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Abstract. In this paper we describe how convolution arithmetic is be used
for the investigation of the asymptotic mean behaviour of multiplicative
functions.

1. Introduction

The average values
M(f,z):=2"" " f(n)
n<z
of multiplicative functions f : N — C have long been an object of study in
the theory of numbers. The problem of establishing the existence of the mean

values
M(f):= lim M(f, x)

Tr—r00

was considered by Wintner [8] in his book on Eratosthenian Averages where
he, in particular, asserted that limit M (f) always exists if f assumes only the
values +1. The sketch of his proof, however, could not be substantiated, and,
thus, the problem remained for a considerable time as a conjecture, variously
ascribed to Erdés and Wintner (see [2]). In his paper [9], of 1967, Wirsing
proved his celebrated mean-value theorem which asserts, in particular, that
any real-valued multiplicative function f of modulus < 1 has a mean value
(see Proposition 1.2). This solved the aforementioned conjecture of Erdés and
Wintner. Two typical results are as follows.
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Proposition 1.1. Let g be a multiplicative function which assumes real non-
negative values only. Let

1
5 I0NED | oga, - oo,
p<z

hold with a constant a > 0. Furthermore, let g(p) = O(1) for all primes p, and
let

> k) < oo

p,k>2
Besides this, if a < 1, then let

ky _ -1
> 9*) = Oa(loga)™).
pF<z,k>2

Then
e %% g(p) | g(p?)
2 :g(n)Nir( O)logl‘ Il <1+p+ pz+>

n<x p<z
as x — o0. Here ~v denotes Fuler’s constant.
Furthermore Wirsing proved in [9]

Proposition 1.2. Let g satisfy the conditions of Proposition 1.1, and let f
be a real-valued multiplicative function which satisfies |f(n)| < g(n) for every
positive integer n. Then

00 e’} -1
lim. "gw = 1;[ (1 + kz_:lp’“f(pk)> (1 - kz_:lp’“g(pk)> :

where the product either converges properly to a monzero limit, or improperly
to zero.

These results are generalizations of the case where |g(n)| = 1, so that a = 1.
In these circumstances, the general case (f complex-valued and |f| < 1) was
handled by Haldsz [3], and his main result is given by the following

Proposition 1.3. Let f : N — C be multiplicative, |f| < 1. If there exists a
real number ag such that the series

(1.1) > p (1= Ref(p)p™*)
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converges for a = ag, then, as x — oo,

Y g = Tl <1 + me““ao)f(pm)) +o(1).
m=1

n<z p<z

If the series (1.1) diverges for all a € R, then

z! Z f(n)=o0(1), x— occ.

n<z

In both cases, there are constants c,ag and a slowly oscillating function f/(u)
with |L(u)| = 1 such that, as © — oo,

z! Z f(n) = ez L(logz) + o(1).

n<z

Proposition 1.3 includes Wirsing’s result (for |f| < 1), and essentially the
case where (1.1) diverges for all ¢ € R (and f is complex-valued) is not covered
by Proposition 1.2.

Wirsing’s proof was elementary, but quite complicated, whereas Halasz’s
proof was based upon analytic methods.

In [1], Daboussi and Indlekofer succeeded in finding an elementary proof of
Halész’s theorem (see also Indlekofer [4] for a simplified and shorter proof).
Indlekofer, Kétai and Wagner [5] used the methods of [4] to compare > f(n)
n<x

with > g(n) where g > 0 is multiplicative and |f| < g. They showed

n<z

Proposition 1.4. Let g be a multiplicative function which assumes real non-
negative values only. Let

1
Z ngg(p)NTlogz, T — 00,

p<z p

hold with a constant T > 0. Furthermore, let g(p) = O(1) for all primes p, and
let

> pFgr*) < oo

p,k>2

Besides this, if T < 1, then let
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Let [ be a complex-valued function, which satisfies |f(n)| < g(n) for every
positive integer n. If there exists a real number ag such that the series

(1.2) Zp‘l — Ref(p)p™™)

converges for a = ag, then

2 I 1+m pHZ< +Z m(1+m0 >< i ) )1zg(n)+

n<zx m=1 n<z

> g(n)

n<z

as x — oo. If the series (1.2) diverges for all a € R, then

Zf(n)zo Zg(n) , T — 00.

n<x n<x

In both cases, there are constants c,ag and a slowly oscillating function L with
|L(u)| =1 such that, as x — oo,

Z f(n) = (cxmof/(logx) + 0(1)) Z g(n).

n<x n<x

In [7] Indlekofer gave a new proof of Proposition 1.1. For this he used the
convolution arithmetic desribed, for example, in [6]. The idea of the proof is
as follows.

Let g as in the Proposition 1.1. Define an exponentially multiplicative func-
tion go by

go(p*) = =55 (p prime, k €N).

Then g = h % gy where

> |h(n
Zlgz)

Further, define the multiplicative function 7, by

z_:l Ta(n) _

(s),
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where ((s) is Riemann’s zeta-function. Then put

Define, for 1 < u < x,
M(u) = 1x(g—Alx)ra)(u) =
= > (9(n) = A(z)7a(n)).

n<u

Then by convolution arithmetic, Indlekofer shows
L>M = M * (Mg % Agy + LoAg,) + (R1 + Ra + R3) * Ayy + L(Ry + Ra + R3),

where

Ry = Lx(g— A(2)71.),
R2 = 1 * (Loh * gO)v
Ry = —1xA(x)1a*(Ar, —Agy).

In the first step this leads to
as T — 00.

