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Abstract. We give some sufficient conditions for the zero set of a poly-
nomial to be a unique range set for meromorphic functions, in cases of
ignoring multiplicity and with m-truncated multipilicity. As consequences,
we obtained some previous results of Yi ([23]).

1. Introduction. Main results

In this paper, by a meromorphic function we mean a meromorphic function
on the complex plane C.

Let f be a non-constant meromorphic function on C. For every a € C, we
define the function Vi C — Nby

o fo i S #a
z/f(z) = . B . T
d if f(z) =a with multiplicity d,

and set v3° = 1. Define the function v§: C— Nbyv$(z) =min {v§(z),1}

and set Pff’ =7

Key words and phrases: Meromorphic function, uniqueness.
2010 Mathematics Subject Classification: 30D35.

https://doi.org/10.71352/ac.54.071


https://doi.org/10.71352/ac.54.071

72 V.H. An, H.H. Khoai and N.D. Phuong

Let m be a positive integer. For every a € CU{oo}, we define the function
¢ from CU {oo} into N by

Yf.m)
" 0 if v¢(z)>m
Vf7m) (Z) = a 1 Z
vi(z) if vi(z) <m,

and define the function 7% ) from CU {oo} into N by

o] _ .0
and set Vim) = y%m),

U$ oy (2) =min {}(2),1}, and set U3 ) = P%,m)'

We denote by M(C) the field of meromorphic functions in C. For f € M(C)
and S C CU{oo}, S # 0, we define the preimage of S counting multiplicity by

Ey(S) = (=) s z € T},

a€sS

and the preimage of S ignoring multiplicity by

E¢(8) = |J{(z.7}(2)) : z € C}.

a€s

Furthermore, we define the preimage of S counting multiplicity with m-trunca-
ted multiplicity by

Efm(S) = U {(2,Vf m(2)) : 2 € C},

a€s

and by a similar manner,

Ermy(8) = [J{(G 7, (2) s 2 € C)

a€sS

Note that Ey1)(S) = E;1)(S) and Ey1y(S) C Ef(S).

Let F be a nonempty subset of M(C) and let a set S C CU {co}. Two func-
tions f, g of F are said to share S, counting multiplicity (share S CM) if E;(S) =
= E,(9), to share S, ignoring multiplicity (share S IM) if Ef(S) = E4(S),
and to share S, counting multiplicity with m-truncated multiplicity (share S,
CM) if Ef,,)(S) = E4m(S), and to share S, ignoring multiplicity with m-
truncated multiplicity (share S,,) IM) if E ,,)(S) = Eg,n)(S). Let f, g be two
non-constant meromorphic (entire) functions. If the condition E;(S) = E4(S)
(resp., Ef(S) = E4(9)) implies f = g for any two non-constant meromorphic
(entire) functions f,g, then S is called a unique range set counting multi-
plicity (resp., ignoring multiplicity) for meromorphic (entire) functions, or in
brief, URSM (URSE) (resp., URSM-IM (URSE-IM)). S, is called a unique
range set counting multiplicity with m-truncated multiplicity (resp., ignoring
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multiplicity with m-truncated multiplicity) for meromorphic (entire) functions
if the condition Ey,,)(S) = Eg,,)(S) (resp., Ef’m)(S) = Eg’m)(S) ) implies
f = g for any pair of non-constant meromorphic (entire) functions, or in brief,
URSM,,,)-CM (URSE,,,y -CM) (resp., URSM,,)-IM (URSE,,) -IM)).

In 1976 F. Gross ([9]) proved that there exist three finite sets S; (j =
= 1,2, 3) such that any two entire functions f and g satisfying E;(S;) = E4(S;),
j =1,2,3 must be identical. In the same paper F. Gross posed the following
question:

Question 1. Can one find two (or possible even one) finite set S; (j =
such that any two entire functions f and g must be identical if E¢(S;) = E,

(j=12)¢

H. X. Yi [18]-]20], [22], [24] first gave an affirmative answer to Question 1.
Since then, many results have been obtained for this and related topics (see
(21-[14], [16],[18]-[24]).

