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Abstract. I, together with my friends, or alone formulated some open
problems in the last fifty years. Some of that problems are solved, some
others remained open. Here we shall present some new open problems.

1. Introduction

Notation.

(1) In the following let P, N, Z, Q, R and C denote the set of primes,
positive integers, integers, rational , real and complex numbers, respectively.

(2) We denote by A,A∗,M,M∗ the set of all additive, completely ad-
ditive, complex-valued multiplicative, completely multiplicative functions, re-
spectively.

(3) ω(n),Ω(n), τ(n), φ(n), σ(n) are typical arithmetical functions.

(4) p(n)= smallest prime divisor, P (n) = largest prime divisor of n.

(5) e(x) = e2πix, Φ(x)=Gaussian distribution function.

(6) π(x) = ♯{p ≤ x|p ∈ P}, π(x, k, ℓ) = ♯{p ≤ x|p ∈ P, p ≡ ℓ (mod k)}.
Key words and phrases: Additive function, multiplicative function, Gaussian distribution
function, distribution of primes, interval filling sequences, normal number.
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2. On a theorem of H. Daboussi

2.1. H. Daboussi [1] proved that if f ∈ M, |f(n)| ≤ 1, then

(2.1) S(x) :=
∑
n≤x

f(n)e(nα) = o(x) as x → ∞

holds for every irrational α.

I gave a simple proof for it [15] by using a variant of Turán-Kubilius in-
equality, namely the following:

Let

P1 = {p1, · · · , pk} ⊆ P, p1 < · · · < pk ≤ x,

L =

k∑
j=1

1

pj
and ωP1

(n) :=
∑
p|n

p∈P1

1,

Then

(2.2)
∑
n≤x

(
ωP1

(n)− L
)2

≤ cxL,

where c is an absolute constant.

Hence, by using the Cauchy-Schwarz inequality, and that 1
x

∑
m≤x

e(mβ) → 0

as x → ∞ for every irrational β, (2.1) follows.

By using this method we proved

Theorem 1. (J. M. De Koninck and I. Kátai [8]) Let P1 ⊆ P,
∑

p∈P1

1
p = ∞.

Let B be the set of those function f : N → U , where U := {z ∈ C||z| ≤ 1}, for
which

f(pm) = f(p)f(m) if p ∈ P1, (p,m) = 1.

Moreover, let a : N → U be a function for which

1

x

∑
n≤x

a(p1n)a(p2n) → 0 as x → ∞

for every p1 ̸= p2, p1, p2 ∈ P1.

Then
1

x

∑
n≤x

f(n)a(n) → 0 as x → ∞.
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By this method the theorem of Daboussi can be generalized in different
direction [15].

2.2. In [18] I considered the function

(2.3) ∆(α, x) :=
1

π2(x)
max

Xp1 ,Xp2∈U

∣∣∣ ∑
p1p2<x
p1<p2

Xp1Xp2e(αp1p2)
∣∣∣

and proved that ∆(α, x) → 0 for almost all irrational α and formulated the
conjecture that it holds for every irrational α. This is proved by G. Harman [9].

In a joint paper written with K.-H. Indlekofer [10] we studied the sum

S(x|α;Ym, Xp) :=
∑

mj∈Mx

mjp≤x

YmjXpe(αmjp),

where
Mx = {m1 < · · · < mt} ⊆ N and Ym, Xp ∈ U .

We proved: Let mℓ < xδx , δx → 0, and that

µx :=

t∑
j=1

1

mj
→ ∞ as x → ∞.

Then

(2.4) max
Ym1

Xp∈U
S(x|α;Ym1 , Xp) = o(1)

t∑
j=1

π
( x

mj

)
as x → ∞

for almost all α.

We formulated the conjecture that (2.4) is true for every irrational α.
G. Harman disproved this conjecture, and proved my next conjecture:

Let

∆k(α, x) =
1

πk(x)
max
Xp∈U

∣∣∣ ∑
p1···pk≤x

Xp1 · · ·Xpk
e(αp1 · · · pk)

∣∣∣,
where

πk(x) =
∑

p1···pk≤x
p1<···<pk

1.

Then ∆k(α, x) → 0 (x → ∞) for every irrational α.

G. Harman proved my more strict conjecture.
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Theorem. (G. Harman) Let α be irrational, k ≥ 3. Let

∆k(α, x) =
1

πk(x)
max

X
(j)
p ∈U

∣∣∣ ∑
p1···pk≤x

X(1)
p1

· · ·X(k)
pk

e(αp1 · · · pk)
∣∣∣.

