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Abstract. Given an integer ¢ > 2, let A, := {0,1,...,¢ — 1} be the set
of base ¢ digits. We say that & = a1 ... ax, where each a; € Ay, is a word
of length A(a) = k. Let H(1),H(2),... be a sequence of nonnegative

integers and given a sequence of words ai,asz,..., we examine under
. ape H(1) H(2 . .
which conditions the number 0.a7 ( )a2 ) . is a normal number in

base ¢ (where af = a; ... ;).
——

7 times

1. Introduction

Fix an integer ¢ > 2 and let A, := {0,1,...,g — 1} be the set of base ¢
digits. We say that o = a1 ...ax, where each a; € Ay, is a word of length
AMa) = k.

Let 8 = ajas ... be an infinite concatenation of words «;’s, which we write

as f = jij2 ..., where each j; € A,;. Then, £ = £(5) := Z ELAFRUN q-ary normal
ql/
v=1
number if the sequence of fractional parts {¢*¢}x>1 is uniformly distributed in
[0,1] (see Theorem 8.1 in Kuipers and Niederreiter [3]).

Key words and phrases: Normal numbers.

2010 Mathematics Subject Classification: 11K16.

1The research work of the first author was supported in part by a grant from the Natural
Sciences and Engineering Research Council of Canada.
https://doi.org/10.71352/ac.58.170125

First published online: 8 March 2025


https://doi.org/10.71352/ac.58.170125

100 J.-M. De Koninck and I. Katai

Over the past decade, we created several new families of normal numbers [2].

Here, we expose a new approach for creating normal numbers. To do so,
we first let H(1), H(2), H(3),... be a sequence of natural numbers and then,
given a sequence of words aq,as, ..., we examine under which conditions the

H(1)HE@)

number 0.¢; - (where o = a; ... a;) is a normal number in base g.
~—_——

r times

2. Background results

In a 1994 paper, Bassily [1] generalized to polynomials a result which orig-
inally applied only to the sum of digits function. To explain his result, we
introduce additional notation. Let ¢ and A, be as above. Then, every nonneg-
ative integer n can be written as

n= Z ar(n)q”, where each a,(n) € A,.
r=0

Clearly, the above sum is finite, since a,(n) = 0 if r > (logn)/(logq). Bassily
investigated digital functions «(n) which depend on the digital blocks of length
k. More precisely, given k € N and a function Fj : .Af; — R which satisfies the
condition Fy(0,...,0) = 0, consider the function

a(n) =Y Fi (aj(n), aj41(n), .., ajn-1(n)),
j=0

that is, a kind of generalisation of the sum of digits function. Further setting

1
M= — Z Fi(bo, ... br_1),
q (bo..,b—1) €Ak

Bassily showed [1] that
logn
log q

except perhaps on a set of density 0. Let 7(z) stand for the number of primes
not exceeding x. In his paper, Bassily also proved the following theorem.

a(n) = (1+o(1))M (n — o0),

Theorem A. (Bassily) Let ¢ > 2 be a fixed integer. Let P(x) = c,a” 4+ -+ +
4+ c1x + ¢o be a polynomial with integer coefficients taking on positive values
for all z > 0 and such that ged(c,.,q) = 1. Then,

Z(a(P(n))—M logx)Q < zlogz,

i
n<w 0g4q
log z >
E (a(P(p))—Mrlogq) < 7(z)logx.

p<z
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Let ¢ and P(x) be as in the statement of Theorem A, and further let 2 =
=p; < pz < --- be the sequence of all primes. Moreover, let 1; and 72 be the
real numbers whose ¢g-ary expansions are given by

" 0.P1)P2)P3)P@A) ... P(n) ...
e = 0.P2)PB)PG)P() ... Ppn) ...,

where 7 stands for the concatenation of the base ¢ digits of n. Bassily proved
that 11 and 72 are normal numbers in base q.

Moreover, fix k € N and a word v € A’;, that is, a word made of k base ¢
digits. Then, given an arbitrary word # made of base ¢ digits, we define w. ()
as the number of occurrences of the subword  in the word 3. Bassily showed
that if

(2.1) Ty :={y=biba...by:0; € Ay fori=1,...,k},
then,
r logx 2
(2.2) 2 ’ryrgp: <wq,(P(n)) 7 logq> < zloguz,
r logx 2
(2.3) P max (wV(P(p)) 7 logq> < 7(z)logz.

Now, before we state our main results, we introduce two new functions as
follows. Given an arithmetic function H : N — N U {0}, consider the two
functions

splx) =) H%)/( > H(n)>2 and

tu(r) = z;;fﬂ(p) / (Z;;Hw)z.

3. The main results

Theorem 1. Let g > 2 be a fized integer. Let P(x) = c,a”™+---+c1x+co be a
polynomial with integer coefficients taking on nonnegative values for all x > 0
and such that ged(cr,q) = 1. Let H(1), H(2), H(3),... be a sequence of natural
numbers satisfying the condition

x

(3.1) zhﬁn;o sp(x) - oz 7 =0
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Then, the number

H(1) H(2) H(3) H(4)

(3.2) m=0P10) VPR PE) " PA)

is a q-normal number.

