Annales Univ. Sci. Budapest., Sect. Comp. 57 (2024) 363-377

A NOTE ON THE SCREW LINE FUNCTION
ON FUNCTION FIELDS

Jawher Khmiri (Monastir, Tunisia)

Communicated by Imre Katai
(Received July 17, 2024; accepted August 14, 2024)

Abstract. In this paper, we study the screw line function on function
fields and we give special values of its norm. Furthermore, we derive some
interesting summation formulas.

1. Introduction

1.1. Background

The famous Riemann zeta function ¢(s) is a function of a complex variable

s = o + it, defined by

= 1

C(S) = Ea

n=1
which converges for $(s) = o > 1. This function can be extended meromor-
phically to the entire complex plane C. The zeta function ((s) is holomorphic
everywhere except for a simple pole at s = 1. The Riemann &-function is

defined as: )

£(s) = g s(s — D/ *T(s/2)C(s),
and satisfies two functional equations &(s) = £(1 — s) and &(s) = £(5), where
I'(s) is the gamma-function and the bar denotes the complex conjugate. The
Riemann Hypothesis (RH, for short), a famous open problem, claims that all
non-real zeros of ((s) lie on the critical line $(s) = 1/2 which is equivalent to
all the zeros of £(1/2 — iz) being real.
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In [4], Krein introduced the class G, which is called the screw functions
consisting of all continuous functions, g(¢) on the interval (—2a,2a) for 0 <

< a < oo such that g(—t) = g(t) and the kernel function

Gy(t,s) = g(t —s) — g(t) — g(—s) + 9(0),
is nonnegative definite on (—a,a), i.e.,
n —
(1.1) Z Gy(ti; 1;)6€ = 0
i,j=1
forall n € N, & € C and |t;] < a (1 = 1,2,...,n). In literature, a kernel
satisfying (1.1) is often referred to as a positive definite kernel or semi-positive
definite kernel. However, in this note, we refer to such a kernel as a non-
negative definite kernel. If g(¢) is a screw function, then there exists a Hilbert
space H and a continuous mapping ¢t — x(t) from R into H such that the inner
product
(2t +u) —2(u), z(s + u) — 2(u))n
is independent of u € R for all ¢,s € R. Moreover, the equality

(1.2) (x(t) = 2(0), 2(s) — 2(0))n = Gy(t; s)

holds. Consequently,

l(t) — 2(0) 13, = —29(t)
under the condition g(0) = 0. A mapping z : R — H endowed with the
translation-invariance described above is called a screw line. In [7], Suzuki
investigated the screw line corresponding to the screw function associated to
the Riemann zeta-function.

In the present paper, we extend Suzuki’s work (see [7]) to function fields.
Additionally, we study special values of the norm for the screw line. Finally,
we derive some interesting summation formulas.

Consider a function field K with a finite field of constants F, and let X
be its smooth projective algebraic curve of genus g defined over F,. For more
details, refer to [5]. The zeta-function of K is defined as follows

400 1
Zgm =Y ¢ = ]] (1 _ Tdeg(D)) ,
n=0 D prime
where C,, = #{D € Div(K); D >0, deg(D) = n}; Zx(T) is actually a ratio-
nal function
L(T)

(1.3) Zk(T) = A=T) (1 —qT)’
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where L(T) factors in C[T] as

29

(1.4) L(T) = [[(1 = a;T) € Z[T).

j=1

The special value L(1) = H?il (1—q;) is the class number of K, denoted by h.
The complex numbers ay,...,az, are algebraic integers and can be arranged
so that ajag4; = ¢ holds for j = 1,...,¢. Since the Riemann hypothesis for
function fields (abbreviated to RH) proved by Weil [9] states that oy, i =
=1,...,2g have absolute value ¢/, we may order the indices j € {1,...,9}
so that ayy; = @j, and we then can write a; = ¢'/2 exp(i;) with 6; € [0, 7].

Now, we define the (classical) zeta function (x of K as follows: for s € C,
we substitute 7" with ¢=° in Zx (T') to get the function

+oo
Cr(s) = Zr(g7) =) Cug ™,
n=0

which converges for (s) > 1. We define the following completed zeta function

(1.5) Ex(s) =q"(1—q*) (1 — ¢" %)™ VCx(s) = ¢ L(q ™),

which is an entire function of order one, whose zeros coincide with the zeros of
(i (s). Moreover, £k (s) satisfies the functional equation

Erc(s) =&k (1= s).

