Annales Univ. Sci. Budapest., Sect. Comp. 56 (2024) 151-166

FURTHER STUDY OF MODULATION SPACES
AS BANACH ALGEBRAS

Hans G. Feichtinger (Vienna, Austria)
Masaharu Kobayashi (Hokkaido, Japan)
Enji Sato (Yamagata, Japan)

Communicated by Laszlé Szili

(Received May 2, 2024; accepted May 24, 2024)

Abstract. This paper discusses spectral synthesis for those modulation
spaces MP'9(R"™) which form Banach algebras under pointwise multiplica-
tion. An important argument will be the “ideal theory for Segal algebras”
by H. Reiter [15]. This paper is a continuation of our paper [5] where the
case ¢ = 1 is treated. As a by-product we obtain a variant of Wiener—Lévy
theorem for M?'¢(R™) and Fourier-Wermer algebras FLI(R").

1. Introduction

Spectral synthesis is one of the important topics in classical harmonic anal-
ysis. It is concerned with the question whether spectral synthesis holds for
a given subset E of R™ and for a given Banach space (B, | - ||g). More pre-
cisely, we assume that B be a Banach space of continuous, complex-valued
functions, i.e. B C Cp(R™), with C(R™) dense in B, and convergence in
B implying pointwise convergence. For every closed subset E of R", we set
I(E)={f € B| f|lg =0} and define J(E) as the closure in B of the set

{f € C¥R") | f =0 in a neighborhoof of E},
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where f|g = 0 means that f(x) =0 for all z € E. If I(E) = J(E), then E is
called a set of spectral synthesis for B. There are many papers devoted to study
the spectral synthesis (e.g., [2], [10], [15], [16], [17]). Let A(R™) be the Fourier
algebra of all functions on R™ which are the Fourier transforms of functions in
L'(R™), also denoted by FL!(R") elsewhere. A famous and pioneering result
by Schwartz [18] shows that the unit sphere S~ = {z € R" | |z| = 1} is not
a set of spectral synthesis for A(R™), if n > 3. Surprisingly, Herz [8] showed
that the unit circle S! is a set of spectral synthesis for A(R?). Motivated by
these results, Reiter [15] showed similar result in the Fourier-Beurling algebras
FLYR™): If n > 3, then S~ ! is not a set of spectral synthesis for FL!(R"),
and S! is a set of spectral synthesis for FL!(R?) if 0 < s < 1/2, but not if
s > 1/2. Moreover, Kobayashi-Sato [11] considered the spectral synthesis of
S~ for the Fourier—Wermer algebra FLI(R"): Let ¢’ denote the conjugate
exponents of ¢. If 1 < ¢ < oo and s > n/q, then S~ (n > 3) is not a
set of spectral synthesis for ZLI(R™), and S! is a set of spectral synthesis for
FLIR?)if 1 <g<2and?2/¢ <s<2/¢+1/2, but not if 1 < ¢ < co and
s>2/¢ +1/2.

The modulation spaces MP4(R™) are one of the function spaces introduced
by Feichtinger [3]. The definition of MP2(R™) will be given in Section 2.2. The
main idea for these spaces is to consider the space and the frequency variable
simultaneously. In some sense, they behave like the Besov spaces BZ'9(R™).
But they appear to be better suited for the description of problems in the area
of time-frequency analysis and are often a good substitute for the usual spaces
LP(R™) or BP4(R™) (see [4], [6]).

The aim of this paper is to understand certain sets of spectral synthesis for
MP4(R™). Our first result is:

Theorem 1.1. Let 1 < p < 2. Suppose thatq=1ands >0, orl < q<p' and
s>n/q. Then for any compact subset K of R"™, K is a set of spectral synthesis
for MP9(R™) if and only if K is a set of spectral synthesis for FLI(R"™).

Remark 1.1. The case ¢ =1 and s > 0 is given in [5].

Theorem 1.1 allows to give some concrete examples of sets of spectral syn-
thesis for MP9(R™) (cf. [11] or Proposition 3.1 below).

Example 1.2. (i) Let 1 <p <2, 1<¢g<2andn/q¢ <s<n/q¢d+1. Then
single points of R™ are sets of spectral synthesis for MP7(R™).

(11) Let 1 <p<2,1<qg<ooands>n/q¢ +1. Then single points of R™
are not sets of spectral synthesis for MP2(R"™).

Example 1.3. (i) Let 1 <p <2, 1<q¢<p and2/¢ <s<2/¢ +1/2. Then
St is a set of spectral synthesis for MP4(R?).



Modulation spaces as Banach algebras 153

(ii) But for 1 <p <2, 1<qg<2ands >2/¢+1/2 5" is not a set of
spectral synthesis for MP7(R?).

(iii) Let 1 <p<2,1<qg<p and s >n/q¢. Then S"~! (n > 3) is not a
set of spectral synthesis for MP7(R").

As a by-product of Theorem 1.1 we obtain a variant of Wiener—Lévy theo-
rem for FLI(R™) and MP9(R™).

