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Abstract. Song (2001) described the asymptotic behaviour of sums in-
cluding certain nonnegative multiplicative functions, where the summa-
tion runs over the integers without large prime factors. We generalise the
method to restrict the summation to integers without small and large prime
factors.

1. Introduction

1.1. Problem statement

Let 1 < a < b be positive integers. Introduce
Se () ={n<z:a< P (n)}

-

where P~ (n) denotes the smallest prime factor of n, with the convention that
P~ (1) = +o0; furthermore let

S p(z):={n<z:Pt(n)<b}

where P*(n) denotes the largest prime factor of n, with the convention that
Pt (1) = 1. These sets form the base of the study in section IIL.5 and section
III1.6 respectively of [17]. Denote the intersection of these sets as

Sap(z):={n<wz:a< P (n)AP"(n)<b}
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and for convenience, introduce S, := {n € N:a < P~ (n) A P*(n) < b} fur-
thermore let Sy p(21,22) := Sep(z2) \ Sap(z1)-

We are going to work with nonnegative multiplicative functions satisfying
the two following conditions. Denote such a function as h.

Condition 1.1. There exists constants 0 < d < 1 and k > 0 such that
h
S0 1y~ ety 4 O((ng)—)
p<y
fory > 1.
Condition 1.2. There exists a constant C > 0 such that

Z h(p*) Inpk < C.

k
p,k>2

These conditions pose only a mild average assumption upon the values of
h, as it was noted by Tenenbaum [16]. The main theme of this paper is the
study of the asymptotic behaviour of the sum

Mg p(x) 1= Z hin)

n
n€Sq,p(x)

where h is a nonnegative multiplicative function satisfying Conditions 1.1 and
1.2. Analogously we can define m,,_(x) and m_j(x) as mq(z), but where the
summation runs through S, _(z) and S_;(x) respectively.

1.2. Past results

To prove our results, we are going to adapt the method of Song, see [14].

There has been a great interest in summations over S_(z), see [4, 5, 8, 9,
18, 19]. Tenenbaum shown a more precise result in a more concise way in his
article [16], where he relied on an already established result for the function
of Plitz 7,. Generalising his method for our case could be a next step in the
investigation. (See also [7, 13] concerning sums involving the function of Plitz.)

The extension of the results of Song from his article [15] to handle sums of

the form
Moy(x):= > h(n)
n€Sq,p(x)
would be another possible way of investigation.
On the other hand, results concerning summations over S, (x) seem to be
scarce. It worth mentioning the results [3, 21] concerning the “complementer”

problem, that is where the integers in the sum shouldn’t have prime factors
from an interval (a, b].
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1.3. The differential difference equation

All the following statements are just reiterated from the article of Song [14]
for clarity. Define j,; for a real parameter  to be the continuous solution of

j (V) = Kje(v) = Fje(v = 1)

for v > 1, j.(v) = Byv" for 0 < v < 1, otherwise j.(v) = 0 for v < 0.
Here B, := ¢ 7% /T'(k + 1), with 7 being Euler’s constant, and I" being Euler’s
Gamma function. Note that Dickman’s function satisfies p(v) = €74} (v). For
k > 0 we have that j.(v) is strictly increasing and positive for all v > 0,
converges to 1 as v — oo, furthermore j.(x) > 1/2. As

(vjx(v) = K(jn(v) = Ju(v = 1)) + jn(v)

we have
. K f 1 f .
(1'1) ]m(v) = E ]n(t)dt+ ; ]n(t)dt:
v—1 0
[ 1/ B
= — ) dt+ = | je(t)dt =
i+ [+ S
v—1 1
for v > 1. We also define
v
Ju(v) = / Jn(t)dt
0
Based on the definition of j,, we have
(1.2) Je(v) = LB vt
. K [{'/—f—l K
when 0 < v <1, and
(1.3) vie(v) = vJ(v) = (k + 1) Je(v) — £Je(v — 1)
when v > 1. In particular, we have
Je(v) _ Juor) [ Jut—1)
x (V2 x(V1 (T —
(1.4) /USJFl = ,U]I-iJrl — K// W dt.

v1
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1.4. New results
First we are going to prove the following proposition.

Proposition 1.3. Let h be a nonnegative multiplicative function satisfying
Conditions 1.1 and 1.2. Then for a > 1 we have

(1.5) mg, (2) = Cy(a)(Inza”)" + O((lnac)”_‘s),
where

_ b o~ h(p") EERY
(1.6) Cyla) = R sl»1+0a<p <1+; e >1;[(1 ps> .

