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ASYMPTOTIC BEHAVIORS OF SOME ARITHMETIC

FUNCTION ASSOCIATED WITH THE
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Kouji Yamamuro (Gifu, Japan)
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Abstract. Some function associated with the von Mangoldt function is
investigated. It is related to the logarithm of the Riemann zeta function.
By means of probability theory, we show that this function is bounded
above and below by a certain function. It is possible that the result extends
to Dirichlet series.

1. Introduction and main result
Let A denote the von Mangoldt function which is defined as follows:

A(n) =

logp if n =p™ for some prime p and some m > 1,
0 otherwise

for every integer n > 1. The Riemann zeta function ((s) is defined by the series

1

(1.1) ()=

for s = o + it with o > 1. As stated in (1.1.9) of [12], its logarithm has the
expression

(1.2) log¢(s) = 3 —)

5 1’ logn

n=
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Then we have

nslogn — "7 logn

n=2
As a related study, Gonek [3] investigated behaviors of

2

i A, (n)sin(tlogn)

o nzlogn
for 2 < z < t2, where
A(n) if n <ua,
Ag(n) =4 An)(2—{22) ifz<n<a?
0 if z > 2.
We note that
log |¢(s) Z 1ogn cos(tlogn).

Akatsuka [1] treated asymptotic behaviors of

i A(n)
—, N logn

i A(n) _ i M(cos(t logn) —isin(tlogn)).

for s = o¢ + it with op € [271,1). In this paper we investigate asymptotic

behaviors of the arithmetic function

Iy(z) := z A(n)

n? logn
n>r &)

for 0 > 1. We focus on the Riemann zeta distribution and evaluate Iy by
means of probability theory. Let ¢ > 1. The Riemann zeta distribution ¥ is
an infinitely divisible distribution whose characteristic function is represented

as

U(t) = / e (du) =
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where the Lévy measure II is as follows:

= An
I(du) = Z nol(og)nélogn(du).
n=2

Here §, represents the probability measure concentrated at a, that is,

5.(B) 1 ifaeB,
“ B 0 otherwise

for any Borel set B. We see from (1.2) that

P Gl Y

¢(0)

In [5], Gnedenko and Kolmogorov have shown that C(Z(;it) is a characteristic

function of an infinitely divisible distribution. Recently, Lin and Hu [6] consid-
ered the Riemann zeta distribution and Nakamura [7] focused on it. Now we
set

A =T11((0,00)) = log (o) and p(du) = A"'TI(du).
We notice that p is a probability measure on (0,00). Then it follows that
IIo(z) = I({u:u > logz}) = Ap({u: u > logx}).
For any finite measure H, we denote by H the tail of H, that is,
H(z)=H{u:u>z}).
Hence we have
Ty (z) = Ap(log 2).

Theorem 1.1. Let 0 > 1. There is a positive constant Cy such that

@Z%gno(gg):z An) 5~ L

nlogn no
n>x n>x n>x

for all positive integers x.

We show that Theorem 1.1 is extended to Dirichlet series in the last section.
There are a lot of studies on the tails of infinitely divisible distributions. For
example, see [8], [9], [11], [13] and [14]. Furthermore, see Sato’s book [10] for
infinitely divisible distributions. Terminology follows Sato’s book [10].
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2. Proof of Theorem 1.1

We make preparations for proving Theorem 1.1.
Lemma 2.1. For any positive integer x,
1
< ; —
Proof. We see from Theorem 296 of [4] that
(n) < ZA(d) = logn.
dln

Hence the lemma holds. |

We use the following convolution for two finite measures H; and Hs on
(0, 00).
Hy x Hy(B) = / Hy(B — x)Hz(dx)
(0,00)

for any Borel set B in (0,00). Let A > 0 and define a finite measure Ry by

(2.1) Ry(du) = A™? *AZ n'p

n=1
n (0,00). Here p™* denotes the n-fold convolution of p.

Lemma 2.2. For z > 0, we have
(2.2) AR\(z) = V(x).

Proof. Now ¥ has a representation as follows:

U(du) = _/\anp

where p%* is understood to be dp. The equation (2.1) tells us that (2.2) holds.
The lemma has been proved. |

Take A such that Ao > max{)\, log2} and take A > 0 such that Ae* < 1.
We define a new finite measure Ry, by

o0 n

(2.3) Ry (du) = A™Te™™ %p”*(du)

n=1

n (0,00). Here we note that Ry, (du) > e 2+ AR, (du).
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Lemma 2.3. Fork>1 andl > 1, we have

(2.4) R () > (A7 (1 - e70)! - R (@)
and
(2.5) RE (@) > (A (1—e ™)) Ry ().