Concerning Question 1, a natural question is the following.

2)

1,
(S;)

Question 2. What is the smallest cardinality for such a finite set S such
that any two non-constant meromorphic functions f and g must be identical,

if either Ef(S) = E4(S) or Ef(S) = E4(S)?

So far, the best answer to Question 2 for the case of URSM was obtained
by Frank and Reinders ([6]). They proved the following result.
Theorem A. The set {z € C| Ppgr(z) = %z" +n(n —2)z" 1 +
+@z”_2 —c¢ =0}, where n > 11 and ¢ # 0,1, is a unique range set for
meromorphic functions counting multiplicity.

In 1997, H. X. Yi ([21]) first gave an answer to Question 2 for the case of
URSM-IM with 19 elements. He considered polynomials of the form

Py(z) €Clz]: Py(z)=z2"+a" +,

where (m,n) = 1, n > 2m + 14 and m > 2 and proved that S = {z € C |
| Py(z) = 0} is a URSM-IM. Bartels’s Theorem ([3]) said that S = {z € C |
| Prr(z) = 0} is a URSM-IM if n > 17. So far, the best answer to Question
2 for the case of URSM-IM was obtained by B. Chakraborty ([4]). He proved
the following result.

Theorem B. Let S = {z € C | Prgr(z) =0}. Ifn > 15, then S is a URSM-IM.

In [1] the following new class of unique range sets for meromorphic functions
ignoring multiplicity with 15 elements was given.
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Let n € N*,n > 3. Consider polynomial P(z):

2 2
(1.1) ad@:zn—5§%¢%1+i¥35%2+1:QKuy+L

where a € C, a # 0. Suppose that

(1.2) Qk(a) # -1, =2

Theorem C ([1]). Let Pk (z) be defined by (1.1) with condition (1.2), and let
S={2e€C|P(z)=0}. If n > 15, then S is a URSM-IM.

In 2000, H. Fujimoto established a sufficient condition for a finite subset S
of C to be a uniqueness range set for meromorphic functions. Let us recall his
result.

For a discrete subset S = {a1,az2,...,a,} C C, we consider its generated
polynomial with the following form

(1.3) P(z)=(z—a1)(z —az2) - (2 —ay).

Assume that the derivative of P(z) has mutually distinct k zeros dy,ds, ..., dj
with multiplicities mq, mo, ..., myg, respectively. We often consider polynomials
satisfying the following condition introduced by Fujimoto [7]:

(1.4) P(d;) # P(d;),1<i<j<Fk.

The number k is called the derivative index of P(z).

A polynomial P(z) is called a strong uniqueness polynomial for meromor-
phic (entire) functions if for arbitrary two non-constant meromorphic (entire)
functions f and g, and a nonzero constant ¢, the condition P(f) = c¢P(g)
implies f = g (see [2], [8], [12]). In this case we say P(z) is a SUPM (SUPE).

Theorem D ([7]). Let P(z) be a polynomial of the form (1.3) satisfying the
condition (1.4). Suppose that k > 3, or k = 2 and min{my, ma} > 2, and P(z)
18 a strong uniqueness polynomial.

1. If n>2k+6 (n > 2k +2), then S is a URSM (URSE).

2. Ifn>2k+12 (n>2k+5) , then S is a URSM-IM (URSE-IM).

Remark 1. Regarding theorems A, B, C, D, it is easy to see that, in the case
of URSM (counting multiplicity), Theorem A is a consequence of Theorem D,
since Ppg is a strong uniqueness polynomial of degree 8 [6, p. 191, Case 2].
However, in the case of URS-IM (ignoring multiplicity), Theorem B and Theo-
rem C are not consequences of Theorem D, because with k£ = 2 we have n > 17.
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From Remark 1, a natural question is the following.

Question 3. Can one give some sufficient conditions for polynomial P(z) such
that S = {z € C| P(z) = 0} is a URSM-IM (URSE-IM) for meromorphic (en-
tire) functions, and then obtain Theorem B and Theorem C as consequences?