Theorem 1.4. Given 1 < ¢ < 00, s > n/q and a real-valued function
f € FLIR™). Suppose that F is an analytic function on a neighborhood
of f(R™) U {0} with F(0) = 0. Then there exists g € FL1(R"™) such that

g9(x) = F(f(x)).

Theorem 1.5. Given 1 < p < 00, 1 < g < 00, s > n/q and a real-valued
function f € MP9(R™). Suppose that F' is an analytic function on a neighbor-
hood of f(R™)U{0} with F(0) =0. Then there exists g € MP9(R"™) such that

g9(x) = F(f(x))-

The organization of this paper is as follows. After a preliminary section
devoted to the definitions of M?4(R"™) and FL(R™) we prove Theorem 1.1 in
Section 3. Theorems 1.4 and 1.5 are treated in Section 4.

2. Preliminaries

The following notation will be used throughout this article. We use C' to
denote various positive constants which may change from line to line. We use
the notation I < J if I is bounded by a constant times J and we denote [ ~ J
if I < Jand J S I. The closed ball with center zp € R™ and radius r > 0
is defined by B,(z0) := {x € R" | |z — x| < r}. Let (z) := (14 |z|?)= for
xz € R™. We define for 1 <p< oo and s € R

o= ([ (i),

R'n.

11

and ||fl|re := ess.sup,ecgn(x)®|f(z)]. We simply write LP(R") instead of
L{(R™). For 1 < p < oo, p' denotes the conjugate exponent of p, ie.,
1/p+1/p" = 1. We write C°(R™) for the space of complex-valued infinitely dif-
ferentiable functions on R™ with compact support. S(R"™) denotes the Schwartz
space of complex-valued rapidly decreasing infinitely differentiable functions on
R™ and S'(R"™) denotes the space of tempered distributions. The Fourier trans-
form of f € L'(R") is Ff(€) = f(£) := Jan f(@)e™ " dz. Similarly, the inverse
Fourier transform of h € L'(R™) is F~'h(z) := (27) "h(—z). Recall that
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(fx9)" = fgand (fg)" = (2m) " (f*7), where (fxg)(x) = [g. fx—y)g(y)dy.
For two Banach spaces By and By, By — By means that By is contlnuously
embedded into Bs.

2.1. Fourier—Wermer algebra

For 1 < ¢ < oo and s € R write FLI(R™) = FL? for the space of all
tempered distributions with the following norm is finite:

e o= ([ (ter17@1) )"

R»

It is well known that (FLI(R"),||-||zLe) is a Banach space and S(R") is dense
in FLY(R"). Ifg=1and s > 0,0or 1 < ¢ < oo and s > n/q¢’, then FL1(R")
is a multiplication algebra, i.e.,

(2.1) If9llrre < clflFralgllzee,  fig € FLYR")

for some ¢ > 1. We call it the Fourier—Wermer algebra owing to the fact that
it is the Fourier image of the convolution algebra LZ(R™) that was studied in
the early paper of Wermer [19]. Moreover, if ¢ =1 and s > 0, or 1 < ¢ < 0o
and s > n/q, then f € FLI(R") implies f € L'(R") by the Hélder inequality.
Thus the Riemann-Lebesgue lemma shows f € C'(R"™) and vanishes at infinity,
and the inversion formula applies, giving f(z) = .7-'*1(]?) (z) for all x € R™.

Omne can prove that FLZ(R™) possess approximate units.

Lemma 2.1. Given 1 < ¢ < o0 and s > ﬂ,, orq=1ands > 0. Then for
f e FLI(R"™) and € > 0 there exists ¢ € C"O(R”) such that ||of — fllFps <e.

Remark 2.1. The case ¢ =1 and s > 0 is given in [16, Proposition 1.6.14].

Proof. Let ¢ € C’OO(R”) be such that 1/)(0) = 1. For 0 < XA < 1 we set
’l/J)\( ) ¢(Am) Since (w)\ * f fRn (n)f(€ — An)dn and 1 = (0) =
" Jre ®(n)dn, we have

(af = DNO = 2m ™ [ ) (e = 3 = Fie))an

R"

Applying the Minkowski inequality for integrals we obtain that

9af — Fllres / B[ 17 = ) = FO, dn
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We note 0 < A < 1. By the submultiplicity of (-)* for s > 0 one has

5[ 7= xm) = 7|

~ ~

Lo S AMNE =21 (= Amlze + G 1 Olllze S
S Ml Frs-
Thus we can easily see limy_,q [[1/xf — f||zL2 = 0. Hence, for any € > 0 there
exists ¢ := 9y, for some 0 < A\g < 1 such that ||¢f — f|lzLe <e. ]

Furthermore, we have the following result.

Lemma 2.2. Given 1 < g < oo and s > n/q¢, or ¢ =1 and s > 0. Suppose
that f € FLYR™) and f(xzg) = 0 for some xog € R™. Then for e > 0 there
exists g € C°(R™) such that || f — gl|zpe < € and g(xo) = 0.