Theorem 2. Let q, P(x) and H(n) be as in Theorem 1. Assuming that

X

then,
H(2) H(3) H(5) H(T)
(3.4) n=0P2) VPRV PE) " P

is a q-normal number.

4. Some preliminary results

We start with a classic result in analytic number theory. As is common,
¢(s) stands for the Riemann Zeta Function.

Proposition 1. Let f be an arithmetic function and let t be a positive real
number. Assume that, for every real s > 1,

Z% =¢'(s)

oo
where g is such that E M converges absolutely. Then,
n

n=1

Zf =(c+o(1)zlog" ' x (x — ),

n<zc

where ¢ = FL i

Proof. This is a particular case of Theorem 2 in the 1954 paper of Atle Sel-
berg [5]. |

Let ¢ stand for the Euler totient function. The following is often called the
prime number theorem for arithmetic progressions.

Proposition 2. Given two coprime integers k > 1 and £, let w(x;k,0) =
= #{p<ax:p={L (mod k)}. Then,

w(aik.0) = (1+0(1)) 2o o

(z — 00).
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Proof. See Theorems 5.11 and 5.14 in the book of Narkiewicz [4]. |
We now recall a 1961 result of Wirsing [6] which we state as a proposition.

Proposition 3. Let f(n) be a real valued non negative multiplicative function
satisfying f(p*) < cicy for all prime powers p¥, v > 2, for some positive
constant ¢1 and co, with co < 2. Assuming that there exists a positive constant
T for which

(z — 00),

Y fp) = (r+o(1)

p<z

log
then, as x — o0,

S fn) = (F() *““)m@ﬂ <1+f’;p>+f;g2>+...),

n<zx p<z

where v stands for the Euler-Mascheroni constant and T'(r) is the Gamma
function.

The next proposition is an immediate application of Proposition 3.

Proposition 4. Let f be a completely multiplicative function such that f(p) €
€ {0,1} for all primes p. Assume that there exists a real number § € (0,1)

such that
S F(p) = (6 +o(1)

p<z

logz (x — 00).

Then, as x — 00,

= () 1022

n<lz

5. Proof of Theorem 1
Letting Iy, be the set defined in (2.1), in order to prove that 7 is a g-normal
number, it is sufficient to prove that

Llogm
q* logq

wy (P(n))

Z H(n) - max

YETK

n<x

= 0((10gx) > H(n)) (z — 0).

n<x

(5.1)

Indeed, we need to show that for most integers n < x, the number of occurrences

1
) nJ (Which for
log q

of P(n) in the words v = by ... b; € A’; is asymptotic to Lk {
q
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r logx
q* logq
that the largest possible difference between w,(P(n)) and &

large n < x is asymptotic to ). By proving (5.1), we will have shown
log x
log g
o(log ), which is sufficient to show that 7; is a g-normal number.

is on average

Now, using the Cauchy-Schwarz inequality, the Bassily result (2.2) and
finally the condition (3.1), we obtain that

r logx
q* logq

Z H(n) - max

RIS

wy (P(n))

< \/Z H2(n)-zlogx <

n<z n<lz

IN

zlogz - sp(x) - (ZH(n)>2 -

n<x

Valogz - \/sg(z) - ZH(n) =

n<zx

o tog) X ) (> ),

n<z

thus establishing (5.1) and completing the proof of Theorem 1. [ |
6. Proof of Theorem 2

Theorem 2 will follow if we can prove that

- o(logx > H(p)) (z = ).

p<z

r logx
q* logq

(6.1) ) H(p) max

max o (P(9))

p<z

Proceeding esentially as in the proof of Theorem 1, one can see that (6.1) is a
consequence of (3.3), from which the proof of Theorem 2 follows. |

7. Applications

We now identify some particular types of functions H(n) for which Theo-
rems 1 and 2 apply.

7.1. Choosing H(n) to be a polynomial

Let Q(x) € R[x] be a polynomial of degree d > 1, and set H(n) := [|Q(n)|]
for each n € N. In this case,

ZH(n)%Nd'H and ZH2(n)%Zn2d~m2d+l.

n<N n<zx n<z
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Hence,
2 2

Z H(TL) ~ Z nd ~ (Id+1)2 _ I2d+2,

n<x n<x
from which it follows that condition (3.1) is satisfied, implying that the corre-
sponding real number defined by (3.2) is indeed a normal number in base q.

Following essentially the same kind of reasoning, one easily sees that the
conditions of Theorem 2 are also satisfied and therefore that the corresponding
real number defined by (3.4) is a normal number in base gq.