Then
∆k(α, x) → 0 as x → ∞.

3. On some question in the probabilistic number theory

3.1. In a paper written with J.-M. De Koninck [6] we investigated the function
Uλ(n), where it is the number of those prime divisors p of n, for which in the

interval (p, p
1
λ ) there no exist prime divisor of n. Here 0 < λ < 1.

We proved that, if ϵ > 0 is am arbitrary fixed number, then

lim
x→∞

1

x
♯
{
n ≤ x :

∣∣∣Uλ(n)

ω(n)
− λ

∣∣∣ > ϵ
}
→ 0

and that

lim
x→∞

1

π(x)
♯
{
n ≤ x :

∣∣∣Uλ(p+ 1)

ω(p+ 1)
− λ

∣∣∣ > ϵ
}
→ 0.

Let fλ(n) = Uλ(n)− λω(n). Our conjecture is the following.

Conjecture 1. We have that for every u ∈ R

lim
x→∞

1

x
♯
{
n ≤ x :

fλ(n)

c(λ)
√
log log n

< u
}
→ Φ(u),

c(λ) is a suitable positive constant.

The first step to prove it would be to prove that

1

x

∑
n≤x

f2
λ(n) = (1 + ox(1))c(λ) log log x.

Highly probable our conjecture is true for

fλ(p+ 1)

c(λ)
√
log log(p+ 1)

.

We remark that Conjecture 1 is proved by A. Sofos in arxiv: 2106.00298v3

3.2. In [7] we investigated the following question.

Let a(n) = n(n+1) (n ∈ N, n ≥ 2). Let p1 ≤ p2 ≤ · · · ≤ pk be the complete
list of the prime divisors of a(n). Let sn : {p1, · · · , pk} → {0, 1}.

https://arxiv.org/pdf/2106.00298.pdf
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We write

sn(pj) =

{
0 if pj |n
1 if pj |n+ 1

Then consider the binary sequence:

h(n) := sn(p1) · · · sn(pk).

We proved that
ξ = 0, h(2)h(3) . . .

is a binary normal number.

To prove it we considered

K(n|δ1 . . . δℓ) := ♯{j ∈ {1, . . . , k − ℓ} | sn(pj+r) = δr, r = 1, . . . ℓ}.

Here k = Ω(n) + Ω(n+ 1).

We proved that, for every fixed δ1, . . . , δℓ

lim
x→∞

1

x
♯
{
n ≤ x :

∣∣∣K(n|δ1 . . . δℓ)
2 log log n

− 1

2λ

∣∣∣ > ϵ
}
= 0

holds for every fixed ϵ > 0.

Conjecture 2. We have that

(A)
1

x

∑
n≤x

(2ℓK(n|δ1 . . . δℓ)− 2 log log x)2 = c(1 + ox(1)) log log x,

moreover that

(B) Θ(n) :=
2ℓK(n|δ1 · · · δℓ)− 2 log log x

dℓ
√
log log n

is distributed according to the normal law. Here dℓ is a suitable positive con-
stant.

Let b(q) = (q − 1)(q + 1) (q ∈ P). Let

b(q) = 2αp1 · · · pk, 2 < p1 ≤ · · · ≤ pk

and

sn(pj) =

{
0 if pj |q − 1

1 if pj |q + 1.

Let
h(n) := sn(p1) · · · sn(pk),
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K(q|δ1 . . . δℓ) := ♯{sq(pj+r) = δr, r = 1, . . . ℓ},

k = Ω(b(q))−
∑

2q|b(q)

1.

By our method we can prove that

η = 0, h(3)h(5) . . . h(q) . . .

is a binary normal number.

We can prove that

(3.1)
1

li x

∑
q≤x

(
K(q|δ1 · · · δℓ)−

2 log log x

2k

)2

= o
(
x(log log x)2

)
.

Conjecture 3. We guess that

(C)
1

li x

∑
q≤x

(
K(q|δ1 · · · δℓ)−

2 log log x

2k

)2

= c(1 + ox(1)) log log x

with a suitable constant c > 0, and that

(D)
1

π(x)
♯{q ≤ x |

K(q|δ1 . . . δℓ)− 2 log log x
2k

d1
√
log log x

u} = Φ(u).

Here d1 is a suitable positive constant.

