |F - A.G T
/ F()(S-i-ia)‘ |F (s +ia) G5l |s + ial? <
[t|>e—2
(2.17)

9(p) Fl(s+1ia)|2 dt
2 — .
< exp Z D / Fo(s+ia)l |s+ial?
p<z [t]>e—2e

The Integrals in (2.16) and (2.17) can be estimated by
= k2 +1 Fo(s+ia)

Ih<e2 ks
and .
Z 1 / Fé(s—&—za)‘?dt
= k241 Fy(s +ia)
. jt—kl<d
|k|>e™2
Further we have o
Fl(s+ia) pie
Fo(s +ia) zp:
and ) o
—Z %8P _ (s) 5 HOW) Jor o> 1.
Since |f(p)| < B, we use \an\ < Bb, in the proof of Lemma 4.10 in Chapter
III. 4. of [8] and conclude
/ ‘F6(1+L+i(a+k)+z’t)‘2dt< 32 § (1+—+zt) “it < loga
B T loga = N T loga s
1

2

Thus, by (2.16) and (2.17) the estimate (2.5) holds.
Then, by Lemma 2.1, (2.4) and (2.5)

p<z

as r — oQ.
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Observe
g2(p g1(n)
> giln g2(m) < Z =<
n<xe m< & p<z n<xe
x
< f:—a m exp Z M
g p<z p
Then
> glnn™ =
n<z
(2.18)

= Z gQ(m)mia Z 91(n)nia + &0 %exp Z @

m<zxl—e n<Z p<z

m

Put y = £ 2° <y < . Since (see [9])

S gu(n) ~ LEUBY) (o)

= (logy)!—

where L(logy) is slowly oscillating, we obtain by partial summation

Yy
. 1+iaL 1 zaL 1
Z gl(n)nla = (jya;loiy) - Za/ C’ELI ()Olg: d + 0] Zgl =
n<y ogy 5 ogu n<y
1+ia

cy' " L(logy)
2.19 = 1— _
( ) (logy)l—« ( 1+ za nz;ygl

B yia
= Ty are{ Lat
Combining (2.18) and (2.19) gives
. xia
ia _ 1 1 .

S gl = {14 o(1)} 17— > g(n)

n<x n<x
Since

o -1
A, = (1 —|—0 H <1 + Z f —m(l—Ha)) (1 + Z g<pm)p—m>

p<z m=1

and

pZ&

p

Zg(n) > Z g2(m) Z gi(n) >

n<z m<zl/2 n<w p<z

the assertion (1.5) of Theorem 1.1 holds. |
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Remark 2.2 Theorem 1.1 contains the corresponding results of P.D.T.A. El-
liott [1], K.-H. Indlekofer, I. Katai, R. Wagner [3], E. Kaya [6] and E. Wirs-
ing [9]. If g = 1 and |f(n)| <1 for all n we refer to [2].

[1]
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