Concerning Question 3, in 1997 H. X. Yi [23] considered URSM,,,) for poly-
nomial Prgr and proved the following

Theorem E. Let S = {z € C | Ppr(z) =0}.
1/ If n > 11, then S is a URSMg)-CM.
2/ Ifn>12 (n>7), then S is a URSMj)-CM (URSEy)-CM).
3/ If n>15 (n>9), then S is a URSM;)-CM (URSE;)-CM).

In [12] it is given a sufficient condition for a finite subset S of C to be a
URSM,,,)-CM.

Theorem F. Let P(z) be a strong uniqueness polynomial of the form (1.3)
satisfying the condition (1.4) with P'(z) = nz" (2 — dg)™ -+ (z — di,)"™ and
S ={zeC| P(z) =0}. Suppose that k > 3, or k =2 and min{my, ma} > 2,
and all zeros and poles of f and g have multiplicity at least s, 1, respectively.

L Ifn>2k—2+24+2 (n>2k—2+12), then S is a URSM (URSE) and
is a URSM,,,y-CM (URSE,,)-CM) with m > 3.

(URQSEIf Tél\z) 2k—3+2 42 (n>2k—2+12) then S is a URSM,)-CM
2)~

3. Ifn>2k+248% (n>2k+1), then S is a URSM;)-CM (URSE;)-CM).

Remark 2. Regarding Theorems E, F, it is easy to see that, in the case of
URSM,,,y, Theorem E is a consequence of Theorem F, since Prg is a strong
uniqueness polynomial of degree 8 [6, p. 191, Case 2] and by taking k = 2,
s =1,1 =1 in Theorem F.

Note that E;1)(S) = Ef.1)(S), Ef1)(S) € Ef(S) and Ppp(2) and Py(2)
both have a zero at 0 with higher multiplicities:
nn—=1)(n=2) , 3

P}R(z) T S (z—1)2, Pk(z) =nz""3(z —a)?

These facts and Remark 1, Remark 2 suggest us to consider polynomial P(z)
with P'(2) = nz™ (z — do)™2...(z — di,) ™.

We give some sufficient conditions for polynomial P(z) such that S = {z €
€ C| P(z) = 0} is a uniqueness range set for the cases of ignoring multiplicity
(URSM-IM and URSE-IM) and of ignoring multiplicity with m-truncated mul-
tiplicity (URSM,,y-IM and URSE,,,)-IM). As consequences, we obtain Theorem
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D in the case of URSM-IM and construct new uniqueness range sets for the
cases of URSM-IM and URSE-IM, and of URSM,,)-IM and URSE,,)-IM. In
particular, we obtain again Theorem B and Theorem C.

Now let us describe main results of the paper. We first give a sufficient
condition for a finite subset S of C to be a uniqueness range set for the cases
of URSM-IM and URSE-IM and of URSM,,,)-IM and URSE,,,-IM.

Theorem 1. Let P(z) be a strong uniqueness polynomial of the form (1.3)
satisfying the condition (1.4) with P'(z) = nz" (z — dy)™ -+ (z — di,)™ and
S ={z¢€ C| P(z) =0}, and let m be a positive integer. Suppose k > 3, or
k =2 and min{m,ma} > 2.

If n > 2k +10 (n > 2k + 4), then S is a URSM-IM (URSE-IM) and
URSM,,,)-IM (URSE,,)-IM).

Corollary 2. Theorem 1 implies Theorem D in the case of URSM-IM (URSE-
IM).

Indeed, suppose that P(z) with P’ (z) = n(z—dy )™ (z—dy)™2 - - - (z—dy)™
satisfies the conditions of Theorem D in the case of URSM-IM. Write

P(z) = (z—d1)" +bi(z —d1)" "+ + bp_12 + bo,
and set
R(z) = 2"+ 012" b byiz+ by, ti=di—di, i=1,...,k,
and T'= {z € C | R(z) = 0}. Then
P(z) = R(z —dy), R (2) = n2™ (2 — 1) - -+ (2 — t3,) ™.

