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Abstract. In this paper we give upper estimates and asymptotic results
for some classes of multiplicative functions. For the proofs we mainly
use tools from the convolution arithmetic of number theoretical functions

(see [4]).

1. Introduction

In this paper we consider multiplicative functions f : N — C satisfying

(i) |f(p)| < B for all primes p, B> 1,

k
i > |f(1‘z)| < 0.

phs2 P

Our aim is to give upper estimates and asymptotic results for

(1.1) M(f, x) :Zf(n) as T — oo.

n<z
For multiplicative functions f satisfying (i) and (ii) we define the exponentially
multiplicative function fy by (p prime)

k
K _ (f(P)
fo@") = (k €N).
k!
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Then
f = hx* an
where h is multiplicative and (p prime)
—1)!
(12) w0y = Y S sem) e,
L,m ’
l+m=k

Especially h(p ) = (. Obviously
DR ACANR ST

I pltm B

p,k>2 p,lm
+m>2

\f(pp)\_ M e\f;p)\_ _M
Z((e 1) » + 1 » +

g 5~ If(pm )

= ZO < ) +0(1 Z:Q ™
< o0

and

0 $ iy

Now we define M; by
Mi ={f:N— C: f multiplicative; (i), (ii), (iii) hold},

(iii) Z |f(p* <lozx)'

p<z
E>2

Z |f E <o,

p k<g
k>2

Z|f k)2<oo

p <:v
k>2

where

Further, let
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and

(vi) exp Z|f < exp ZM if 1<y<uzx.

p<y p<w
Then we define the spaces
Mg C My CM; and My

by
My = {f € My, (iv) holds}
Mz = {f € My, (v) holds}
My :={f:N— C: f multiplicative; (i), (ii), (vi) hold}

It is easy to see that (iv) implies (iii). Further, it is well known that, if (i) and
(ii) hold,

(1.49) o) < e | 3 2

n<x p<z
and, if (vi) holds,

(L5) jz: |fb <<:€j£:|jb

n<x€ n<zx

Remark 1.1. Let

Z‘f logp ~ alogx, x — oo,

p<lzx

hold with a constant o > 1. Then one can show (see Lemma 2.2. of [7]) that
(vi) is valid.

2. Classical results

If f € My then, by (1.3),

(2.1) 1S f(n) 0 S 1folm)] <

n<x n<x m< 2

Fj

« e |y W
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If f € M then, by (1.2),

D he*

pk<z

)| log p*

and (see [7, (3.6

|f(p)["
< Y PP peloge <
pv+ugm
v+p>2
< > f@*)le® logz = O(x)
pr<x

)] and A. G. Postnikov [10, p. 201])

(2.2) > h(m)logn < Y ()] > |h(p*)logp* <
n<zx n<z pgz
k>2
|h(n)|
< x; — <

By partial summation we obtain

> il =0 (o2 )

(2.3)

n<lz

Now, it is easy to show that, if f € M; the estimate (2.1) holds. For this we
put, as above, f = h * fy and obtain

IM(f)] <
mgwl/z
= 21 —+ EQ.
Then
¥ K
<
and
2o <<

Y fotm)| Y [h(n)] +

S hm)] Y 1fo(m

n<z n<xl/? m<2
x |fo(m)|
log x Z <
mSwl/Q
If
ez O | 22
p<lzx

Z|f

p<z n<w?

which proves (2.1). Collecting the results we arrive at

Proposition 2.1. Let f € M; U M,.

Then the estimate (2.1) holds.
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3. Estimates by convolution arithmetic

Using identities in the convolution arithmetic Indlekofer (see [4] and [7])
could prove estimates for M(f,x) in the case f € M; U Mjy.
For this define, if the arithmetical function f is given, the arithmetical function
Lof by Lof(n) = f(n)logn (n € N). With the function M (M (u) = M(f,u)
for u > 1), the identity function 1 and L, defined by L(u) =logu (u > 1), we
use the convolutions

(Lx ) = ) (og—)f(n),
M) = > M) ),
@D = Y f)

and define Ay by

(Lof)(n) = (f x Ap)(n).
Then (see [4, p. 135]) M =1+ f = 1% (h* fo) and
(3.1)  L*M = M % (Ay, * Mgy + LoAys,) + (R + Ro) * Ag, + L(Ry + Ra),
where
(3.2) Ry = Lxf,

Ry = 1% Loh fo.