[ M
|M(x)|<<i/ﬂdu+o T e ZM
log = u? logx p
1 p<z

Next, define an exponentially multiplicative function g, by

k
%@%z{“@)

forp<z, k>1
a/kl  forp>ux, k>1

and put g = h *xg,. Choosing
Ko(u) = 1% Ag, * (9 — A(x)7)(u)

he obtains, for 2 < u < z,

Ko(u) u 9(p)
1. M(u) = S\
(13) () log u o log u P IKZH P
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Now
M M M
[y, o [, , MO,
n u U
1 1 z€
=: Il"'IQ.
Then
(1.4)
Ax)T,
n<yY l9() = A@)ram] oo 3 9P) ) 4 o oxp 9(p)
n<ae p<z P p<z P
and .
3
1 1 K
<t /I o(u)[? du| +olexp Zg(p)
€ \ logx us p
2 p<z
Puto =1+ loéz. Then

[Ko) 5 [ [Ko(u)?
/7u3 du<e 32(e-1) du.
2

2

Since (s = o +it)

/Ko(e“)e_“se_’“tdt Gols) (G(s) — A(x)¢™(s)),

where

QQ\
Mg
H5

-L B

n=1
he concludes, by Parseval’s equation,
\KO( ()%= o dt
(15) u3+2(" 1) } .S *A( ) ( )| | |2

1

Estimating the last integral in (1.5) by o (logmexp <2 > g(p))) ends the

p<z
proof of Proposition 1.1.
In this paper we we give a new proof of the result of Indlekofer-Kétai—
Wagner [5] (see Proposition 1.2) by using the method of Indlekofer [7].
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2. Proof of Proposition 1.2

We first assume that (1.2) diverges for all a € R. Then put f = hy * fo,
where fy is exponentially multiplicative,

f(®")

fo*) = -

(p prime, ke€N)

and

il |h1(n)
Defining (1 < u < x)
Ki(u) = (1= Ay, = f)(u)

we conclude
1xLof =1%Agy s f+1xAp, *f

which implies (cf. (1.3)), for 2 <u < z,

_ Ki(w) 9(p
M(u) = log u to logu Z

p<u

Now we argue as in [5]

My, o [0
u (7
1 1

I + I.

s [ 100
u

Then (cf.(1.4))

I, < e%exp Zg P)

p<z

and

—_

1 [ K (u)? g(p
I <<g loga:/ 3 du +o0 | exp Z
2

p<zx

From this we obtain, by Parseval’s equality,

[

F(s)2 2
PEk
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Now, observe (cf. (4.5) of [7])

Nl=

/ 2
=1+ + ik +it)| dt < logzx

¢

2
/‘ ki) dt <
logx log

2

and
|[F'(s)] = o(G(0)) for [|t| < K.

Then
a4 1 dt
0( 12
By L mfirae e <
/’F + +Z +it)] 1F( 10gx+2)| [s]2 —
DI /! S
ik + it)| Jdt+
= 241
,fiZK k: +1 log
(2.1) M=
k:2+1/’ +—+zk+zt’|dt<
keZ
|k|>K

< dlog x exp 22@ if K> Ky(d) for every §> 0.
p<z

This ends the proof, if (1.2) diverges for all a € R.
Assume that (1.4) converges for a = ag. Define g,, by

Gap = g(n)nia0 for neN

and put
M =1x(f— Asga,),
where
H1(1+m0 fp _”0—9( )
A, = i p;c
Then

LM =15 Lo(f — Avga,) + R,
where R} = L« (f — Ayga,) and

R)(z) < Zg

p<z
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Further
1x LO(f - Amgao) =1x Afo * (f - Axgao) + R/Q + Réa

where

R/Q =1 *Ah1 * (f - Aaugao)v
Ry = 1% Apga, * (A — Ay, ).

The convergence of > (g(p) — Ref(p)p~i%)p~! implies
p

—ia0|2

— Re
)3 lg(p) f(p)p

p

< 0
P

and
Ri(z) = e%r exp Zg +o | rexp ZM
p<z p<z

In any case

Riy(x) =0 [ zexp Zg

p<lx

Now, in the same way as above we obtain

Nl=

[IM@)|, 1 1 /°°Fa<s>2 B Lt
/T2 < | o [ gl 1Fe) - AG —ia P 5 )+

4o | exp Zg

p<zx

The integral on the right side of (2.2) can be estimated by

F§(s +iap) ‘ o dt
F( A G —-
/ ‘FO (s +iag) [ (s +iao) = (®) |s|?

Observe

|F(s+iag) — A, G(s)| = o(G(0)) =0 | exp Z 9(p for teI(e)

p<z
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and

max{|F(s + iap), |G(s)|} < € exp ZM for t € Ix(e).

p<zw P

Arguing as in (2.1) shows

(2.3) Do f) =AY g’ oY g(n)

n<x n<x n<x

Now the assertion of Proposition 1.1 can be written as ([5], (2.1))

M*(x) := Z g(n) ~ ax(logz)* ' L*(log x)

n<z
where the function L* is slowly oscillating. An integration by parts gives a
representation

T

Z g(n)n'® = " M*(z) — iag / u T M* (u)du =
n<zx 2

= az' T (log 2)* ' L* (log x) — aviag / u' (logu)* ' L* (log u)du

2

provided z is not integer. Then, within an acceptable error, L*(logu), for 2° <
u < z, may be replaced by L*(logx) and factored out of the representation:

x

Z gmn'® = aL*(logz){z" """ (logx)*~" —iao /Ui“‘) (log u)*~ " du}
n<x ]
iag
= aL*(logz) T iaox(log x)afl +o(M*(z))
a?i’lo M* M*
= Triag M @)+ oM ()

which, by (2.3), ends the proof of Proposition 1.2. [ ]
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