Since P(z) is a strong uniqueness polynomial and E(S) = FE,4(S), we see
that R(z) is a strong uniqueness polynomial of the form (1.3) satisfying the
condition (1.4) with R’ (z) = nz™ (z —t3)™2 -+~ (z — )™ and k > 3, or k = 2
and min{my,ms} > 2 and E;(T) = E4(T). Then, applying Theorem 1, we
conclude that if n > 2k 410 ( n > 2k +4), then T is a URSM-IM (URSE-IM).
Therefore, S is a URSM-IM (URSE-IM) if n > 2k + 10( n > 2k 4+ 4).

As a consequence of Theorem 1, we construct following new uniqueness

range sets, which are URSM-IM (URSE-IM) and URSM,,,)-IM (URSE,,,-IM).

Let I, p be positive integers, and let a € C be a nonzero constant. Set

(1.5) P(z)=(l+p+1) (f: (p> (_l)iaiszH_i) +1,

—\i l+p+1—i
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For simplicity, we set n =1+ p+ 1 and

Qz)=(I+p+ 1)<Zp: (f) H;Jrl)li_iaizlﬂmi).

=0
Then P(z) = Q(z) + 1. Suppose that

(1.6) Qo) £ -1, # 2.
Note that P(z), defined by (1.5) with condition (1.6), is a polynomial of degree
n = [+ p+ 1 having no multiple zeros.

So, P'(z) = nz!(z — a)? has a zero at 0 of order I.

Note that polynomials of the form (1.6) were investigated in [2] and [12].

Then we prove the following

Theorem 2. Let P(z) be defined by (1.5) with conditions (1.6) and let S =
={2€C|P(2)=0}. Ifn>15 (n>7), then S is a URSM-IM (URSE-IM)
and URSM,,,y-IM (URSE,,,)-IM).

Remark 3. By using Theorem 1, we can construct uniqueness range sets for
case k > 2. In paticular, we obtain Yi’s Theorem in [21], Bartels’s Theorem
n [3], Theorem B, and Theorem C, by taking Py, Prgr, Pk to be strong
uniqueness polynomials, respectively.

2. Lemmas and definitions

We assume that the reader is familiar with the notations of the Nevanlinna
theory (see, for example, [5], [15]). We need some lemmas.

Lemma 2.1. ([5, p. 98], [15, p. 43]) Let f be a non-constant meromorphic
function on C and let ay,aq,...,aq be distinct points of C. Then

(0= DT TS+ 3N )= Nolr 1) +80),

where No(r, %) is the counting function of those zeros of f', which are not

zeros of function (f —a1)--- (f —aq), and S(r, f) = o(T(r, f)) for all r, except
for a set of finite Lebesgue measure.

Lemma 2.2. ([17, Lemma 3]) For any non-constant meromorphic function f,

N(r, %) < N(r, %) + N(r, f) + S(r, f).
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Definition. Let f be a non-constant meromorphic function, and k be a positive
integer. For simplicity, we set v¢(z) = v§(z) and denote by N(r, f) (resp.,
N (r, %)) the counting function of the poles (resp., zeros of f with v;(z) > k)
with v3° > k, where each pole (zero) is counted only once. We also denote by
N(r, %; f # 0) the counting function of the zeros z of f satisfying f(z) # 0,
where each zero is counted only once.

Let be given two non-constant meromorphic functions f and g. For simplic-
ity, denote by 1/1( ) =vy(z) (resp., va(z ) = v,(2)), if z is a zero of f (resp., g).
Let E;(0) = E,(0). We denote by N(r, +;v1 = 15 = 1) (resp., N(r, f,yl > 1))
the counting function of the common zeros z, satisfying 11(z) = va(z) =1
(rebp vi(z) > va(z) > 1), where each zero is counted only once) and by
N(r, f,z/l > 2) the counting function of the zeros z of f, satisfying v;(z) > 2.