Proof. We have

Rg\]j]+l)*(x) — Rg\]:;‘rlfl)* * R/\O (,2’,') _
xr
= RETD (@) Ry, ((0,00)) + / g2 — ) RS0 (dy) >
0
> RV (@) Ry ((0,00) = REH T (@) A7 (1 — e ),

If we repeat this operation [ times, the first inequality comes out. A similar
operation yields the second inequality. |

Lemma 2.4. Let m > 2. For x > 0, we have

m Ae>‘0 2k—1

(2k 1)* -

where

S (mtk) —1)* 2 — 1@
S(k l‘) (Ae)\o)Qm 1R(2(m+k) 1) ( )_ (m ';:) Rgik) (CL’)

Proof. Denote the Laplace transforms of Ry, and p by Ry, (s) and p(s),
respectively. That is,

o}

/675“R>\0(ciu)7

0
[S¢)

ps) = [etplan

0

R)\(J (8)

for s > 0. From (2.3), it follows that

y = A B 3 B
ARy (s) = €70 Y Zp(s)" = e explhop(s)] — e ™.
n=1 '
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This implies
Xop(s) = log(1 + Ae Ry, (s)).

Since |Ae* Ry, (s)| < 1, we obtain that

0 (_ Agpro)l
pots) =~ A Ry (e =

> ero)l
72 ( Al ) / efsuRl)\*O (du) —

(0,00)

0 -1 +1 A Ao !
/ e S Z ( ) l( € ) Rl)\*o (du)
(0,00)

This leads to

l
=1
Hence we obtain that
m
_ AeAO Qk_lﬁ
wite) = Y B ) +
k=1
Ae)\() 2(m+k)— 1m 00 (Ae,\o)%m
+Z—1R&J ) - SR ) =
k=1
Ae)\o 2k—1 —— Qk‘ 1)* o0 Ae)\o 2k
= k .
Z w1 A +sz+k—1s( @)
k=1 =1
The lemma has been proved. |

Now we prove Theorem 1.1.

Proof of Theorem 1.1. We see from Lemma 2.1 that the second inequality
holds. We prove the first inequality below. Lemma 2.4 tells us that

m Ae>\0 2k—1 —— (2k 1)* e Aer)
Aop(a Z -1 +Z2m+k —7 50k @)-
k=1 =1

Recall that A\g > log 2 and take m > 2 such that

1
1 2m—1
o] > (m + 2) .
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Applying (2.4) in Lemma 2.3, we obtain that
Sk, z) >
m—1"_(2k)x 2m — 1\ e«
> (Ae)\o)Qm—l (A—l(l - e—)\o))Q 1 Rf\ik) (x) — (1 + n;k ) Rg\zok) (a?) >
2m—1 1 o)
> [(e)‘o -1) — (m—|— 2)} Rgi ) (x).
In addition, applying (2.5) in Lemma 2.3, we have
_ o~ (Aer)2E ey
Aop(x) > ; WRAO (z) +
N (Aeto)2k x| gy2m-1 N\ 5@
L e 1 — - >
T2 5m k)~ 1 ) mtg)| B @) 2
L (Aero)Rt gy 2k—2
> ~ 7 (A 1— 0
+ (6)\071)2771717 er1 X
2
. (Aeto)?k 4 gy 2k—1
AT (1 0 R
X;Q(erk)fl( (1-e™)) % (@)
Hence, using Lemma 2.2, we obtain that for z > 1,
Ho(z) _ Ap(logz)
W(logx) ARy (log x)
gy Aplloza) Tog )
Ry, (logz) Ra(logz)
2 A()\OA)_l )\op(logx) 5 —Xo+A _
Ry, (log x)
m Xo)\2k—1
_ —1_—Xo+A (Ae™) 1 gy 2k—2
= Adod)le ANy T (A1 %))
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Since we have . L
Y(logz) = —= ¥ —,
o) 2 7

the theorem holds. [ |
3. Dirichlet series

Let f(n) be an arithmetic function being completely multiplicative. In what
follows, we assume that f(n) > 0 for all positive integers n and f(n) > 0 for
some n > 2. In this section, we consider a Dirichlet series denoted by

(3.1) F(s) =) @

n=1

for s = o + it, where F'(s) converges absolutely for ¢ > o,. In the case of ((s),
f(n) is equal to 1 for any positive integer n. We extend Theorem 1.1 to the
Dirichlet series. By virtue of Theorem 11.14 of [2], F(s) has a representation
as follows:

F(s) = exp [Z (flof_)(n)‘| ,

5]
“— nclogn

where f~! is the Dirichlet inverse of f and f’(n) = f(n)logn. The symbol
f"o f~1 denotes the Dirichlet convolution of f’ and f~!, that is,

(o fHm) =Y F@f (5)-

d|n
Now we set
b = T
_ = it logn (flof_l)(n)
= exp L;(e logn _ Dn”logn] .