Proof. Let ¢ > 0. By Lemma 2.1 there exists ¢ € C>°(R™) such that
lof = fllFre < € and (6f)(x0) = ¢(x0)f(x0) = 0. Take ¢ € C°(R") with
¥(z) = 1 on supp ¢. Since ¢f € FLI(R") and S(R") is dense in FLI(R"),
there exists gy € S(R™) such that ||¢f — gollzre < €/3(||¢||#rs + 1). Define
9() := (g0(2) = go(w0))(x) € C(R"). Then

lof = gollze S N(Df —90) Mt S Nlof — goll 7re,
and g(zo) = 0. By ¢ = ¢, (¢f)(x0) =0 and (2.1) one has

\f = 9gllzre = If —of +&fp — (0f)(20)¥ — (90 — go(x0))¥| Frs S
SIf=ofllrre +lof — gollFrellvllzre + [g0(w0) — (Af) (o)l lIYl| Fre S
SIf = ofllzre + 20 f — goll Frell¥llzre <e. [

Corollary 2.1. Given 1 < ¢ < o0 and s > n/q, or ¢ = 1 and s > 0,
f e FLIR™) and xo € R™. Then for € > 0 there exists g € C(R™) such

that g(zo) = f(wo) and ||f — gllFre <e.

Proof. It suffices to prove the case x¢o = 0; the other case is easy to see by
considering F'(z) := f(z+xo) instead. Let £ > 0. Then the proof of Lemma 2.1
implies that there exists ¢ € C2°(R™) with ¢(0) = 1 and |[¢f — f||zrs < /2.
Set fo(z) := (f(x) — f(0))¢p(x) € FLI(R™). Then fy(0) = 0. By Lemma 2.2
there exists go € C2°(R") such that go(0) = 0 and || fo — gol|7rs < €/2. Now
set g(z) i= golx) + £(0)6(z). Then (0) = £(0) and [if — gl <= M

2.2. Modulation spaces

Let 1 < p,q < o0, s € R and ¢ € S(R") be such that

(2.2) supp ¢ C [-1,1]" and Z pl—k)y=1 (£€R").
kezn
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Then MP9(R™) = MP? consists of all f € §'(R™) such that the norm

1
£z = 7o / (oD~ K f@)Pde) ")’
keZ”
is finite, with obvious modifications if p or ¢ = co. Here p(D — k)f(x) =
= F Y o(- — k) f())(x). Tt is well known that MP4(R") is a multiplication
algebra if s > n/q¢’, or ¢ = 1 and s > 0. We also recall a few basic properties
of the function in MP9(R"™). Next we state some auxiliary lemmata.

Lemma 2.3 ([5], [7]). Given 1 <p<oo,q=1ands>0, orl<gq<oo and
s >n/q". Then |[fgllazs S | flarzallgllagze for f,9 € S(R™).

Lemma 2.4. Let 1 < p < 0o. Suppose that ¢ =1 and s >0, or1 < g < o
and s > n/q. If f € MPY(R™), then for any € > 0 there exists ¢ € C°(R™)
such that ||¢f — f|lpra <e.

Proof. The case p=¢ = 1and s = 0 was considered in Bhimani-Ratnakumar
[1, Proposition 3.14] and their method still applies for the remaining cases, with
only trifling changes (see [5] for more details). |

A useful inclusion relation (cf. [12], [13]) is stated next.

Lemma 2.5. Let 1 < p < 2. Suppose that =1 and s >0, or 1 < ¢ <p’ and
s>mn/q. Then we have MP7(R™) — FLI(R"™).

Proof. We give the proof only for 1 < p < 2; the case p =1 is similar. Given
fe MPIR"™) and p € C*(R™) as in (2.2) there exists N € N with

Xer -1 (§) = > o€ = (k+0))xne-117(€) (£ €R™)

e[ <N

for all k € Z™. By the Holder inequality with 1/(p//q) + 1/(0'/(p' — q)) = 1
and the Hausdorff-Young inequality we see

HEEDY / €111t <

REZMy 1) g

s wr [ ] X we-mrofefas

kezn k[=1,1m  MISN
S S wr [ lele- e+ )F@ e s
[0|<N kEZ™ ket [o11]
S DY Wl = k) FON, S
|¢|<N keZn
<D W lle(D = G+ 0)flg S F Il n

[e|<N keZn
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Lemma 2.6. Let1<p<oo Suppose that g =1 and s >0, or 1 < g < o0
and s > n/q . Set (FLY). := {f € FLI(R") | supp f is compact}. Then we
have (FL1). — MP4(R"™).

Proof. Let f € (FLY%). and ¢ € S(R™) be such that ¢(x) =1 on supp f. By
Lemma 2.3 we have

[fllazzs = [[fQllazza S N aggee 1@l azz-a-
Moreover, let ¢ € S(R™) as in (2.2). Then there exists N € N such that

pE—k) = > w€—kpE—(k+0) (R

(<N

for all k € Z™. Then the Hausdorff-Young and the Holder inequality show that

118 yea S D R o — k) FIE: <

kezZm
< ST (X llel— (ko )l el B Fllee)”
keZn [{|<N
=D / (€ Uo(& = k) F(€)19dE S [1f 1%
kez™p 151 1ym

which implies the desired result.