3.3. Let RA,B = {n ∈ N|Ω(n) = A,Ω(n + 1) = B}, k = A + B. Let TA,B be
the set of those δ1, · · · , δk ∈ {0, 1}k sequences in which 0 occur exactly A-times
(and then 1 occur B-times).

Conjecture 4. Let Θ1,Θ2 ∈ TA,B ,Θ1 ̸= Θ2. Then, under the condition

max{|A− log log x|, |B − log log x|} < c
√
log log x,

we have

sup
Θ1,Θ2∈RA,B

∣∣∣ ♯{n ≤ x | n ∈ RA,B , h(n) = Θ1}
♯{n ≤ x | n ∈ RA,B , h(n) = Θ2}

− 1
∣∣∣ → 0 as x → ∞.

3.4. Let uq(n) = Ω(n) (mod q), q ∈ N, q ≥ 2

Open problem. Let (2 ≤)q1 < q2 < · · · be an infinite sequence of pairwise
coprime integers. How can we construct an infinite sequence of integers B =
= {q1 < q2 < · · · } such that

ξj = 0, uqj (a1)uqj (a2) . . . ,
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are qj-ary normal numbers for every j = 1, 2, · · · , and more over that

xm =


[ξ1, q

m
1 ]

. . .

[ξk, q
m
k ]

(m = 1, 2 . . .)

is uniformly distributed in [0, 1]k.

I do not know how we can construct ξ1, ξ2 . . . with these properties.

4. The distribution of prime numbers in short intervals and some
consequences

4.1. K. Ramachandra [26] proved that

(4.1) π(x+ h)− π(x) =
h

log x
+O

(
h

log2 x

)
if

(4.2) x
7
12+ϵ ≤ h ≤ x, ϵ arbitrary constant.

His main observation was to use a complicated contour to estimate∫
(x+ h)s − xs

s
· ξ

′(s)

ξ(s)
ds,

the so called modified Hooley–Huxley contour. The contour depends on the
estimation of N(σ, T ), that is the number of roots of ξ(s) in the domain Re s >
> σ, |Ims| ≤ T .

By this he improved an older results of Huxley, namely that (4.1) holds
under the condition

(4.3) x5/8 ≤ h ≤ x.

By using the method of Ramachandra I proved [19]:

Let

µk(x) =
(log log x)k−1

(k − 1)! log x
, Rx = log log x+ cx

√
log log x

cx → ∞ appropriately slowly.

Theorem 2. Under the condition (4.1) we have

(4.4)
1

k
♯{n ∈ [x, x+ h]|ω(n) = k} = (1 + ox(1))µk(x)
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uniformly as 1 ≤ k ≤ Rx. Consequently

(4.5) max
u∈R

max
hunder (4.2)

∣∣∣ 1
h
♯
{
n ∈ [x, x+h] | ω(n)− log log x√

log log x
< u

}
−Φ(u)

∣∣∣ → 0

as x → ∞.

Repeating the procedure of Ramachandra one can obtain that

(4.6) π(x+ h, q, a)− π(x, q, a) =
1

φ(q)
· h

log x
+O

( h

log2 x

)
for every fixed q ≥ 3, and (a, q) = 1.

4.2. Let (2 ≤)A be a constant,

(log x)A ≤ Y (= T (x)) ≤ (log x)A+1.

Let

(4.7) S(X,Y ) = {n ≤ X | p(n) > Y },

(4.8) N(X,Y ) = ♯S(X,Y ).

By using the classical sieve method, we obtain that

(4.9) N(X,Y ) = (1 + ox(1))
c1X

log Y
, c1 = e−γ .

The following remark quite obvious:

(4.10) ♯{n ∈ S(X,Y ) | µ(n) = 0} ≤ c2X

log Y
.

Let

(4.11) Sk(X,Y ) = {n ∈ S(X,Y ) | ω(n) = k}.

One can prove that

(4.12) Nk(X,Y ) = ♯Sk(X,Y ) = (1 + ox(1))N(X,Y )ρk(X,Y )

uniformly as 1 ≤ k ≤ Rx, (Rx is defined earlier), where

(4.13) ρk(X,Y ) =
(log log x− log log Y )k−1

(k − 1)! log x
.



Some old and new problems on arithmetical functions 141

Let

f(p) =


1

log p
if p ∈ [Y,X]

0 if p ̸∈ [Y,X].