Similarly, we define the counting functions N(r, 2;v5 > v1), N(r,1 Jiv2 2 2).
Let m be a positive integer and E ,,,)(0) = Egm)(())
1

We denote by N(,f, vgim = vy > v1) the
counting function of the common zeros z, satisfying m > v1(z) > va(z) > 1
(resp m > va(z) > v1(2) > 1), where each zero is counted only once and by
N(r, f,m > vy > 2) (resp., N(r, %; vy > 2)) the counting function of the zeros
z of f, satisfying m > v1(z) > 2 (resp., m > va(z) > 2).

m > vy > vy) (resp., N(r

Lemma 2.3. Let f,g be two non-constant meromorphic functions. Set

1 1 F G

F= G=-, L= —— S =S8(rf) +S(rg).

Suppose that L # 0.
1) If E;1)(0) = Eg1(0), then

R T 1 1
i) N(r,?)—i—N(r,g)SN(T,L)—Fi(N( f)—l-N(r =) + S(r).

Moreover, if a is a common simple zero of f and g, then L(a) = 0.

ii) N(r,L) < N@(r, f)+ N@(r,g) + Ne(r, %) + No(r, é)-#

1 —, 1
,F,f#O)-I-N(T’,?,g#O).

1

+N(r
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3
%
>
V
A
IN
|
,2\ \
=
=
+

3
v
=
\Y
>
_|_
=
=

+
=

(r, %;f £0)+ N, ﬁ;g £0)+ S(r).

3) If E¢(0) = E4(0), then (see: [13, Lemma 2.4], [14, Lemma 2.2],
(1, Lemma 2.3])

) N(rL) < N f) + N(r.g) + N(r. -

sV > 1/2)+

i
'f#0)+N(r%;g7é0)-

TN 5in = 2+ N, ;;w >2)+ N(r, i A0+

+N(r, é;g #0)+ S(r).

Proof. We have

” ’ ” ’

(2.1) L:i_gi_g+gi

I f g g
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We now consider the poles of L. By (2.1), it is clear that L has only simple
poles, moreover, if a is a pole of L, then:

+ f(a) = o0, or f'(a) = 0 with f(a) #0, or f(a) =0, or

+ g(a) = 00, or g (a) =0 with g(a) # 0, or g(a) = 0.
Now let a be a pole of f with v°(a) = 1, set

F(z) = R(2)(z — a),
where R(z) is a holomorphic function; R(a) # 0. Then, we have
F'" R .(2—a)+2R

F' R.(z—a)+R’
and similarly for a pole of g. From this, it implies that L has no poles at simple

poles of f and g
1) i) Note that

9

(2.2)

— 1 1 1 — 1 1 1
N(r, —; >2) < —(N(r, —; >2 N(r, —; >2) < —(N(r, —; > 2).
(Tafﬂ/l_ )—2( (T’,f,Vl_ )? (TagaVQ_ )—2( (Tag7V2_ )
From this and since Ey1)(0) = E,1)(0), we have
N(r l'1/ =1)=N(r 1'1/ =1)
7f7 1 7ga 2 )
N(r l)—N(r l'1/ =1)+ N(r l'y >2) <
,f 7f7 1 afa 1 = >~
<1N(r l'1/ 1)—1—1(1\7(7“31/ =1)+N(r,—;v1 >2) =
=9 afa 1= 9 vf7 1 — s oY1 -
1 1 1 1
= §N(7’, -1 = ].) + §N(T, ?),
_ 1 — 1
N(r,=)=N(r,—;va=1)+ N(r,—;vy > 2) <
g g g
<EN(r l'u —1)—|—1(N(r71/ D+ N(r, -1 >2)=
=9 vga 1 — D) ag7 1 — y T 1 -
1 1 1 1. — 1 — 1
=-N(r,—;vr1=1)+ =-N(r,—-), N(r,=) + N(r,—) <
5V ( ikl )+ 5N( g) ( f) ( g)
(2.3) < N(r l'1/ = —1)+1(N(r l)—i—N(r 1))
. = 7f7 1 — P2 = 2 7f 7g

Suppose a is a zero of f with multiplicity vy = 1. Since Ey 1)(0) = Ey1)(0), a
is a zero of g with multiplicity vo = 1. Set

F G
F=—"— aGq=-"1
Z—a Z—Qa

where Fy, G; are holomorphic functions; Fy(a) # 0; G1(a) # 0.
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By straight calculations, we have

F/.(z—a) Gl.(z —a)

This shows L(a) = 0 if a is a common simple zero of f and g.
Moreover, by the logarithmic derivative lemma, we have

1" 1" 1" "

m(r, L) = m(r, % - %) <mf(r ) +m(r

= S(r, F)+58(r,G).