By taking the logarithm and subsequently differentiating both sides of (1.5),
we obtain

(1.6) wgsK@»'zgkgq+-z:“K@;bg? R(s) > 1,

where o (§) = 22, % and § = ¢".

j=1 n>
Let us recall that all zeros of the zeta function (x lie in the critical strip
0 < R(s) < 1, and they are symmetric with respect to the real axis and the
line R(s) = 1/2. Note that the RH in this context is equivalent to saying that
the zeros of (k lie on the line R(s) = 1/2. Let Z(K) be the set of the zeros p
of {x. Using (1.3) and (1.4), we obtain

1 0; 2k
Z(K)=14q=+i— ' e {l,... keZy.
() = {3 i i § € (Lng). ke
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1.2. Main results
In this subsection, we present the main results of this paper.

Let us define the screw function on function fields g (t) to be the even
real-valued function on the real line by !

ak(q)logg .
gk (t) =tglogg+ > K(ql)/Q(t—logq)
i<e!

for nonnegative ¢, where ax(§) is defined in (1.6). Let &; x(z) defined for
z € C by

i(1+ Dk (2))

%t,K(z)7

where for a real positive ¢

(1.8) By i (2) =
- G<et QKE%)/logq eiZ(tili o B <€it;— 1) (?;(1/2 —iz) — glog Q>

and

(1.9) D (2) = €k(2)/€k(2),

with

(1.10) Cx(2) = Ex(1/2 —iz) + Ex(1/2 —i2).

We note that for a real negative ¢, one has &; x(2) = &_¢ g (2).

In Section 2, we define and study the screw line associated to the screw
function on function fields gk (t) (see Proposition 2.4 and Corollary 2.1) similar
to that given in [7] (for the classical Riemann zeta function).

In Section 3, another expression of ||®;, K”%P(R) is given in the following
theorem.

Theorem 1.1. Assume that £ (1/2) #0 and let t > 0. We have

[t/logq] 29
||Q5t7K||%2(R) =2logq [tg + Z Zcos(ne‘j)(t —nlogq)|,
n=1 j=1

where [x] denoted by the integer part of x.

LOur gk (t) differ from that considered by Suzuki [6, Equation 1.1] by a sign —.
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As an application of Theorem 1.1 we study special values of || &, x H%z(R)
at some points (see Corollary 3.1). Furthermore, we derive some interesting
formulas (see Theorem 3.1 and Proposition 3.3). As a consequence of Proposi-
tion 3.3, we get the following interesting summation formulas.

Corollary 1.1. Assume that £ (1/2) # 0 and 4min;(6;/log q)* > 1. We have
i cos(0 _ g
(05 + 2km)? 2k:7r 2

Finally, in Corollary 3.2 we determine an upper bound of Hﬁt,anL?(R) for
any t >0 .

2. Preliminary

The purpose of this section is to give some results for the screw function
and screw line associated to the zeta function on function fields similar to that
given in [6, Pages 1449, 1452] and [7] for the classical Riemann zeta function.

Let us recall that the screw function on function fields gk (¢) to be the even
real-valued function on the real line by

« log G ~
(2.1) ore(t) = tglogg + 3 D B4 _10gg)

g<et

for nonnegative ¢, where ak(q) is defined in (1.6).

In the following proposition, we study some proprieties of gg ().

Proposition 2.1.

(i) If S(z) > 1/2, we have

. 160 /1
/ g (t)e#'dt = —;2% (2 — Zz) )

(i1) Let t > 0, we have

(2.2) gr(t)=> L= cost) _ > et

2 2
vyel’ 7 yel’ v

where T is the set of all zeros of £k (1/2 —iz) counting with multiplicity.
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Proof. The proof closely follows the same approach as done in [6, Theo-
rem 1.1]. We will adapt that proof to our situation and keep some notations

of it.

(i)

We use the change of variables s = 1/2 — iz with z € C. By (1.6) we
obtain

(log &k (5))’ =910gq+2%810ga, R(s) > 1,
7

which is equivalent to $(z) > 1/2 in terms of z.
By [6, Equations 2.2 and 2.3 ], if ¥(z) > 1/2 we get

ak(q)logq o | iz
ZT(t—logq) eldt =

0 g<et

ak(q)logg - iz
/Z gz (t =108 4) 110 g,00) ()" dt =

1 ark(q)logq
=L (3wl
q

Using (1.6), we obtain

M log G ‘
Zoq((;l)/;gq(t—logd) e*tdt = — o) (gK(lﬂ—”) glogq>.