Now let M be the set of f € M; such that

(3.3) Z |f0 <5 Z \fo

n<x® n<x

where d(¢) - 0 as e — 0.
Then we prove

Theorem 3.1. Let f € MjUMy. Then

Ga) M| <2 | 'M#'duﬂ N gl lf

p<lz

as r — OQ.
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Proof. We follow the lines of proof in [7, §3]. Then
|Af0 * Afo + LOAf0| < B2(A * A+ LOA);

and we obtain by Lemma 2.4 of [7] the first summand of the right side of (3.4).
For R;(z) we conclude as in (3.4) of [7]

(35) Ru()] = ( (Z 7t ))

In the case
= Z h(n)logn Z fo(m)

n<x m< 2

we show, if f € My, by (1.3)

(3.6) |Ro(z)| < (Z |f(p) ) Z \h(n)lllogn _

p<lx n<x
= o|xzexp Z |f
p<lx
If f € M}, then
Ro(z) = Y folm (n)logn+ > h(n)logn > fo(m
m<x® S% n<gl-e m<E
= 21 + 22.
By (2.2)
[fo(m)] _ If
13| < @ Z < Z
m< e p<z
and

PRSI (Zlf ) 5 Diologn

p<(I) nSa:l_E

which implies by (1.3)

(3.7) |Ra(z)| =0 (xexp (Z Ufop))) .



Estimates for multiplicative functions, I. 255

Consider
(Ryx Ag)(@) = (Lx (f x Ag)) (@) = gaog%)(f *Ag,)(n).
Observing _
> 17001 T 11 wog <<y§<j il (Z 7tp )
we conch;ie (cf. [7: 23.4)})
(3.5) (R % Agy)(@)] < wexp (Z fﬁj’)') .

Since Lo fo = fo * Ay, we have

RQ*AfOZ(l*Loh*fo)*Afo:1*L0h*L0f0

and
(3.9) [(Ry % Ago)(2)] < loga(L[Loh| x| fol)(x) =
= o| xzlogxexp Z M
p<z p
This ends the proof of Theorem 3.1. ]

If f € M3 we can show

Corollary 3.1. Let f € M3. Then

|<>|<2BQ/'M d+0( (Z'f ))

p<z

Proof. For f € M3 define the multiplicative function h by
- 0 ifk=1
h(p*) = bk
4|h(p®|logp”® if k> 2.

Then _— i
h 1
Z (p")logp < oo

k
ph2 P
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and o -
3 h) o
n=1 n
~ T
h .
~ (n) log x

By the elementary inequality a + b < ab for a,b > 2 we conclude
4logn < H 4log p*
pF|In
which implies
1-
|h(n)|logn < zh(n)

Thus
[Ro(z)] < Y lfom)] D h(m)+ D h(m) Y |fo(n)| =
n§m1/2 mﬁ% mgml/z TLS%
x 1/ (p)|
= O _ _—
log = P ; P ’
which leads as above to the assertion of Corollary 3.1. |

4. Estimates using generating functions

Let f =h* fo € M} UM,y Put
Ko =1 Afo * f
Then (see (3.2))

LM = 1%Lof+ Ry =
= 1xApxf4+ R =
(4.1) = 1x(Ap+Ap)*xf+Ri=
= Ko+ Ry + Ro.

O, R, [,

I + L.



Estimates for multiplicative functions, I. 257

Then

£ (n)
<
a nga; n
if f e M} and

I < cexp Z )
p<z

if f € My. Concerning I, we observe (cf. (

Ko(u) |f(p)
M =
() log u to log u ;

if f e M} UMy. Thus

M K fp
ko [ oo (127

p<zx

where

R(z) < max(e, 6(2)) + 0 <10g i) .