Remark 2.2. There is another characterization of M?? using the short-time
Fourier transform, i.e., for ¢ € S(R™) \ {0}, we set:

Vo f(z,€) := (f(t), p(t — z)e') ) *Ztédt
¢ J\T R[
1 llzze ~ (/ Sq /|V¢f z,§) |pdx> dg)%
Br

i.e. this defines an equivalent norm, and in addition
(23)  Vof(2,€) = (2m) e VS F (€, —x) = (2m) e (f % Meg™) (),
where ¢*(z) = ¢(—2) (see [6, Lemma 3.1.1]).

3. Spectral synthesis

Throughout this section, X stands for MP1(R") (1 < p < o0, s > 0),
MPIR™Y) (1<p<2,1<q<oo,s>n/¢), FLLR") (s > 0) or FLI(R")
(1 <q<oo,s>n/q). Moreover, the closure of Xy C X in X will be denoted

by YOH'HX'
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Definition 3.1. Let I be a linear subspace of X. Then I is called an ideal in
X if fg € I whenever f € X and g € I. Moreover, if an ideal I in X is a closed
subset of X, then I is called a closed ideal in X. For a subset S of X, the set
Mxea In is called the ideal generated by S, where {I)}rea denoted the set of
all ideals in X containing S.

Deﬁnltlon 3.2. Let I be a closed ideal in X. Then the zero-set of I is defined
by Z(I) := () £~ ({0}) with f~1({0}) := {z € R?| f(z) = 0}.

fer

We note that Z(I) is a closed subset of X if I is a closed ideal in X. In
fact, if f € X, then f is continuous on R™ and thus f~1({0}) is a closed subset
of R™. We will write f|g =0 if f(z) =0 for all x € E.

Lemma 3.1. Let E be a closed subset of R™. Then I(E) :={f € X | flg =0}
is a closed ideal in X with E = Z(I(F)).

Proof. We give the proof only for the case X = MP7(R"); the same applies
to other cases. It is clear that I(E) is an ideal in MP?(R"™). To see I(E) is
closed, let f € MP9(R™), {fu}oe, C I(E) and || f, — fllppe = 0 (0 — 00).
Since

1 = Fllzee S M fn = Fllageen S o = Fllages S 0 = Fllazps,

we see that {f,}52; converges pointwise to f on R™. Since f,|g =0, we have
fle =0, and thus f € I(E). Hence I(E) is closed. Next we prove E = Z(I(E))
Since E C Z(I(E)) is clear, we show Z(I(E)) C E. Suppose xg ¢ E. Since
E is closed and C>*(R") ¢ MP'(R"™), there exists f € MP'(R") such that
f(zo) =1 and f|g = 0. Then f € I(E) and f(z¢) # 0. Thus 2o ¢ Z(I(F)),
which implies the desired result. |

Definition 3.3. Let E C R™ be closed and I(F) be the set defined in Lem-
ma 3.1. Define J(E) by the closed ideal in X generated by

Jo(E) :={f € X | f(z) =0 in a neighborhood of E}.
Then F is called a set of spectral synthesis for X if I(E) = J(E).
Remark 3.1. J(E) is the smallest closed ideal I’ with Z(I') = E (cf. [11]).

3.1. Spectral synthesis for FL{

Proposition 3.1. (i) Let 1 < ¢ < 2 and n/q < s < n/q + 1. Then single
points of R™ are sets of spectral synthesis for FLL(R™).

(17) Let 1 < ¢ < 0o and s > n/q + 1. Then single points of R™ are not sets
of spectral synthesis for FLY(R™).
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Remark 3.2. It is well-known that single points of R™ are sets of spectral
synthesis for FLL(R™), if 0 < s < 1 (see [16, Theorem 2.7.9]).

To prove Proposition 3.1, we use a modification of [16, Lemma 6.3.6].

Lemma 3.2. Let 1 < q < 2. Suppose that vV, 93 € C°(R") be such that
supp ¥ € B(0,R) for some R >0 (j =1,2). Set ¢ := ™ x4 Then for
n/qd <s<n/¢d+1and 9 € R"

6@ = 9) = GO < o (017 ma e =177 4 jole).

Proof. We give the proof only for 1 < g < 2: the case ¢ = 2 is similar. We
first note that since ¢ = w(l) ¢(2) we have

BlE =) —B(e) =
= (¥ = 9) =M (©)¥@ (€ = 9) + v () (¥O) € = ¥) — ¥ () ).