Let f be additive. Let

(4.14)
∑

k
=

∑
n≤x

n∈Sk(X,Y )

f(n).

We can prove that

(4.15)
∑

k
<

cNk(X,Y )

log x

uniformly as k ≤ Rx.

It is clear that (4.15) is true for k = 1. Let k ≥ 2. We have

∑
k
≤

∑
Y <p<

√
x

1

log p
Nk−1

(
X

p
, Y

)
+

∑
Y <p<

√
x

1

log p
N

(
X

p2
, Y

)
+

+
∑

√
x<p<x

1

log p
Nk−1

(√
X,Y

)
.

Since

max√
x≤u≤x
k∈Rx

Nk−1(u, Y )

Nk(u, Y )
= O(1),

and ∑
Y <p<X

1

p log p
≪ 1

log Y
,

therefore (4.15) is true.

4.3. Let q ≥ 3. Aq = {ℓ1, · · · , ℓφ(q)} be the set of reduced residue classes
(mod q).Let κ(p) = a if p ≡ ℓa (mod q). For some n, coprime to q, |µ(n)| = 1
let n = p1 · · · pr, p1 < · · · < pr. Write κ(n) = κ(p1) · · ·κ(pr).

Let Hq be the set of words composed from {1, · · · , φ(n)}. For some α ∈ Hq

let λ(α) be the length of α.

Let
Sk(X,Y, α) = {n ∈ Sk(X,Y, α)| |µ(n)| = 1, κ(n) = α}

and
Nk(X,Y, α) = ♯Sk(X,Y, α).
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Theorem 3. We have

φ(q)kNk(X,Y, α) = (1 + ox(1))Nk(X,Y )

uniformly as α ∈ Hq, λ(α) = k, k ≤ Rx. In the other words

sup
1≤k≤Rx

max
α,β∈Hq

λ(α)=λ(β)=k

∣∣∣Nk(X,Y, α)

Nk(X,Y, β)
− 1

∣∣∣ → 0 as x → ∞.

Proof. Let N0 = Y,Fℓ = [Nℓ, Nℓ+1], where Nℓ+1 = Nℓ +N
5
8

ℓ (ℓ = 0, . . . , T )
and T is defined by NT ≤ x ≤ NT+1. (Note: we shall use (4.1) instead of (4.4))

Let us consider those n ∈ Sk(X,Y, α) for which in every interval Fℓ (ℓ =
= 0, . . . , T ) no more than one prime divisors of n exists.

Let s1 < · · · < sk (≤ T ), s = {s1, . . . , sk) and M(s) be the set of those
n = p1 . . . pk for which pj ∈ Fsj (j = 1, . . . k), and M(s, α) be the set of those
n for which additionally κ(n) = α holds.

Let M(s) = ♯M(s),M(s, α) = ♯M(s, α). Let

Us =

k∏
j=1

Nsj , Vs =

k∏
j=1

Nsj+1.

If there exists n ∈ M(s) for which n ≤ x, then Us ≤ x, and if there some n > x
in M(s), then Vs > x. Let s ∈ A if Vs ≤ x, and s ∈ B if Us ≤ x < Vs.

If n ∈
⋃

s∈B M(s), then

n ≤ x

k∏
j=1

(1 +N−3/8
sj ) ≤ x(1 + Y −3/8)k ≤

≤ x exp
(
2(log log x)(log x)−3/8A

)
≤ x+O

(
x

log x

)
and

n ≥ x

k∏
j=1

(1−N
−3/8
sj+1 ) ≥ x−O

(
x

log x

)
.

Consequently

(4.16)
∑
s∈B

M(s) = O

(
x

log x

)
.

Let now s be such a vector for which Us ≤ x. From (4.1) we obtain that

(4.17)
M(s|α)
M(s)

=
1

φ(q)k

k∏
j=1

(
1 +O

(
1

logNsj

))
.
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The product of the right hand side is bounded since Rx/ logN0 = O(1). Hence

(4.18)
∑
s∈B

M(s|α) < 1

φ(q)k
x

log x

follows.

Let

ν(s) =

k∑
j=1

1

logNsj

.

Then (4.17) can be rewrite as

(4.19)
∣∣∣φ(q)kM(s|α)−M(s)

∣∣∣ ≤ cν(s)M(s).

Observe that

f(n) =
∑
p|n

1

log p
= ν(s) +O

(
1√
n

)
if n ∈ M(s). From (4.14), (4.15) we obtain that

φ(q)k
∑
s∈A

M(s|α)−
∑
s∈A

M(s) = O
(∑

n≤x

f(n))
)
= O

(Nk(X,Y )

log Y

)
.