Then by using Proposition 1.3, we are going to prove the following propo-
sition.

Proposition 1.4. Let h be a nonnegative multiplicative function satisfying
Conditions 1.1 and 1.2. Then for 1 < a < b with b being sufficiently large we
have

(1L7)  map(z) = Va,b(jn(logb(xa”)) + O(logb(xan)zn In(log, (za™) + 1)))

(Inb)d

when logy (za™) > 1, where

Vor= 1 (Hih(ik)

a<p<b p

)

Finally, we prove the main result by building upon Proposition 1.4.

Theorem 1.5. Let h be a nonnegative multiplicative function satisfying Con-
ditions 1.1 and 1.2. Then for 1 < a < b with b being sufficiently large we

have mon(@) = Vas <jﬁ(10gb(xa”)) +0 <ln(logé,l(f§;) + 1) >)

uniformly for

1

(1.8) 1 <logy(za™) < exp <(ln b)6>
c

for a suitable constant c.

Take note that when we set a as 1, we get back the theorems of [14].
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1.5. Application

e One example application can arise during the utilisation of the combina-
torial sieve, see section 1.4 of [17]. There, one has to compute sums of

the form
> IR,

d<y"
d|P(y)

where u > 1, Ry is an error term depending upon d, and

Py =]]I»

peP
p<y

with P being a set of prime numbers. Now if P contains all the primes
between a < b, where b < y, then we can replace this sum with

> #(d)|Rl
dESnyyb(y“)

where 4 is the Mobius function. Assuming that we can express |Ry| in a
way that we get the sum

1 (d)
2.

deSa,b(yu)

we can apply our theorems. Indeed, h := 2 is a nonnegative multiplica-
tive function; satisfies Condition 1.1 with k = 1 and ¢ € (0,1) based on
Mertens’ first theorem, see [10]; and also satisfies Condition 1.2 with an
arbitrary C' > 0. Then

1 Inb
Va = 1 - ~ —
b H ( +p) Ina
and

(L9)  ji(x) = / Ji(v)do = e / o(v) dv = 1+ O(e=>)

0 0

as x — 00, see articles [6, 20].

e Having an h nonnegative multiplicative function satisfying Conditions 1.1
and 1.2, we can study the growth of the Dirichlet series

> h(n)1s,, (1)

nS
n>1
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2.

at s = 1, where 1x is the characteristic function of set X. For example
when h := 1, then Condition 1.1 is satisfied with x =1 and § € (0,1) as
before, and there exists C' > 0 which satisfies Condition 1.2. Then

P Inbd
Va = —_—~
b H p—1 Ina

based on Theorem 8 and its corollary in article [12], and by using (1.9)
and Theorem 1.5 we have

3] (1 o(Homten)+ D)

n<lx

for x satisfying (1.8).

Preliminary lemmas

Lemma 2.1. Let h be a nonnegative multiplicative function satisfying Condi-
tion 1.1. Then we have

P
(2.1) h(p) < (Inp)?

and

(2.2 5 M) 1) (g
fory >1.

Proof. Using Condition 1.1 we have

%lnp: Z@lnq— Z @IHQZ Hln}% +0((lnp)' =)

q<p q<p-—1

from where we get (2.1) by rearrangement.

As f(t) := (Int)~% has a continuous derivative on [2,y], we can use Abel’s
identity to get that the sum on the left hand side of (2.2) is equal to

L5~ ) [ 1 h)
(1ny)5;plnp+52/t(lnt)1+6;<; p npdt+O(1)

<y
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see theorem 4.2 of [2]. By using Condition 1.1, we get that the first sum is in
O((Iny)'~?), and the integral is

y y
1 1
- - 1 1-6
6H/t(lnt)5 dt+0</t(lnt)25 dt) < (Iny)
2 2

from where we get the right hand side of (2.2). [ |

Lemma 2.2. Let h be a nonnegative multiplicative function. Then we have

h(m) h(p*
(2.3) M p(z)Inz =T, p(x) + E (T) ;Z; ) Inp”
mkaS,,,,b(:v)
pfm

for1 <a < b<x, where
abll
Toy(z) = / m’fbmdt.
1

Proof. As f(t) := In(z/t) has a continuous derivative on [1,z], we can use
Abel’s identity to get