Then the Holder inequality with 1/(2/¢)+1/(2/(2—¢)) = 1 and the Plancherel
theorem show that

1€)* (D& = 9) = D) | pagmyy <
S [90E = 9) = PG | oy | ©FOE = I)]] 22

L2=4(Ry)
+ ’|1/)(2)(§ - 79) - ¢(2)(€)HL2(R2) <§> w(l) f 19 ||L27q(R")
= [ Famsel(€™ = D)™ @)](€) ]2y (9 H <2>|| 2t
+ [ Fasel(€™ = D@ (@))(€) ]| omp) (9] ()* 1>|| L7

Note [¢??® — 1| < min{2, [9x|}. The Plancherel theorem shows
1Fasel(€™® = DD (@))€l 2mp) = (2m) 2]|(e" = DD (@) L2y

for j = 1,2. Since supp ) € Br(0) (j = 1,2), we obtain

1Fasel (e = 1) (@))(€) |2 rzy (1 +191°) S

1—(s— &
< ( max [e® — 1|) !
lz|<R

I Ca | .
€77 = 11" O @] o gy + 189 2101 <

1*(‘**%) _n . s
< |19| (‘Hllax |em9x - 1|> H|x|$ q’ |'(/)(j)(x)|HL2(R);? + |19| s

which yields the desired inequality. |
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Lemma 3.3. Let 1< q¢<2,n/¢d <s<n/¢d+1, f € FLLR"), 2o € R" and
e > 0. Then there exists ¢ € C°(R") such that (i) ||(f — f(x0))dl 10 <e.
(i1) ¢(x) =1 in some neighborhood of x.

Proof. Note that there exist ¢(1), 9 € C®(R™) such that supp ) C
C By(0) (j = 1,2) and 1 := (D x1p?) satisfies 1(2) = 1 on B;(0) and supp ¢ C
C Bs(0) (see [5]). For A > 5, we set ¥y (z) := ¥(A\r) and h*(x) := (f(z) —
—f(z0))r(z — x0). If * € supp h*, then ¥(x — z9) = 1. Thus h*(z) =
= WM (z)(x — 20). We consider the case xo = 0; the other case can be treated
by considering ¢ (z — x) instead of ¥(z). Let go(t) := e~1t°/2 (t e R™). Then
(2.3) shows

¥z = 146)7Vaoh @ Ol 23 g | gy =

~ 1) Vi (€ ~o) 2 e

La(Rp)

Since gy = (27)% go, 95 = go and h*(z) = h*(x)1(x), we obtain by (2.3)

n -

Vi hA (€, =) = (27) 3 Vo (B % 9)(€, —) = (2m) 2™ (hA # % M_0.90) (6).
The Minkowski inequality for integrals and the Young inequality yield

h>\ 1,q = 271 " I ‘/’\ITLX éa L It‘nz [a S

< H||<e>8hk<f>||Lq<Rg>||<£>s<zz « M-ag0) (€)1 )

= 1) a1l o
Since h/\() (2m)~" w,\*f)(@ f(0 )1/)/\(6) and z/;A €)= @(5/)\) we have

g U
;>—a<§>>dn-

Then the Minkowski inequality for integrals and Lemma 3.2 choosing 9 = n/\
and R = 4 yield that

LY(R7)

16 P ey <37 [ 000 (2(52) = 8(5)) ] Fomlan
Rn
<A / H<->S(1Z( D)= 50)]| I Fmldn <
Rn
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S

_(S_ﬁ) _n S|
< [ ((maxlert - ) A7) ()| ).

t]<4
R”

Us

A

_ sfﬁ n 17(57%) 715\, =~
X (ma|ett ~11) + |3 ) 1Foman <

t]<4

We observe that (max;sj<4 let3t — 1|)1 (=) + A7 <3and

1-(s—2%) n
(max|e% —1|) TN =50 (A= o0).
|t|<4
Since f € FLL(R™), we see that H<>Sh/XHLq — 0 (A — o0). Therefore, for

any € > 0, there exists A\g > 0 such that Hh/\0||M91,q < e. Hence, by putting
@(x) = 1y, (x), we have the desired result. [ |

Remark 3.3. Let 1 < ¢<2,n/¢ <s<n/¢d+1, f € FLLR") and 2o € R".
Since M4(R"™) — FLI(R™), Lemma 3.3 implies that for any ¢ > 0, there
exists ¢ € CZ°(R"™) such that (i) [|(f — f(x0))®||Fre < €. (ii) ¢(x) = 1 in some
neighborhood of .

3.1.1. The proof of Proposition 3.1

(i) It suffices to show I({zo}) C JO({aco})”'Hf'“g = J({zo}). Let f € I({zo})
and € > 0. By Lemma 2.2 there exists g € C°(R™) such that g(zg) = 0 and
|f = gllzLe < €/2. Moreover, by Remark 3.3 there exists ¢ € C°(R™) such
that [|(g — 9(20))@|| zre = [|9¢llFLs < €/2 and ¢(x) = 1 on a neighborhood of
xo. Let 7 = (1 — ¢)g. Then 7 € FLIY(R") and 7(x) = 0 on a neighborhood
of 2. Therefore 7 € Jo({zo}) and [|f — 7ll7ps < |f = gl 7o + 99ll7Ls <,

which implies f € ml\-llng

(#i) Let xg = (x(lo), e (0)) € R". Contrary to our claim, suppose that {zo}
is a set of spectral synthesis for FLI(R™). Let ¢ € C’é’o(R”) be such that
supp ¢ C Bi(zo) and ¢(z) = 1 on By /2(x0), and define