7.2. Choosing H(n) to be a multiplicative function

Let Hp be an arithmetic multiplicative function such that Hy(p) = w for
all primes p, where 1 < w < 2, and also such that Hy(p") < r + 1 for each
prime power p". Then, set H(n) := |Hp(n)] for every n € N. In order to show
that condition (3.1) holds, we will prove that

x

(7.1) Ilgr;o Sk, () - log s =0
and
(7.2) im o)
T—>00 sH(x)
First observe that for s > 1,
=, Hy(n) w Ho(p")
= 1 —_ = w
> I+ ot > o C(s)" Ax(s),
n=1 p r>2
> H2 n 2
SOHEM et ays),

né
n=

1

where A;(s) and As(s) are two holomorphic functions bounded in the half
plane Rs > 1 — §, where 6 > 0 is a suitable small number, with A4;(1) # 0
and As(1) # 0. Then, it follows from Proposition 1 that there exist positive
constants ¢; and ¢ such that, as * — oo,

Y Ho(n) = (1+o(1)crwlog” " a,
n<x
ZHg(n) = (1—|—0(1))02xlog“’271x,
n<z

from which it follows that
2
coxlogV ~la
si(@) = (140(1) 228 2
(7.3) cix?log x
e log®@ 1 ¢
= (1401222 % (35 00).
A x
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Since (w — 1)? < 1, it is clear that (7.3) implies condition (7.1). On the other
hand, since H(n) = Hy(n) + O(1), it follows that

H?(n) = H§(n) + O(Ho(n)) + O(1),

which combined with (7.3) implies (7.2). From this, condition (3.1) is proved.

Hence, it follows that the conditions of Theorem 1 is satisfied, so that the
corresponding real number defined by (3.2) is a normal number in base q.

Similarly, one can show that the conditions of Theorem 2 are satisfied and
therefore that the corresponding real number defined by (3.4) is also a normal
number in base q.

7.3. Choosing H(n) as completely multiplicative functions

7.3.1. Considering sets of integers whose prime factors are all con-
gruent to 1 mod D

Fix an integer D > 3 and consider the completely multiplicative function
H(n) defined on primes p by

/1 ifp=1 (mod D),
H(p) = { 0 otherwise.

Applying Proposition 4 with f(n) = H(n), we find that, as x — oo,

(7.4) S H(n) = (I?Zr) + 0(1)) 10; I1 (1 - f;p))_l .

n<z p<lx

Now, setting po := {p € p : f(p) = H(p) = 1}, we have that, in light of
Proposition 2,

1 T
(7.5) o= > 1:(1+o(1))m@,

p<z p<z
PERoO p=1 (mod D)

so that, as z — oo,

1 1
7.6 - =——1loglogx + Cq + o1
(7.6) Z;p o(D) %% 1+el)
pe—m

for some constant C7. Hence, using (7.6), we have, as z — oo,

()" - () e Ses(i 1))

p<z p<z p<z
PEPO PEPoO
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exp{ Z %-‘1-02 +o(1)} =

p<z

PEPO

= exp{qb(lD)loglogx+C’3 +0(1)} =

(7.7) = (Cy+o0(1))(logz)"/*P)

for some constants Cy, C3 and C4 > 0.
Using (7.7) in (7.4), we obtain that

Cye" x
S H(n) = ( r4(7~) +0(1)) Togai e (@),

n<lz
- . Cue" . . o
from which it follows, setting C' = o) and using the trivial fact that in this
r
case H(n)? = H(n), that
H?(n 1 1-1/¢(D) 1
su(z) = n<e (1) — (1+0(1))% Y ( 0g:c> (2 = o0),
x x

(Soce H)

implying that condition (3.1) of Theorem 1 is satisfied. On the other hand,
to see that the conditions of Theorem 2 are satisfied, we first observe that
H(p)? = H(p) for all primes p and that it follows from (7.5) that

1 T
EIH@) =0+ ey o)
from which we have that
B 1 _ on P logz _ log” x T oo
(o) = 5oy = 1+ o HEEE o (5] e v

as required. It is then easy to conclude that the conditions of Theorem 2 are
satisfied.

The conditions of both Theorems 1 and 2 having been verified for this
particular function H, we may therefore conclude that the corresponding real
numbers defined by (3.2) and (3.4) are normal numbers in base g.

7.3.2. Considering sets of integers generated by particular subsets
of primes

Let p be a set of primes for which there exists a positive constant § < 1
satisfying

#{p<z:p€p}=(5+o(1))

log s (x — 00).
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Then, consider the completely multiplicative function H(n) defined on

primes p by
_J 1 ifpeg,
H(p) = { 0 otherwise.

Proceeding in a manner similar to the one used in the preceding subsection,
we obtain that
x

ZH("):(A+0(1))W (z — 00),

n<x

where A is a computable constant which depends on §.

Again, proceeding as in preceding subsection, one will reach the conclusion
that with this particular function H(n), the corresponding real numbers defined
by (3.2) and (3.4) are normal numbers in base g.
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