0 G<et
Therefore, we have (i).

We replace in the proof of [6, Theorem 1.1 (2)] £(z) by £k (z) which is an
entire function of order one. By Hadamard’s factorization theorem, we

(-2

Y

Taking the logarithmic derivative of both sides, we obtain
o (i) e ()

2.3 — —iz | =ib+1 —+ -,

23) £k ; z=7 7

where the sum on the right-hand side converges absolutely and uniformly
on every compact subset of C outside the zeros 7. Equation (2.3) with
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z = 0 yields ib = %(1/2) On the other hand, taking the logarithmic
derivative of {x(s) = £x(1 — s) and replacing s by 1/2, we get ib =

= %(1/2) = 0. So, for each term on the right-hand side of (2.3), we
obtain

—+oo

. 1 1 1 _ —it'y )
i ( . ) _ / O e, S(2) > S(y),
0

2 \z—v 7 72

where |S(y)] < 1/2 (see [8, Theorem 2.12]). Therefore, (2.2) is derived
by interchanging summation and integration, and applying the symmetry
v == o

Let us recall that the RH holds on function fields. Then, we prove the
positivity of gx () in the following theorem.

Proposition 2.2. The function gg (t) is pointwise nonnegative, that is gx (t) >
>0 for every t € R. Further, g (t) > 0 for every t # 0.

Proof. The proof forward that of [6, Theorem 1.7]. [ ]

Let us define the function Ak (z) for z € C by

Ax(2) = (€x(2) + €x(2))/2 = &k (1/2 = iz),

where €x(2) is defined in (1.10). Hence, I' coincides with the set of all zeros of
both Ak (z) and 1 + Dk (z) where Dk (z) is defined in (1.9). Let ¢ a positive
integer, we define

et —1 1

v oz—y

(24) Prk(z) =Y ord()

Then, P, k(z) is a meromorphic function on C such that all poles are simple
and I is the set of all poles (see [7, Equation 2.2 | with P, k(z) instead Py(2).
Moreover, for negative ¢ we have P; i (z) = Py k().

Let H? be the Hardy space  on the upper half plane. As usual, we identify
H? with a closed subspace of L?(R) via boundary values. Consequently, the
inner product of H? coincides with the standard inner product of L?(R). Under
the RH, the function €x(z) defined in equation (1.10) is an entire function

2Denote by H(D) the space of analytic function F' : D — C. We define The Hardy spaces
by
HP(D) ={F € HD) : [|Fllgrm) < oo},

where ||| rp(p) = supo<,<1 [|[Fr |-
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satisfying |€x (Z)| < |€x(2)| if S(z) > 0. Hence, it generates the de Branges
space H(€k ), which is Hilbert space of entire functions isomorphic to the model
subspace K(D g (2)) := H2©D H?, by the mapping F(z) — F(z)/€k(z) from
H(€x) into H?, where D (2) is defined in (1.9). The model subspace K (D)
is a subspace of L?(R). In particular, the inner product of K(®f) matches
that of L*(R) (see [7, Section 3.1]).

Let us define
ord(7) i(1 + Dk(z))
T 2(z—7)
where D i (z) is defined in (1.9) and T" denoted by the set of all ordinates of
distinct zeros p = 1/2 — iy of £k (s) for v € T(C R).
In the following proposition, we state some results on Py i (2), By k(2),
&,k (2) and {F;(2)}er-

Proposition 2.3. [7]

(2.5) F(z) =

verl,

(i) Let Py i (z) and By i (z) be functions defined in (2.4) and (1.8), respec-
tively. Then, both coincide.

(ii) For any fized t € R, the function & k(z) belongs to L*(R) as a function
of z.

(ili) The family of functions {Fy(2)}~er defined in (2.5) forms an orthonormal
basis of the Hilbert space K(D k).

Proof. The proof follows the lines of that [7, Proposition 2.1] we just re-
place Pi(z) by P (z). The only difference is the use of an explicit formula
demonstrated by Bllaca and Mazhouda in [3, Theorem 1]. |

Since RH holds on function fields, we obtain the following results.

Proposition 2.4. The mapping t — &, (z) from R to L*(R) is a screw line
corresponding to g (t).

Proof. The proof closely follows the same approach as [7, Theorem 1.1]. We
will adapt that proof to our situation and keep some notations of it.