@) = (1= a7) 4ot = 2)g(@), @ = (o, a0) €R™
Then f € I({zo}). Since I({zo}) = J({x0}), we see that for any ¢ > 0,
there exists f. € FLI(R™) such that f.(x) = 0 in a neighborhood of zy and
| f = fellFre < &. On the other hand, f, f. € L'(R™) N FL'(R"). Applying
the Fourier inversion formula and the Holder inequality one has

o 0fe / i&(F(&) — Fo(©))e=ae| <

By (0) ~ g (@0
R"’L

< (2m)7" /<£>1_S<§>S|f(£) — J(&)ldg < (2m) e[ ()| -

R”

)| = 2m)
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Since %(mo) =1, gii (x0) = 0 and € > 0 is arbitrary, this gives a contradic-

tion. Hence, {xo} is not a set of spectral synthesis for FLI(R™).

To prove Theorem 1.1, we prepare several lemmas. In the following, (FL9).
denotes the space defined in Lemma 2.6.
Lemma 3.4. Letg=1and s >0, or 1 < g < oo and s > n/q'. Suppose that
I is a closed ideal in FLYR™). Then T = T (FLD), 75,
Proof. We need only consider I C I N (ng)c”'””g. Let f el ande > 0.

By Lemma 2.1 there exists ¢ € C2°(R") satisfying ||¢f — f||zLs < €. Since
C>(R") ¢ FLI(R") and I is an ideal in FLI(R™), we get 6f € I N (FLI).,

and thus 1 C T (FLD). 7. -

Lemma 3.5. Let 1 < p < 2. Suppose that g =1 and s >0, or 1 < g <p' and
s >n/q. For closed ideals I and I' in FLI(R"),

(1) INMP2R™) is a closed ideal in MPZ(R™).
(3) If IN MP9(R™) =I' N MP9(R™), then we have I = TI'.
Proof. (i) Recall that MP2(R"™) is a multiplication algebra. Moreover

MPI(R"™) — FLYR"™) (see Lemma 2.5) and I is a ideal in FLI(R™). Thus
I-MP2C FLY-ICI. Hence INMP4is an ideal in MP?(R™). To see that

I N MPYR™) is closed, let f € IﬂMf’q(R")”.”Mgwq. Then there exists
{fatpz, € I N MP9R") such that [|f, — f|lyrpe — 0 (n — o0). Thus
Lemma 2.5 gives ||f, — fllzpe — 0 (n — o00). Moreover, since MP9(R")
is complete and I is closed in FLI(R™), we have f € I N MP?(R"™), which
shows I N MP9(R"™) is closed.

(i1) Since INMP 91N (FLY) . = I'NMPIN(FLY). and (FLY). — MP4(R"™)
(see Lemma 2.6), one has I N (FL?), = I' N (FL?).. Thus Lemma 3.4 yields
I=1r. |

Proposition 3.2. Let 1 < p < 2. Suppose thatq=1and s> 0, or1 <qg<p

and s > n/q'. For any closed ideal In; in MP9(R™), the ideal Iy := EH.HILZ
in FLYR™) satisfies Iny = Ip N MPZ(R™).

Proof. We start by observing that I := Iy N (ng)c”'”“?’ is a closed ideal
in FLY(R™). In fact, for f € I and g € FLI(R™) there exists {f,}7%; in
Ing N (FLY). such that ||f — fullzre — 0 (n — oo). Since f,, € (FL?),, there
exists ¢, € C°(R"™) such that ¢, (z) = 1 on supp f,. Then we have ¢,g €
€ (FL?), — MP9(R"™). Therefore, 1,9 fn, € In, and thus f,g = f, - ¥ng €
€ Tn N (FLY).. Furthermore, since ||fg — fugllris < If — folrzs 9l 2o —
— 0 (n — o0), and thus fg € I. Hence, I} is an ideal in FLI(R™). We
next prove Ip = I.. It suffices to prove Ir C I. Given f € Ip and € > 0
there exists g € Ips such that ||f — g|lzLe < e. By Lemma 2.4 there exists




Modulation spaces as Banach algebras 163

¢ € C*(R™) such that [|g — ¢g||pre < €. We note that ¢g € Ips N (FLI),
by 69 € Iy C MPU(R") < FLI(R). Since |/f — ogll 10 S If — gllros +
+||¢g—gllpre S €, we obtain I C I, Finally, we prove Ips = IpNMP4(R™).
It suffices to show Ir N MP9(R™) C Ips. Let f € IpNMP9(R™) and € > 0. By
Lemma 2.4 there exists ¢ € C2°(R"™) such that || f — ¢f| yre < e. Take ¢ €
€ C(R™) with ¢(z) = 1 on supp ¢. Since f € Ip there exists h € InyN(FLI),
such that ||f — hl|zre < e/(||¢llaral|@|lzL2). Then ¢h € Ips. Note that the
proof of Lemma 2.6 implies FLI(R") — M>>¢(R"™). Thus

If = ¢hllaezs < If = & laazs + l0d(f = R)llape S
SN = ofllara + lellarallo(f =)o S
SN = oSl + llellarallo(f = M)l Fre S
S = oflape + lellapallolzallf — Rl 7rg-

Therefore f € m“"le’q = Ipy. Hence Ir N MP9(R™) C Ipy. [ ]

Remark 3.4. Let I, and Ij, be closed ideals in MP4(R"™), and Ir be the
closure of Ip; in FLI(R™). If the closure of I}, in FLL(R"™) is equal to I,
then Proposition 3.2 implies that In; = I},.