h(n) [ 1 h(n)

x
> ——1s,,)(n)In = =—(1nff)h(1)+/* > ——1g, @) (n)dt
n n t n
1<n<z 1 n<t

see theorem 4.2 of [2], which can be rewritten as

DRGNP
n n t
n€Sq,p(x) 1

We can reorder this as

Map(z)Ine =T, () + Z @ Inn

n€Sq p(x)

due to the finiteness of the sum. The sum on the right hand side can be written
as

h(n h(n h(mp"*
B S I DD M T S
n€Sab(x) pF|n pr <z nes}g,b(l) pF <z mpFeS, ()
p*|n ptm

from where we get our statement due to the multiplicative nature of h. |
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Lemma 2.3. Let h be a nonnegative multiplicative function satisfying Condi-
tions 1.1 and 1.2. Then we have

(2.4) Map(z)Inz =T, p(x) + Z M Z h;p) Inp +

MmESa,b(x) a<p<min(xz/m,b)

+ O(mgp(x)(In b)l_‘s)
forl1<a<b<ux.

Proof. We are going to derive (2.4) by examining the sum in (2.3) for different
values of k.

e First we look at the case when &k = 1. We can split the sum as

S M), s A Ae),
mpESq,b(x) p mpESq p(x) p
plm

which can be rewritten as

h(m h h(mp') h
Ly e, s i,

meSq p(x) a<p<min(x/m,b) mp'TreS, ,(x)

ptm
I>1

The sum on the right hand side is less than or equal to

h(p!) h
> oM M
pl+lesa,b(m)

I>1

which is less than or equal to

h(p') h(p h(p! _
m%b(x) E ,(Dl ) ; ) Inp < ma,b(x) E ;l ) (lnp)l °
pteS, p(z) p'Tres, v(z)
>1 I>1

using (2.1).
— When [ =1 in the sum on the right hand side, then we have
h h
Z (p) (lnp)lfé — Z (p) (lnp)176 < (ln b)lfé
p2€Sa b (x) p a<p<b p

by (2.2).
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— When [ > 1, then the sum can be bounded by

Z h(pl)(lnp)lfé <C

l
p,l>2
a<p

using Condition 1.2.

e For the case when k > 1, the sum can be bounded by

h(p* h(p"
Z 77”La,1,(a,‘/pk)7(l;c ) Inp* < mgp(2) Z @lnpk < Cmyg p(x)
p,k=>2 p p,k>2
using Condition 1.2. |

Lemma 2.4. Let h be a nonnegative multiplicative function satisfying Condi-
tions 1.1 and 1.2. Then we have

(2.5) Map(z) Inza”™ = (k + 1)T, p(x) — KTy p(x/b) + O(Va p(In b)l_‘s)
forl1<a<b<uzx.
Proof. The double sum in (2.4) can be split as
h(m) h(p) h(m) h(p)
meESq,p(x/b) a<p<b meSq p(x/b,x) a<p<z/m

Based on Condition 1.1, we have

3 M) 1y = kb — wina + O((n b))

a<p<b
and
h(p) _ z 1-8
(2.7) Z —~lnp=kln— —klna+ O((lnb)" ~°)
a<p<z/m m

as m > x/b. Also, we have

Z h(m) ln% = —(lnb)mgp(x/b) + / ma»fb(t) dt

m
meSq p(z/b,x) o/b

50 (2.6) can be written as
KTop(x) — KTqp(x/b) — k(Ina)mg p(z) + O(mgp(z)(In b)lf‘s)

and using this we get our result from (2.4). [ ]
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3. Proof of Proposition 1.3

Fix an ¢ > 1, and let a < z < b. Using (2.7), expression (2.4) can be
written as

Mg, () Inx = (k+ 1)1, (x) — kmg, () Ina+ O(m,,_(z)(In 33)1*5),

where

T, (z) := /ma’f’(t)dt.

Moving the items which contain m,,_(z) on the left hand side we get

Ina s Kk+1
Mg, () (1 + fna +O((Inx) )) =T To, (2)
which can be written as
1 Kk+1
1 =
(3-1) Ma,(7) 1—¢e4(z) Inz a.-(z),
where
Ina s
eal(z) == R +O0((Inz)™°).