By the proof of [7, Theorem 1.1] we replace &;(z) by &, x(z) and using
Proposition 2.3 (i), we obtain

zti
Z T’d v 1 [ord(y 1+©K _

yel

(2.6) & k(2)

I
Q
3
S
—
]
SN~—
mﬁ
3
I
—_
i
—
N
N~—
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unconditionally. Then, by Proposition 2.3 (ii) the coefficients in the right-hand
side converge in L% —sence

it _q)? d
e s e

~yel ~yel

Therefore, under RH and from Proposition 2.3 (iii) with &; x(z), equation
(2.6) yields that &; x(z) belongs to the subspace K(D ) of L?(R) and

z*yt —1 e—z*ys -1

gl

(27) (Btrur = Gk, Botu i — Gui) 2 = ord(y)

From (1.2) and (2.2) we get Gy, (t,s) = > ord(’y)w and

,},2
B 1 : R — L*(R), is a screw line of gx (t). Hence, & x is identically zero by
(1.7) and (1.8). Moreover, by (2.7) with u = 0, we get

=2 Z ord(~y Cos('yt) .

yel’

||®t,KH%2(R) ZOTd

yel’

On the other hand, by equation (2.2) we have

Z ord( 1 - cos('yt).
ok

This complete the proof of Proposition 2.4. |

As a consequence of Proposition 2.4, we get the following corollary.

Corollary 2.1. For allt > 0, we have
(2.8) 164 51|72 ) = 29k (¢)-

Proof. We only sketch the proof since it follows the lines of that [7, Corol-
lary 1.1].

Proposition 2.4 states that (2.8) is a necessary condition for the RH. There-
fore, to prove the RH, it is sufficient to show that (2.8) is also a sufficient
condition.

Conversely, if we assume that equality (2.8) holds for all ¢ = ¢g, then gx(t)
is nonnegative on [tg,00). This implies the truth of the RH by Proposition 2.2.
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3. Further results on ||(‘5t,K||%2(JR)

In this section, we study special values of ||®t,K||2Lz(R) at some points. Fur-
thermore, we derive some interesting summation formulas. Finally, we deter-
mine an upper bound of this norm.

Let us recall that the zeros p of the function (i are denoted by

1
p77+ZT,;t]

5 where Tk = (£6, + 2km)/logq, j=1,...,2g and k€ Z,

and T' the set of all zeros of {x(1/2 — iz) with counting multiplicity and the
multiplicity of v € ' by ord(y). Throughout this section, we replace «y by T,;t j
where j =1,...,2g and k € Z.

Remark 3.1. We have x(1/2) = 0 if and only if for some j = 1,2, ...,9,0; = 0;
in this case, instead of £k, we may take the function Fi (s) = £x(s)/(s—1/2)™
where m is the multiplicity of the eventual zero of {x at s = 1/2. Functions
Fi and € have the same zeros with I(p) > 0. For this reason, we assume in
this section £x(1/2) # 0.

The norm of screw line is defined for ¢ > 0 by

g (:05(7',;IE t)
(3.1) 16+ k|72 ) = ZZ 7)j
Jj=1kezZ Tk,
Note that we have H@ZKH%?(R) = HQS*EKH%?(R) and a simple computation

yields

9 (21— cos((tE)t 1 — cos((5";
(32) Gkl 42 (Z (7)1 i 2,J>t>> |
k=1 (Tka) (70,

Proof of Theorem 1.1. By (2.1) and ¢ = ¢", we have

ak(q)logq _
gk (t) =tglogq+ Z K(jT(t—logq) =

g<et

ar(q™)logq™ "
=tglogq+ Z K(qn)/Q(t—logq )=

n<€t

[t/ logq] ") log ¢ .
=tglogq+ Z — 7 (t —logq™).
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n

Let us recall that a; = ¢*/2 exp(if;) with 0; € [0, 7] and ax(¢") = SN2 %

j=1"n
Since the function gx (t) is real, we obtain
[t/logq] 2g
gk (t) = tglogq +loggq Z Zcos(nej)(t —nlogq).
n=1 j=1
From Corollary 2.1, we obtain
164,k l|72 () = 29k (t) =
[t/logq] 2g
=2logq |tg + Z Zcos(nej)(t—nlogq) . [ ]
n=1 j=1

In the following corollary, we give some special values of ||&; x ||2L2(R)-

Corollary 3.1. Assume that £ (1/2) # 0. We have

[B1og q,KHQL?(R) =29 10g2 q.

29
||Q§210gq7KH%2(R) =2log®q |29 + Z cos(6;)
j=1
(iii)
2g
183108 g5 | 7202y = 21087 q [g+2>_ (cos(8;) + cos®(6;))
j=1

Proof. The proof yields from Theorem 1.1 for ¢ = logq, t = 2logq and
t =3loggq. |

In the following theorem, we derive interesting summation formula.