Combining these results, we obtain the “ideal theory for Segal algebras”.

Theorem 3.3. Let 1 < p < 2. Suppose that g =1 and s >0, or1 < q <p
and s > n/q'. Let Ir be the set of all closed ideals in FLI(R™), and Iy be
the set of all closed ideals in MP2(R™). Then the map ¢ :Zp — Iy, t(Ip) =
= Ir N MPYR") (Ir € IF) is bijective. More precisely, we have 1= (Ip) =

— m”‘l}-LZI and L(TMH”}—LZ) — m”“]—‘LZI ) Mg),q(Rn) f07’ IM c IM

3.1.2. The proof of Theorem 1.1

For a closed subset K of R", we set Ir(K) := {f € FLY{(R") | flx = 0}
and I (K) :={f € MP9(R") | f|x = 0}. Moreover, we define Jp(K) by the
closure of { f € FL1(R") | f(z) = 0 in a neighborhood of K} in FLI(R"™), and
Ju(K) by the closure of {f € MP?(R"™) | f(z) = 0 in a neighborhood of K}
in MP4(R"™). Then Theorem 3.3 shows Ip(K) = Jp(K) if and only if Ip(K) =
= Jp(K). Hence, K is a set of spectral synthesis for M?9(R"™) if and only if
K is a set of spectral synthesis for FLZ(R™).

4. Wiener—Lévy theorem

We only prove Theorem 1.4 because a slight change in the proof of The-
orem 1.4 shows Theorem 1.5 (c¢f. Remark 4.1). We first recall the following
lemma and prepare a local version of Theorem 1.4.
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Lemma 4.1 ([14, Theorem 4.13]). Let 1 <p < o0, 1 < g < o0 and s > n/q.
Let v be a complex measure on R such that

1
Jas gy =l e) < oo
R

and such that u(R) = 0. Let F be the inverse Fourier transform of u. Then
F(f) € MP9(R"™) holds for all real-valued f € MP?(R"™).

Lemma 4.2. Given 1 < ¢ < 0o, s >n/q’, a real-valued function f € FLI(R")
and a compact subset K C R™. Suppose that F' € S(R) and F(0) = 0. Then
there exists g € FLI(R™) such that g(x) = F(f(x)) for all x € K.

Proof. Take a real-valued function 7 € C°(R") with 7(z) = 1 on K. Then
Tf € FLI(R™). Since

(4.1) (FLY). = {f € MP»9(R"™) | supp f is compact}

(cf. [9, Lemma A.1], [13, Lemma 1]), we have 7f € MP?(R") and thus F(7f) €
€ MP9(R"™) by Lemma 4.1. Note that FF € S(R) and supp(7f) is compact.
Thus supp(F(7f)) is compact. By (4.1) we have F(7f) € FLI(R™). Now
set ¢ = F(7f). Then g € FLI(R") and g(z) = F(r(z)f(zx)) = F(f(z))
(x € K). ]

4.1. The proof of Theorem 1.4

Since F' is analytic on a neighborhood of 0 with F'(0) = 0, there exists
go > 0 such that F'(2) has the power series representation F(z) = 3272, cjz
(|z| < eo). Take ¢ € C(R™) such that ||f — ¢f||rre < €/c for any e with
0 < £ < gp (see Lemma 2.1), where ¢ is the constant as in (2.1). Now we
set go(w) = 3277 ¢;(f(x) — é(x)f(w))’. Then gy € FLYUR") and go(x) =
=F(f(z)—¢(z)f(x)) = F(f(z)) (x € supp ¢). On the other hand, let 79,7 €
€ C°(R"™) be such that 79(z) = 1 on supp ¢ and 71(z) = 1 on supp 79. Take
P € C(R™) with ¢(y) = 1 for all y € {m(z)f(x) | x € supp 71}. We note
f € L*(R™). Moreover one has G := ¢ F € C*(R), G(0) = 0 and

F(f(2)) = d(n(@)f(2))F(ni(2)f(z)) = G(n(2)f(x)) (x € supp 70).
By Lemma 4.2 with K = supp 79 and 71 f € FLZ(R"™), there exists exists
g1 € FLY(R™) such that ¢1(z) = F(f(x)) on supp 75. Set g(z) := (1 —
—710(x))g0(z) + T0(x)g1(x). Then g € FLI(R™). If & € supp ¢, then 19(z) =1
and g1 (z) = F(f(x)). Thus g(x) = F(f(x)). Moreover, if x € supp 79\ supp ¢,
then go(z) = F(f(z)—6(2)/(x)) = F(f(z)) and g, (z) = F(f(z)). Thus g(x) =
= UL, W s, then ole) = 0, (o) = FU(0) and ots) =

Remark 4.1. Applying Lemma 2.4 and Lemma 4.1 to 7, f for a real-valued
function f € MP7(R™), we can prove Theorem 1.5 similarly.