Note that there exists z¢ such that |e,(x)] < 1 when x > xg. Define

k+1
E,(t):=In| ——FT,_(%) |-
()=t (o 1)
Using (3.1) we get that

k+1 g4(t)

(32) B = e T

holds. We are going to prove the proposition separately in the case when
(3.3) exp((In a)lflts) <z

and in the case when

(3.4) max{xo,exp((lna)m)} <z < eXp((lna)m)

where v > 1 is an integer and 7 € (0, 1).
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e First we look at the case when (3.3) holds. When Ina < (Int)!=°, then
£4(t) < (Int)~% and we have that

1

(35) i) < spyres

holds. By this, we have that
Ey = /E;(t) dt
1

converges absolutely, and therefore

z) = Eg— /E;(t) dt

Let the inequality (3.3) hold for x. Exponentiating E,(z), we get

ﬁﬂ,,(aﬂ = exp(E,(z)) = Cx(a) exp ( - 7}5‘(’1(15) dt),

where Cy(a) := exp(FEy). Here, by using (3.5) we have

(3.6) /E’ t) dt <</ i t)wd t = (Inz)~?

SO
K41

Inz
by the power series representation of the exponential function. Using this
n (3.1) we get (1.5), as we can rewrite

Ty, (2) = Cy(a)(Inz)™(1 + O((lnx)_‘s))

1 K
(lnza®)* = (Inz)" <1 + Hlna) = (Inz)"(1 + O((Inz)~%))
nzx
in this case.
As f(t) := 1/t*~! has a continuous derivative on [1,00), we can use Abel’s
identity, and rely on P~ (1) = 400 to get

oo k 00 n oom
O | (1 +> hl()is)) = > h7(13) = (s~ 1)/ “t’;(t) dt,
k=1 |

a<p
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where we split the integral as

(3.8) —1) /m“ dt + ( ma
Using (1.5) in the second integral, we get

® nt)* n K—0
C’,{(a)(sfl)/(l B+ O0((nt)0)

ts

x

which is equal to

(3.9) Cﬁ(a)r(n +(13 (_s 1—):) Inz) N O(F(n 7251_(?)—_15) In x))

because

/(lnt)" Qi — Pla+1,(s—1)Int)]* T(a+1,(s—1)Inz)

s N (s —1)atl N (s — 1)t
by the definition of the upper incomplete gamma function. Substituting
(3.9) into (3.8), and the resulting expression into (3.7) we get

Cﬁ(a)F(n+1,(s—1)1nw _H<1+Z )

(s — 1) s

(s—1) /m“’ dt+0< <”J21_(51):121M)>.

By dividing with the quotient after Cy(a) we obtain

_ (s—1)" h(p*
Cﬁ(a)_F(fi—Fl (s—1)Inx) H( +Z pks )

(S — 1)K’+1 [ ma,,(t)
+0((s—1)°) — I‘(H+1’(371)1nx)/ -

where by keeping with s to 1 from the right, we get

1 ) .
Cul) = iy Mo 1 (125 )
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as the integral keeps to T, _(z). Also, we have
lim (s—1)¢(s) =1,

s—140

where

when s > 1. From these we get (1.6).

e Now we look at the case when (3.4) holds. If ¢t > xg, then |e,(¢)| < 1,
and by the geometric summation we have that (3.2) is equal to

k+1

1 —_—
(3.10) tint

(sa(t) +ea(t)? +.. Fea(t) + O(ea(t)"“)) .

Fix a v > 1, and assume that (Int)'=%/®+" < Ing < (Int)'=%/+D)
holds with n € (0,1). Using the binomial theorem to compute &, (¢)™,
where 1 < m < v+ 1, we get that for its main term we have

na\™ 1
"Int (In¢)mo/(v+1)

which can be bounded by (Int)~% when m = v+ 1; and all the remaining
terms (I =0,...,m — 1) can be bounded by

(Ina)! 1

-5
(Int)t+(m=1)s < (In t)(m=D5+18/(v+1) < (Int)

using our assumption. So we have that the expression inside the paren-
theses of (3.10) is

Ina Ina\’ Ina\”
—p— k= — g Int)~—°
Hlnt—i—( Klnt) + +( Hlnt) +0(t)™)
from where we get

(3.11) El(t) = *Z;;tl (Zl (— nﬁj) + 0((1nt)—5)> <

1
t(ln t)1+6/(1/+1) '

<

Let the inequalities (3.4) hold for z. By using (3.11), from (3.6) we get

7/ /’z;tl (nﬂ)idtwLO((lnx)‘s)

x
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which is equal to

v

)\i
3.12 —(k+1)) = +0((lnz)"°
(3.12) (r+ );iJr ((Inz)=?)
with A := —k(lna)/(Inx). For z > xy we have |[A| < 1, so we can use

equation 8. from section 4.1.7. of [11] to get that the sum is equal to

1
tl/
1 —In(1—AX) — "'H/— .
(3.13) 0= X) =N e
0

Here, the integral is equal to

[( t >”+12F1(u+1,V+1;V+2;t/\/()\—1)) !