Theorem 3.1. Assume that £k (1/2) #0. We have

X[ 1 — cos(£9;) g =cos(8;) —1
S R

&\ & (£6; + 2km)? 2 = ()

Proof. By Corollary 3.1 (i) we have

||®log q,K”%z(R) =2g 10g2 q.
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On the other hand, (3.2) with ¢ = log q yields

1—cos(£6;) 1—cos(d,)
Tom =41 2.
1ol sy = 4108 qZ (Z By TS LR T

Therefore

J 1 —cos(£0;) 1—cos(d;)\ g
;(Z 50, 1 2km)2 (6, >_2' -

Let us recall that the superzeta functions on function fields of the second
kind (see [1, section 5]) is defined by

(3.3) (s)=> > W R(s) > 1/2,

Jj=1 kEZ

where t € C such that ¢? + (T,jfj)2 ¢ R_ for all k.

In the following proposition, we express ||&,, KH%Q(R) in terms of special
values of Zx(s,t).

Proposition 3.2. Assume that {x(1/2) #0 and let t > 0. We have

2\ cos((i)t)
(3-4) G0kl =2 [ 21,00 =Dy — =
Jj=1kez (Tk,j)

Proof. By (3.1), we obtain

g 1 — cos((7i£.)t)
I16ekll72m =2 (,T_:I:—)QJ =
j=1keZ k.j
g g +
1 cos((7;;)t)
:22 (Ti)2_2zz (Tﬂ:)2
j=1keZ \ k.J j=1keZ k,j
From (3.3) for s =1 and ¢ = 0, we have
J 1
j=1keZ Tk,
Hence, the proof of Proposition 3.2 is complete. |

Remark 3.2. From [2, Section 5], assume that

€x(1/2) #0 and 4min(0;/logq)* > 1,
J
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one has

K(17 )

where ) ; (1) denoted the first Voros-Li coefficients on function fields®. There-
fore, formula (3.4) can be written as follows

|
w5

9 cos 7' )t)
(3.5) 160kl 22y =2 | Mgl ZZ k]

j=1kez

Now, an interesting summation formula given by the following theorem.

Proposition 3.3. Assume that £ (1/2) # 0 and 4min;(0;/logq)* > 1. We

have
Yy () -
A1) —=2
= keZ (0; +2k7r 210g q 2

or, equivalently
g 1 L// L/ 2 L/

cos(f _ _ - g
YD =g | @) - ((q 1/2)> +¢ P ()| -3
(6 +2k7r T2 | L L L 2
Proof. By Corollary 3.1 (i), we obtain

1 Brog g, [|72(r) = 29108° g.

3We recall that the Voros-Li coefficients )\X (1) are the coefficients in the Taylor series

expansion (see [2, Equations (7) and (11)]

+oo )\V
log £ (% + 17\/172) —log€x (1/2) = ) K#(n)sn

n=1

or

v (1 Va1 e\
o= 2 [2 ( 2% 1/2) )

- Vaw(p— 1727 +w? | "
2(p—1/2) '
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On the other hand, from (3.5) with ¢t = log g we get

cos (£6;)
HQﬁlqu,KHLQ(R _2)‘K1 ) — 2log” ngkzz +0; +2k7r
J

Therefore

g
cos(f 1 v
ZZZ 0 —|—2k‘7r )‘K,l(l)_g~

J=1 ke Z log q

In addition, from [2, Section 5], assume that {x(1/2) # 0
and 4 min;(6;/logq)? > 1, one has

’

” ’ 2
log?q |L", _ L L
) V(1) = Loy | 2,12 1/2 1/2
(3.6)  Agq(1) . @) @) )

Hence, the proof of Theorem 3.3 is complete. |

Proof of Corollary 1.1. Using the lower and the upper bounds of )‘IV;,1(1)
stated in [2, Proposition 10], assume that

€x(1/2) #0 and 4min(0;/logq)* > 1,
J
we obtain

g . )
max{O, 12 (Qg {2logq_1]>}_ggz cos(6;) <
(3.7) 2log“q \ "0 7r Yo 2 i (0; + 2km)

)
2log”q \ "o T Yo 2

where vy = min{6;/loggq}. The Corollary follows from (3.7) and by setting
q — 00. |

In the following corollary, we determine an upper bound of ||&;, K||2L2(R) for
any t > 0.

Corollary 3.2. Assume that £x(1/2) # 0 and 4min;(0;/logq)® > 1. For
t >0, we have

" 7 2
4log2q L L -
0< &, kl? < D2y | 212 1/2 1/2)
<Gk llz2m) < p T (a'%) T (@7)] +q
) <

Proof. By (3.5), (3.6) and using that for z € R we have —1 < cos(x 1.
Therefore, we obtain the result. |
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