Now

Koy, o 1L fUatl,
u?logu elogx u?
xE

x&
. /2, 4 1/2
2
< 1 /'KO(U)| du /d—u <
— clogx u3 u -
2 €
N 1/2
< 1 1 /lKO(u)2
— e \logx u’
2

Put0:1+$. Then

[ Ko@) 5 [ [Ko(w)?
2

2
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Since (s = o + it)

/Ko(e“)efusei“tdu = iggziF'(s),
0

where F(s) = H(s)Fy(s) and
(4.2) Fs)=Y" fé")
n=1

we conclude, by Parseval’s eguality,

[ 1Fo(w) /‘ () o dt
(43) u3+2( 27_[_ 8 | | |2

1

=\ h(n
:z_:lfl)

Il
et
=h

5. Main result

We assume that f,g € M} UMy where g > 0 and |f| < g. Put g = hy % go
where go is exponentially multiplicative with go(p) = g(p) (p prime) and let
G(s) = H1(s)Go(s). Consider

(5.1) Zg Ref( PR

In this paper we deal with the case that (5.1) diverges for every ¢t € R. Then
|F'(s)| = o(G(0)) uniformly for all t < K as 0 — 1. By (4.3) we have

o0 [IRGTE < acton [ |EGIG
t<K

o) [ [l
1> K

The integrals in (5.2) can be estimated by

/ 2
FO(S)‘ dt

N
i
F-
—

Fo(s)
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and

S o [ gl
kEZ k2 +1 Fo(s) ’
k> K k<

respectively. Further, we have

-y f (p;}sogp
p

and

_Zlogp 3 /S))—FO()

for o > 1. Since |f(p)| < an in the proof of Theorem 4.10 in G. Tenenbaum
[11] we conclude

/( +—+zk+zt)( dt§3B2/l

CI
¢

> (1 +1—+zk+zt)) dt < logz.

2
Thus the right-hand side of (5.2) can be estimated by
2
(5.3) o(log x(G(0)?) + O(log x(G “;K k2 T

Since

<< exp Z g

p<z
we finish the proof of
Theorem 5.1. Let f,g € My UMy such that |f| < g. If (5.1) diverges for all

t € R then
Zg

p<z

> fn)=o 1ogx

Remark 5.1. (i) If g = 1 and |f(n)] < 1 for all n € N then Theorem 5.1.
contains the corresponding results of G. Haldsz [2], K.-H. Indlekofer [3], [4],
[5]. Especially, if u denotes the Mobius function we obtain the Prime Number

Theorem in the form
Z win) =o(x) as x — oo.

n<x



260 K.-H. Indlekofer and E. Kaya

(ii) If there is P; C P such that, for some a > 0,

1
(5.4) waalogx as T — 00
Pz
p€ePy
then
Z go(n) < e%exp Z 9t
n<x® n p<z p

and Theorem 5.1 contains the corresponding results of P.D.T.A. Elliott [1],

K.-H. Indlekofer, I. Kétai, R. Wagner [6], E. Kaya [9].

Remark 5.2. Let P =P; UP; and gop = g1 * g2, where

oy Jal) ifpel;
9:(p) {o ifpdP;, (i=1,2).

If (5.4) holds for some a > 0, then

D)= D gan) Y gi(m).

n<z n<zl/? m<:

3s

A Result of E. Wirsing [12] gives for « typical inner sum the asymptotic esti-

mate

{1+Ou”§é$n£;z11<l+gim)'

p<¥

—n

Thus the double sum exceeds a constant multiple of

s LL(57) X =

p<z n<al/2

Then

S gy > Y go(n) > kf;x e [ @

n<x n<lx p<zx

Remark 5.3. In [8] we deal with the case that (5.1) converges for some

t=1ty € R.
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