(3.14) 1—X v+1 0

)

where we can write
2F1(v+ Lv+Lv+2p) =1 —p) "2 Fi(1, v+ 2 )

using the formula 15.3.3 from [1], with p:= A/(A—=1). As 0 < p < 1,
based on 15.1.1 of [1] we can write o F1(1,1;v 4 2; i) as

T(v+2) =T(n+DT(n+1)u" = .
F(l)F(l)nz::o T(n+uv+2) HS(VJFD!Z:O“‘

So expression (3.14) can be bounded by

1 vl v!
= !
(i) o

and by using this in expression (3.13), we get that (3.12) can be written
as

Ina
Din(1+rk—0 Inz)~?).
(k+ )n( +ﬁ1nm>—|—0((nx) )
With this

Ina

r+1
S (o) = Gy (1 k) (14 0((n) )

Inx

again by the power series representation of the exponential function. We
have that in (3.1)

1 Ina Ina\”
_ =1 = K— e 1 -4
1—eq(x) "z o ( H1n:r> +0((n2)™)
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similarly as in the case of expression (3.10). By using the sum formula of
geometric progressions, we get (1.5).

The second integral in (3.8) can be written as

Crula)(s — 1)/(11“:”)“dt+0<r(n +(81,_(si)ﬁ_16) lnx)),

x

where the integral is

o0

a(s—l)n / (11’1’(}) dv = _a(s—l)n F(“{ +1, (8 — 1) 11'1’())
vs (s — 1)rtt

xar
rar

with the substitution v = ta”. By gathering the terms, and keeping with
s to 1 from the right we get (1.6). ]

4. Proof of Proposition 1.4

For h being a nonnegative multiplicative function satisfying conditions 1.1

and 1.2 we have
1 ® _5

(oo}

I (+Y
b<p<c k=1

uniformly in s > 1 and ¢ > b, according [14], see the proofs of Theorems A and

B. Using this in (1.6) we get

Cla) = L‘)H

Mk+1 o

h(p")
pks

<1 - ;)Ha +O((Inb)~%)).

Based on Mertens’ theorem, we get

Vmﬁ“ +O((Inb)~1))(1 + O((nb)~))

on the right hand side. Using the definition of B, from section 1.3, and moving
everything except V, ; to the left hand side we get

Ck(a)

(4.1) Vap = =5 (Inb)*(1+ O((In b)~°%)).
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When z < b, both being sufficiently large, we can apply Proposition 1.3 to get
ma7b(1’) = mak(x) = Cﬁ(a)(lnm + lnaﬁ)m + O((lnx)""s) _
= C,(a)(logy(z) Inb + Ina®)" + O((logy () Inb)" %) =

- c,i(a)(lnb)*f(logb(xa”)” + O(%» B

_ a,an<logb(m”)K + O<%>)

Thus when x < b/a”, that is when log,(za”™) < 1, we have

42 masle) = Voo (snlogy ) + O PBEEZY ),

Assume that b/a" < z, that is log,(za™) > 1. Based on (2.5) we have

d Tep(x)  mep(r)nza” — (k+1)Tap(x)
dr (Inzar)s+tl z(Inzar)nt?2 N

__ rTap(@/b) O<Va,b(ln by >

z(Ilnzar)rt? z(Inzar)rt+?

Integrating this in variable z from &; to &, where b < & < & we get

(4.3) dx +

&2
Ta,b(£2) _ Ta7b(§1) . K/ Ta,b(x/b)
(In&ax)s+l — (Inépar)r+l z(In zar)rt2

0 Vap(In b)lﬂ;
(In&am)~tt )
Assume also that T, ;(€) can be written as

(4.4) Ta,b(f) = (Jx(log,(€a™)) — Jn(l()gb(an)))va,b Inb+ R ().