7? 7?)

On the other hand, from Lemma 2.2 we get
T(r,F') <2T(r, f) + S(r, f), T(r,G') <2T(r,g) + S(r, 9).

So
S(r,F)=S8(r,f), S(r,G') = 8(r,g).

From this and (2.4) we get

1
N(r,—;v1 =va=1) < N(

7 r,l) <T(r

1
L 'z
=N(r,L)+m(r,L) +0(1) <
< N(r,L)+ S(r, f) + S(r,g).

=T(r,L)+0(1) =

From this and (2.3) we obtain conclusion i).

ii) By (2.1)- (2.4) and note that L has only simple poles, we can see that if
a is a pole of L, then

+ f(a) = oo with v$°(a) > 2, or f(a) =0 with f(a) # 0, or f(a) =0 with
vi(a) =2,

or

+ g(a) = oo with v5°(a) > 2, or g (a) = 0 with g(a) # 0, or g(a) = 0 with
vg(a) > 2.

From this we obtain conclusion ii).

2) If m =1, then

1 1
im >y >w) =0, N(r,—;m >v; >uv9) =0, N(r,?;mEWZQ):O,
g

) N<m+1<r,§> = N ).

holds with m = 1.

1 _
) = N 7
7= Nelr

From this and Part 1) it follows that inequality

im > >2) =0, Ngp(r

1
f
2)
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Now we prove the inequality for m > 2.
i) By the hypothesis we have Eﬁm) (0) = F%m) (0), m > 2.
By using properties of the Stieltjes integral (see [5, p. 14]), we get:

N =nl0.7)= 30 log

i
0<|ai|<r
where a; are zeros of f, counting multiplicity and

r

1 1
N(m(’rv?) 777’(()’?) = Z log ‘ai|7

0<|ai|<r

where a; are zeros of f, counting multiplicity with m-truncated multiplicity
and

N2 -m0,2) = Y log -,

f f 0<|a;|<r \a2|

where a; are zeros of f, ignoring multiplicity and

— 1 1 r
N(m(rvf)_ﬁ(ovf) = Z logia
f f 0<|a;|<r |az|

where a; are zeros of f, ignoring multiplicity with m-truncated multiplicity.
1 — 1
We obtain the similar equalities for N(r, ?;m > vy >2), N(r,~=), N (1, ),
g g

— 1., — 1 1 — 1
Nm(r,=), N(r,—;m > vy > va), N(r,=;m > vy > 2), N(r,—;m > vy > vy).
g

We are going to prove Part 2 by using these inequalities and the arguments in
[13, Lemma 2.4], [14, Lemma 2.2], and [4, Lemma 2.6].

Set
— 1 — 1 — 1
M:Nm)(r,f)—ﬁ—Nm)(r,g)—kN(r,?,mzul>1/2)+N(r,7;m21/2>1/1),
1 1 1
T:N(Tv?;Vl—W: )+§(Nm)(ra?)+Nm)(rv ))+
1 1
+N(r,?;m>1/1>2)+N(r77;m2V222)
g

We first prove that M < T.

Let a be a zero of f with multiplicity p < m. From Ey ,,)(0) = Ey,,(0) it
follows that a is a zero of g with multiplicity ¢ < m. We consider the following
cases:
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Case 1. p=qg<m.

If p=¢q =1, then a is counted with 1 +1+4 04 0 = 2 times in M and it is
counted with 1+ (1 +1) = 2 times in 7.

Ifp=q>2, thenais counted with 1 +14 0+ 0 = 2 times on M and it is
counted with 0 + = (p +p)+p+p=3p>2timesin T.

Case 2. g <p<m.