Modulation spaces as Banach algebras 165

[1]

[10]

[11]

[12]

References

Bhimani, D.G. and P.K. Ratnakumar, Functions operating on mod-
ulation spaces and nonlinear dispersive equations, J. Funct. Anal, 270
(2016), 621-648.

Domar, Y., On spectral synthesis in R™, n > 2, in: Fuclidean Harmonic
Analysis, Lect. Notes Math. 779, 1980, 46-72 .

Feichtinger, H.G., Modulation spaces on locally compact abelian
groups, in: M. Krishna, R. Radha and S. Thangavelu (Eds.), Wavelets
and their Applications, Chennai, India, Allied Publishers, New Delhi, 2003,
99-140, Updated version of a technical report, University of Vienna, 1983.
Feichtinger, H.G. and T. Strohmer, Gabor Analysis and Algorithms,
Applied and Numerical Harmonic Analysis, Boston, MA, Birkh&user,
1998.

Feichtinger, H.G., M. Kobayashi and E. Sato, On some properties
of modulation spaces as Banach algebras, to appear in Studia Math.
Grochenig, K., Foundations of Time-Frequency Analysis, Applied and
Numerical Harmonic Analysis, Birkhduser Boston, Inc., Boston, MA, 2001.
Guo, W., D. Fan, H. Wu and G. Zhao, Sharp weighted convolution
inequalities and some applications, Stud. Math., 241 (2018), 201-239.
Herz, C.S., Spectral synthesis for the circle, Ann. Math. (2), 68 (1958),
709-712.

Kato, T., M. Sugimoto and N. Tomita, Nonlinear operations on a
class of modulation spaces, J. Funct. Anal., 278(9), Article ID 108447,
(2020), 26 p.

Katznelson, Y., An Introduction to Harmonic Analysis. 3rd ed. Cam-
bridge Mathematical Library, Cambridge, Cambridge University Press,
2004.

Kobayashi, M. and E. Sato, On the spectral synthesis for the unit
circle in FLZ(R?), submitted.

Lu, Y., Sharp embedding between Besov-Triebel-Sobolev spaces and
modulation spaces, arXiv preprint (2021)
https://arxiv.org/pdf/2108.12106.pdf

Okoudjou, K.A., A Beurling—Helson type theorem for modulation
spaces, J. Funct. Spaces Appl., 7 (2009), 33—41.

Reich, M. and W. Sickel, Multiplication and composition in weighted
modulation spaces, in: Qian, Tao et al. (eds), Mathematical Analysis,
Probability and Applications-Plenary Lectures, Springer, Springer Proceed-
ings in Mathematics & Statistics 177, 2016, 103-149.

Reiter, H., Classical Harmonic Analysis and Locally Compact Groups,
Clarendon Press, Oxford, 1968.


https://arxiv.org/pdf/2108.12106.pdf

166 H.G. Feichtinger, M. Kobayashi and E. Sato

[16] Reiter, H. and J.D. Stegeman, Classical Harmonic Analysis and
Locally Compact Groups, 2nd ed., London Mathematical Society Mono-
graphs, New Series, 22, Clarendon Press, Oxford, 2000.

[17] Rudin, W., Fourier Analysis on Groups, Interscience Tracts in Pure and
Applied Mathematics, 12, New York and London, Interscience Publishers,
division of John Wiley and Sons, 1962.

[18] Schwartz, L., Sur une propriété de synthese spectrale dans les groupes
non compacts, C. R. Acad. Sci., Paris, 227 (1948), 424-426.

[19] Wermer, J., On a class of normed rings, Ark. Mat., 2 (1954), 537-551.

H.G. Feichtinger

Faculty of Mathematics

University of Vienna
Oskar-Morgenstern-Platz 1, A-1090 Wien
Austria

and

Acoustic Research Institute

OEAW, Vienna

Austria
hans.feichtinger@univie.ac.at

M. Kobayashi

Department of Mathematics

Hokkaido University

Kita 10, Nishi 8, Kita-Ku, Sapporo
Hokkaido, 060-0810

Japan
m-kobayashi@math.sci.hokudai.ac. jp

E. Sato

Faculty of Science

Yamagata University

Kojirakawa 1-4-12, Yamagata-City
Yamagata 990-8560

Japan
esato@sci.kj.yamagata-u.ac. jp



	Introduction
	Preliminaries
	Fourier–Wermer algebra
	Modulation spaces

	Spectral synthesis
	Spectral synthesis for FLqs
	The proof of Proposition 3.1
	The proof of Theorem 1.1


	Wiener–Lévy theorem
	The proof of Theorem 1.4