After substituting this in (4.3), and canceling the terms containing J,, or meld-
ing them into the ordo term, we get

(4.5) x +

&2

Ra,b(§2) _ Ra,b(gl) - KZ/ Ra,b(x/b)

(In&ar)s+t1 — (In&ax)rtl z(In za®r)r+2
&1

n O(Va,b(ln b)l‘s)

(Ingyax)+t

using (1.4).
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We are going to bound the error term R, () by induction. Let £ < b/a”.
We can use (4.2) to write Ty, (&) as

¢
mmb(t) _ K K logb(é)kﬂrlia
[ e e = Vi) (o 6 — o (a)) + O RS
1
which agrees with (4.4). So in this case we have
Vab
4, . < D —ab
( 6) |}%7b(§)|—- 1(hlb)5_1

with the constant D; at least as large as the one in (4.2).
Let & = b/a”, and & = & with b/a® < € < b?/a®. With these choices we
can bound every R, () using (4.6) on the right hand side of (4.5), and we get

b2 /a"
‘Ra b(g)‘ Vab / dx 1+D0/D1
) < )
(In&ar)rtl — Dy (Inb)o-1 " x(Inzar)rt+2 * (Ind)rtt
b/a*

with Dy being the constant in the O term of (4.5). This is less than or equal

to
Vab R DO Vab
Db _(_F B0 cgp, Yab
l(lnb)"f‘*‘é(m—i—l—'— +D1>_ TG

given that Dy > (k + 1)Dy.

Suppose that for v = 1,2, ... there exists a constant D* independent of v
such that

Va,b

|Ra,b(€> *
T < n(v)D W

0 (ngar)?

for v /a® < &€ < b*1/a", where n(v) := v"In(v + 1). We have that (4.7) is
true for v = 1 given that D* > 2D;/In2. So we assume that v > 1.

Let & = b¥/a®, and & = & with b” /a® < £ < b1 /a”®. We can bound every
R, p(-) using (4.7) on the right hand side of (4.5), and the bound this time is

pr+l gk

Vab (In za® /b)"+1 Dy
Df————— -1 -1
(Inb)"+d (77(1’ )+ rn(r—1) / 2(In wa® )+ dx + Dryrtl )

bu/an

where the integral term can be handled the same way as in [14], and we get

Vab V+ kK Dy Vab
pr Yk (VR < () D*—Yab__
(In b)s+o ( v v =1)+ D*V) <) (Inb)rto
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which is true if D* > 4Dy/3. This proves (4.7), and we have

Va
[Ra€)] < g, (60" Inlog (€a") + 1) D oy

when b/a" < €.

Using this in (4.4) we can write T, ;(&) as

log, (£a”)*" ! In(log, (€a”) + 1)
(ln b)5 > > Va,b Inb.

(1o (60~ om0 + O
Substituting this in (2.5), dividing with log,(za”)Inb, and using (1.3) we get

Jo(l0gy(a")) . - (logy(za")?* In(log,(za") + 1)
log, (va") +O( by ))

Vo (sl 0 -
for mg p(z) when b/a” < z. If b is large enough, so that
a" < exp((In b)l_‘s/(’”‘l))

holds, then log;(a”) < 1, and we can use (1.2) to get that

By ok _
Jullogy (@) = = Togy(a”)" ! < (1nb) ",

Thus we can meld Jy (log,(a”))/log,(za”™) into the ordo, and we get (1.7). W
5. Auxiliary lemmas for the proof of Theorem 1.5

Lemma 5.1. Let h be a nonnegative multiplicative function satisfying Condi-
tions 1.1 and 1.2. Then there exists positive xg such that

b/a”
(5.1) / ma;(t) it = HB—_ifleb(lnb)(l +O((Inb)~%))
1

with 1 < a < b and by < b, where by is the least value of b satisfying

(5.2) (Inb)" 170 > (Inx)"*L.