It remains to estimate the contribution of those n for which there are at
least two prime divisors in one of Fℓ (ℓ = 0 · · · , T ). We can use the same
method to prove that contribution of these n is small. We omit the proof. ■

5. On interval filling sequences

Assume that (0 <)λn tends to zero monotonically. Let Ln = λn+1+Ln+2+
+ · · · . Assume that L0 < ∞. Let

S({λn}) =
{
x =

∑
ϵnλn | ϵn ∈ {0, 1}

}
.

We say that {λn} is an interval filling sequence if S({λn}) is an interval. Since
0, L0 ∈ S({λn}), therefore it means that S({λn}) = [0, L0]. According to a
theorem of S. Kakeya [19] a sequence λn ↓ 0 is an interval filling sequence if
and only if λn ≤ Ln+1 (n ∈ N0).

We say that F is an additive function with respect to the interval filling
sequence {λn}, if

F (x) =

∞∑
n=1

ϵnF (λn)
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for every x ∈ [0, L0], where x =
∑∞

n=1 ϵnλn is the regular expansion of x. The
regular expansion means that ϵ1 = 1 iff x ≥ λ1 and in general

ϵN = 1 ⇐⇒
N−1∑
j=1

ϵjλj + λN ≤ x.

We wrote some papers with Z. Daróczy and A. Járai on such additive func-
tions several years ago ([1], [3], [4]).

The next question seems to be hard.

Let K = {0 = K0,K1, . . . ,Kt} ⊂ C. Let Wj (j = 1, 2, . . .) be a sequence of
complex numbers such that |Wj | ̸= 0 (j ∈ N), furthermore that

∑∞
j=1 |Wj | <

< ∞.

Let

S({Wj}|K) = {z =

∞∑
j=1

ϵjWj |ϵn ∈ K}.

Open problem: Give necessary and sufficient condition for S({Wj}|K) to be
a connected domain the 0 of which is an interior point.

Let {λn} be an interval filling sequence, z1 = e(θ) = U + iV, 0 < θ < 1
2 .

Let

K = {0, 1, z1, 1 + z1}.

Then

S({Wj}|K) =
{
u+ vz1|u, v ∈ S({λn}|{0, 1})

}
is a paralelogramma with endpoints (0, 0), (0, L0), L0U,L0V ), (L0U+L0, L0V ).

Let us choose z1 = ω = e( 13 ), z2 = ω, K = {0,−1, 1, ω,−ω, ω,−ω}. Then
S({λn}|K) is a hexagon with the endpoints ±L0,±ωL0,±ωL0.

This is very special case. More than ten years ago Prof. M. Laczkovich
proved my conjecture: Let ℓ1 be a continuous curve connecting 0 and A,A ̸= 0.
Let ℓ2 be another curve connection 0 and B,B ̸∈ ℓ2. Then there exists an
interior point in {z1 + z2|z1 ∈ ℓ1, z2 ∈ ℓ2}.

6. Mean values of q-multiplicative function over the set of primes

Let q ≥ 2, q ∈ N,Aq = {0, · · · , q − 1}. We say that g : N0 → C is a q-

multiplicative function if g(n) =
∑k

j=0 g(ϵjq
j), if n =

∑k
j=0 ϵjq

j (ϵj ∈ Aq).

Let Mq be the set of q-multiplicative functions, and M(1)
q be those for which

additionally |g(m)| ≤ 1 holds.
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Assume that g ∈ M(1)
q , and

(6.1)

∞∑
j=0

q−1∑
a=0

(g(aqj)− 1)

is convergent.

Let

(6.2) P (x) :=
∑
p≤x

g(p).

In [17] we proved that in this case

(6.3) Mq := lim
x→∞

P (x)

π(x)

exists, furthermore

Mq =

∞∏
j=0

Kj ,

where

K0 =
1

φ(q)

∑
(a,q)=1

g(a) and Kj =
1

q

q−1∑
a=0

g(aqj) (j ≥ 1).

Consequently, if Kj ̸= 0 (j ∈ N0), then Mq ̸= 0.

Conjecture 5. Let g ∈ M(1)
q . Assume that (6.3) exists, and Mq ̸= 0. Then

Kj ̸= 0 (j ∈ N0) and (6.1) holds true.