Similarly to the Riemann zeta distribution, ®(¢) becomes a characteristic func-
tion of an infinitely divisible distribution. Such a fact has been already pointed
out in Lin and Hu [6]. Hence ®(¢) has the following representation:

o0

O(t) = exp /(em‘ —1)G(du)

0
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and its Lévy masure is

G(du) = i w(ﬁogn(du).

= n? logn
We set
7 =G((0,00)) =log F(0) and v(du) =~ 'G(du).

Then we have

P
(3.2) D(du) = e ZO v
where % is understood to be dy. On the other hand, we have another repre-

sentation by (3.1).

Z (du).
Let A > 0 and define a finite measure U, by
N s
(3.3) U, (du) = A e 72;1 V" (du

n (0, 00).

Lemma 3.1. Assume that f(n) > 0 for all positive integers n and f(n) > 0
for some n > 2. If f is completely multiplicative, then

(f o fH(n)
T < f(n)

forn > 2.

Remark 3.1. The proof requires the Mobius function g which is defined as

i, a2

follows: p(1) = 1. For n > 1, we write n = p{'p5? - - - pi*, where py,pa, ..., Dk
denote prime numbers. Then

(n) (-)F ifag=as=-=ar=1,
n =
K 0 otherwise.

Proof of Lemma 3.1. Since f is completely multiplicative, then

F7Hn) = un) f(n)
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by Theorem 2.17 of [2]. We see from Theorem 295 of [4] that

(fof! Zf Jogd)n (%) £ (5) =
Zu( >logd—

dln
= f(n)A(n).
By Theorem 296 of [4], we have

A(n) < ZA(d) = logn.

d|n
Hence the lemma holds. |
Lemma 3.2. For x > 0, we have
(3.4) AUiv(a:) = &(x).
Proof. The equations (3.2) and (3.3) tell us that (3.4) holds. ]

Take 79 such that 79 > max{y,log2} and take A > 0 such that Ae? < 1.
We define a new finite measure U, by

(3.5) Uy, (du) = A= te™0 Z 25,
n (0,00). Here we note that U, (du) > e~ U, (du).
Lemma 3.3. Fork>1 andl > 1, we have
k+1)* — _ T
Ut (@) > (A1 (1 — e )" Uk (a)

and
k—1

Ukr(z) > (A7H (1 — 7)) - Ty ().

Proof. The proof is the same as the proof of Lemma 2.3. |

Lemma 3.4. Let m > 2. For x > 0, we have
_ L (Aero)2k—1 (2k—1)* >

FYOV(‘T) — 2% —1 Yo ( )+;2(m+k)—1 ( ,I),

where

T(k,z) = (Ae™)?n=1pftm R =1 )



Asymptotic behaviors of some arithmetic function 17

Proof. Denote the Laplace transform of U, and v by U, (s) and i/(s), respec-
tively. From (3.5), it follows that

AU, (s) = e ’jf, #(s)" = e exploi(s)] — €.
n=1

This implies
Yo (s) = log(1 + Ae™°U,, (s)).
Since |Ae™U.,, (s)| < 1, we obtain that

s l+1 eo
wits) = [ ey EE O AT e (1

(0,00) =1

in the same way as the proof of Lemma 2.4. This leads to

e l+1 Yo\l
~ov(du) = Z Ae™) Ul’g(du).
1=1
The rest of the proof is the same as Lemma 2.4. |

Now we show the following theorem.

Theorem 3.1. Let o > o and assume that f(n) > 0 for all positive integers
n and f(n) > 0 for some n > 2. If f is completely multiplicative, then there is
a positive constant C1 such that

f(n f
oy 10 oy e r ) oS oy 1)
n>x n>x n>x

for all positive integers x.

Proof. It follows from Lemma 3.1 that
S oSy
n>x ne IOg n n>x

The first inequality can be proved in the same way as the proof of Theorem 1.1,
because we have Lemmas 3.2, 3.3 and 3.4. |
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