Proof. As h satisfies the requirements of Proposition 1.3, we have that there
exist constants C’ and zg such that

(5.3) |Ma_(x) — Cx(a)(Inza®)"| < C'(Inz)*?
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for all z > x9. We can split the integral on the left hand side of (5.1) as

b/a” zo/a” b/a”™

/ ma,,(t) dt — / ma,f(t) dt + / ma,f(t) dt
t t t

1 1 z0/ak

due to our requirements for b. As mg,, _(t) <V, 470+ When 1 <t < xg/a” <D,
we can bound the first integral on the right hand side with V, ; /o= In2q/a”.
Concerning the second integral, we can subtract and add Cy(a)(Inta™)"/t to
get

b/a”™ s b/a”™
c’ / (ln%dwrcﬁ(a) / %dt
zo/ak zo/ak

based on (5.3). By summing everything we get, computing the integrals, and
extracting BV, »(Ind)/(x + 1), we get our result based on (4.1) and (5.2). W

Lemma 5.2. Let h be a nonnegative multiplicative function satisfying Condi-
tions 1.1 and 1.2. With 1/2 <0 <1 we have

h(p)

(5.4) D dellogy(wa®) — log,(p)) = = np =
a<p<bl
4
— k(Inb) / i (logy (™) — v) dv + O((In b))
logy (a)

for 1 <a <b, and log,(xa”) > 2.

Proof. Let
h(p
sq(y) == Z hip) Inp
a<p<y p
Using Condition 1.1 we have s,(y) — kIny/a = r(y), where |r(y)| < (Iny)*~°.
We can write the sum on the left hand side of (5.4) as

bG
(5.5) [ duttogy(wa®) ~ log, () dfsal®) - wnt/a) +

e .
- sallogy(a) ~logy (4,

t.

a
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The first integral can be written as
(5.6) J(logy(wa®) = 0)|r(b7)] — jiu(logy (wa’) — log,(a))|r(a)| —
b9
d . "
= [ (0 Gintogy ) ~ Loy () at,

a

where the integral is in

bB

0t~ [ itogy(aa) ~ o 1)t

a

which means that the first integral of (5.5) is in O((Inb)'=%). We get the
integral on the right hand side of (5.4) by the change of variable v = log,(t) in
the second integral. |

6. Proof of Theorem 1.5

The proposition is already proved for log,(xza”) in some bounded range
because of Proposition 1.4. Say we have

(6.1) Ma,b(2) = Vab(Jx(10gy(2a")) + Rap(logy (xa")))

for b > by, where
|Ra(logy(za™))| < (Inb)~°

if 1 <logy(za”) < k+5/2. If logy(xa”) > k, then
(6.2) a5 (%) = Vabjr(10gy(2a")) (1 + Ag p(log, (xa”)))

where A, p(log, (xa”)) < 2R, p(logy(za”)) as ju(k) > 1/2. Let

Agpllogy(za®)) = sup  [Agp(v)].

r<v<log, (za~)

Then we have

(6.3) A} ,(logy(ra”)) < (In b)_‘S

for k < logy(xza”) < k4 5/2. What remains is to show that

Inlogy (za™)

(6.4) AZ,b(logb(m”)) < (Inb)?
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uniformly for log,(xa®) > & + 5/2 and for all sufficiently large b. So let
log,(za™) > k + 5/2 from here onward.

By changing the order of summation in (2.4) we get

(6.5) mgp(x)Ine =T, (z) + Z ma,b(x/p)h;p) Inp 4 O(map(z)(Inb)1 %)

a<p<b

fora<b<uz.
First, we split the integral Ty, ;(x) on the right hand side of (6.5) as

b/a” prts/2 gn -

a t a t a t
/m,f()dtJr / m,b()dtJr / m’b()dt.
t t t

1 b/ar prt5/2 gn

Here, the first integral can be computed by Lemma 5.1. Using (6.1) in the
second integral we get

K+5/2
Vap(Inb) / Jr(v) dv + O(V, (Inb)1=2)
1

and using (6.2) in the third integral we get

log, (za")
V, ,(Inb) / e (0)(1+ Dy (v)) do
k+5/2

by a change of variable v = log,(za"). So we get that the integral T, ,(z) is
equal to

L ) log, (za")
(66)  Vis(lnd) (ﬁ [ s [ @) dv) "
1 K+5/2

+ O(Vap(Inb)=9).