Let g ∈ M(1)
q ,

(6.4) S(x|α) =
∑
ℓ≤x

(ℓ,q)=1

g(ℓ)e(αℓ).

We would like to know under which condition holds

(6.5)
P (x)

π(x)
→ 0 (x → ∞).

Conjecture 6. (6.5) holds if and only if

(6.6)
S(x|r)

r
→ 0 as x → ∞

for every r ∈ R.

In [17] we proved that (6.5) implies (6.6).
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Let Y (x) be monotonically increasing, Y (x) → ∞, log Y (x)
log x → 0 as x →

→ ∞,
Nx := {n ≤ x | p(n) > Yx}, N(x) = ♯Nx.

Let

L(p) :=


1

p− 2
if p > 2, p ∤ q

0 otherwise.

Let L be strongly multiplicative.

Let g ∈ M(1)
q ,

(6.7) U(x) =
∑
n≤x
n∈Nx

g(n).

In [19] we proved the following theorem.

Theorem 4. Under the above conditions, we have

(6.8)

∣∣∣∣U(x)

N(x)

∣∣∣∣2 ≤
∑
d<∞

L(d)

d

d−1∑
a=0

∣∣∣q−MS
(
qM |a

d

)∣∣∣2 + c1
D

+ ox(1),

where M is an integer satisfying

q−1x
1
4 ≤ qM ≤ qx

1
4 ,

where c1 is a positive constant, which may depend only on q, ox(1) depends on
Yx, D ≥ 1 is an arbitrary integer.

If (6.6) holds, then
U(x)

N(x)
→ 0 as x → ∞.

7. On a functional equation with polynomials

In our paper written together with Z. Doróczy [4] we investigated the equa-
tion

(7.1) Q(S(x)) = cQ(x)Q(x+ 1),

where S,Q are polynomials in C[x],degS = 2.

Let A := {β1, · · · , βn} be the roots of Q. Q is a solution of (7.1) with some
S(x) = Ax2 + E, where AE ̸= 0, if

(7.2) A = {1− β1, · · · , 1− βn} = {S(β1), · · · , S(βn)}.
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We could determine the solutions of (7.2) if Q is a polynomial with real coeffi-
cients, or if Q has a real root.

Open question. Let S(x) = Ax2 + E,AE ̸= 0, and let A = {β1, · · · , βn} be
a set of n complex numbers, satisfying the conditions

A = {1− β1, · · · , 1− βn} = {S(β1), · · · , S(βn)}.

How can we characterize the set A?

Kovács A. [25] proved an interesting partial result concerning this question.

Naturally, the solution of the equation

Q(S(x)) = c

k∏
j=1

Q(x+ λj), deg S = k

seems to be much harder.

8. On some uniformly summable functions on the set of primes

In our paper [12] we investigated the sum∑
(p+1)g(p+1)≤x

1,

where g is a positive multiplicative function with light condition on primes.

We mentioned that we are unable to give the asymptotic of∑
(p+1)τ(p+1)≤x

1 or
∑

(p+1)2ω(p+1)≤x

1.

The problem is almost the same as to give the asymptotic of

♯{p ≤ x | ω(p+ 1) = k}.

Let ≤ Y (x) < x,
log Y (x)

log x
→ 0 as Y (x) → ∞. Let

S(X,Y ) = {n ≤ x | p(n) > Y } and N(X,Y ) = ♯S(X,Y ).

As we known,

N(X,Y ) = (1 + ox(1))
e−γX

log Y
as X → ∞.
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Highly probable by using the Selberg method we can determine the asymptotic
of

♯{n ≤ x, p(n) > Y, ω(n+ 1) = k}
N(X,Y )

uniformly as 1 ≤ k ≤ Rx, and hence we can give the asymptotic of∑
(n+1)2ω(n+1)≤x

n∈S(X,Y )

1.

9.

Let α, β be positive real numbers such that α
β ̸∈ Q. In joint papers written

with B. M. Phong ([20]–[24]) we formulated the following conjecture:

Conjecture 7. If f ∈ M, f(n) ∈ U , and there exists some C for which either

(a) f([βn])− Cf([αn] → 0 as n → ∞

or

(b)
1

log x

∑
n≤x

f([βn])− Cf([αn])

n
→ 0,

then f(n) = niτ .

We could prove this conjecture in the special case, when α = 1, β =
√
2.

Try to prove it for α = 1, β =
√
3.
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