We look at the sum on the right hand side of (6.5). When log,(xa”®) > k&,
then we can write this sum as

Vos 3 dullog aa /) "2

a<p<b

(Inp)(1 + Aqp(logy(za”/p))).
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Splitting the sum and using Lemma 5.2, we can write this as

logy, (za")—log; (a)

(67)  kViy(Inb) / Ju(0) dv + O(Vi o(In b)) +
logy (za®)—1
Va3 dullogy(ea /o) ") () 108, (a0 )

a<p<b
We note that log,(a) — 0 as b increases, so for sufficiently large b we have
that
log, (za™)
(6.8) / Jr(v) dv < (Inb)~°
log, (za*)—log, (a)

thus we can extend the integral in (6.7) up until log, (za™). Then by combining
the terms from (6.6) and this extended integral we get

o lem) log, (va®)
(6.9) - _:1 Jr(v)dv + K / Jr(v)dv =
1 logy (za*)—1

= logy,(wa")j.(log,(za™))

based on (1.1).
Dividing both sides of (6.5) with V, 3. (log,(xza”)) In za”, relying on (6.6)
and (6.7) while using (6.9) we get that A, ;(log,(za”)) is equal to
1
logy, (za*)j,. (log, (za*

i 3 el /) " (np) (o o /) +

a<p<b

log, (za™)

1
Jr(0)Agp(v) do+

+ -
log, (za*)j (log, (zar))
K+5/2

1
O <10gb(ma“)jn(10gb(xa“)) (Inb)° ) ’

By Lemma 5.2, the a < p < b/2 part of the sum can be written as

1/2
At alloes(ea®) ~ o @) ((18) [ gullogy(aa®) =) o+ O(n)' ) ).
0
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where we used (6.8), and the b'/2 < p < b part of the sum as

1

1
Aj oy (logy(za”™) — 1/2) (n(ln b) /jﬁ(logb(xa”) —v)dv+ O((In b)1_5)>
72

and the integral is at most

logy (za™)—1 log, (za™)
Arplogea) 1) [ G AL ogea) [ o
1 logy, (za®)—1

So |Agp(logy(za™))| is smaller than or equal to

(610) A, (log, (2a"))a(log, (za")) + A%, (log, (2a”) — 1/2)(log,(xa"))+

1+ Aé,b(logb(m“))
log;, (za®)(Inb)° ’
where
1/2
K H+2
6.11 alv) = — / v—t)dt+ / t)dt <
( ) ( ) U]R(U) 5 n ( UJK J

see the proof of the main theorem in [14], and

v—1

s 1 ‘
B(U)—an(v) //an(v—t)dtJrW /]K(t)dt.

1

Noting that
By
—1-a) - —" _<q1-

B(0) = 1 alo) - s <1 - a(0)
we have that |A, ;(logy(za”))| is smaller than or equal to
(6.12) A p(logy(za”))a(logy (za”))+

+ A p(logy(za”™) —1/2)(1 — a(logy, (xa”™)))+

(1 + AZ,b(logb(m”))>
log, (za®)(Inb)? )
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We also have that |A, ,(log,(za™))| is smaller than or equal to

(613) 5 (8% 4 (log, (7a®)) + A7, g, (za") — 1/2))

1+ A (log, (za"))
O( log, (a) (n b)? )

when log,(za”) > Kk + 2, because if we subtract the non-asymptotic part of
(6.12) from the non-asymptotic part of (6.13) we get

(5~ atiom(ea™) ) (A o (za)) ~ A loms(aa®) ~ 1/2) 20

based on «a(log,(za™)) < 1/2 due to (6.11), and the monotonicity of A*.
When x < A <log,(xza") — 1/2, we have

1Bap(A)] < A p(logy(za™) —1/2) < %(AZ,b(logb(fﬂa”))+A2,b(10gb(xa”)—1/2))

and when log, (za”) — 1/2 < X\ < log,(za"), we have
1 1+ A%,
< = * * _ 1 a,
|Aa,b()\)| P 2( a,b()\) + Aa,b(A 1/2)) +C A(h’l b)é

which is less than or equal to
20" 1+ A7, (log, (za”))
3 logy(za®)(Inb)®

by the monotonicity of A*, for some positive C”' constant. Based on these, by
taking the supremum we get

(8% 4 (log (7a®)) + A7, 08, (za®) — 1/2)) +

(6.14) AL, (logy(za")) < %(Ai,b(logb(ﬂfa”)) + A p(logy(za™) —1/2)) +

20" 1+ A7, (log,(za"))
3 logy(za®)(Inb)?

which we can rearrange as

4C" 1+ A 4 (logy (za”))
3 logy(za®)(Inb)?

which we can iterate, to descend with the argument of A7 , until £ to get

A; y(log,(za™)) < A7 ,(log,(za™) — 1/2) +

40" 14 A7, (logy (za™))
3 (Inb)?
where kK < £ < K+ 5/2. Then by (6.3) we get (6.4). |

Aj p(logy(ra”™)) < A7 ,(€) + Inlog,(za")
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