Ifg=1, thenp>2andaiscountedwith 1+141+0=3 times in M and
we see that a is counted with 0+ 3(p+1) +p+0 = p—l—p+1>3t1mesmT

If ¢ > 2, thenp>2andalscountedvvlth1+1+1+0—3t1mesmM
we see that a is counted with 0+ 2(p+¢) +p+qg=0+ (p+q) > 3 times in 7T
Case 3. p<qg<m.

The proof of Case 3 is completed by using the arguments similar to ones in
Case 2.

So M < T. Moreover,

N(r, %) = Nm) (r,

1 1 1
}) = Nm)(’]", i
_ 1 1 1., —
N (1 (7, ?) < iN(m+1(ra ?)7 N (g (1,

From this and M < T it follow that

N(r,

Il
=
_|_

=
3
+
=
=

1 — 1

,?;mZm>V2)+N(r,*;m21/z>vl)§

g

(NG 2+ N D)+

S(N(r, = r -
2 f g

1 1

—im > >2)+ N(r,=;m > vy > 2).

f g

By the proof of i) of Part 1) we get N(r ,f,yl =y =1) < N(r,L) + S(r).
Combining above inequalities we obtain conclusion i) of 2.

N(r l) + N(r, é) + N(r

f

—_

L 1)+
r,ZiV1 =V =
f

+ N(r,

< N(

ii) Suppose a is a zero of f with multiplicity v; = p < m. Since Efym)(O) =
= Eq,m)(O), a is a zero of g with multiplicity v = ¢ < m. Set
L’ G = i7
(z—a)P (z —a)e
where Fy, Gy are holomorphic functions; Fj(a) # 0;G1(a) # 0. By straight
calculations, we have
Fl.z—a)+(1-pF Gl.lz—a)+(1-q)G;  q¢—p

F|.(z —a) — pFy G).(z —a) — qGy z—a

F =

(25) L=
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This relation shows that L has a pole at a only if p # ¢ with p < m and
q < m,i.e. when f and g have a zero at a with different multiplicities and both
multiplicities are < m. By (2.1)- (2.5) and note that L has only simple poles,
we can see that if a is a pole of L, then

+ f(a) = oo with v3°(a) > 2, or f'(a) = 0 with f(a) # 0,

or
+ f(a) =0 with m > v1(a) > va(a), or g(a) = 0 with m > vs(a) > v1(a),
or

+ f(a) = 0 with vg(a) > m + 1, or g(a) = oo with v°(a) > 2,

or

+ ¢'(a) = 0 with g(a) # 0, or g(a) = 0 with v,(a) > m + 1.
From this we obtain conclusion ii).

iii) Note that

1 — 1
N(r,?;m > > 2) +N(m+1(7“,?) = N(r,

Similarly,

1 — 1 1
N(r,—sm >wv1 >2)+ Ny (r, =) < N(r, =501 > 2).
g g g

From the above inequalities and i), ii) it follows iii).

3. iii) The proof of this part is completed by using the arguments similar
to ones in 2. iii). [ |

Lemma 2.4. ([8, Theorem 1.4]) Let P(z) be a polynomial of degree n satisfying
the condition (1.4). Then P(2) is a uniqueness polynomial if and only if

k
Z qiqm > Z(Jh
i=1

1<l<m<k

where k is the derivative index of P.

In particular, the above inequality is always satisfied whenever k > 4. When
k = 3 and max{mi, ma,ms} > 2, or when k = 2, min{my, ms} > 2, and
mi + meo > 5, the above inequality also holds.

H. Fujimoto [7, Proposition 7.1] proved the following:
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Lemma 2.5. Let P(z) be a polynomial of degree n satisfying the condition
(1.4). Assume furthermore that n > 5 and there are two non-constant mero-
morphic function f and g such that

1w,
P(f) ~ P(g

for two constants co # 0 and c1. If k > 3 or if k =2, min{mq,ma} > 2, then
Cc1 = 0.

Lemma 2.6. (]2, Lemma 2.2]) > (P) (=1’

1 . )
. i=0 (3) Trpr1=; s not an integer, where l,p >
> 1 are integers.

In [2, Lemma 2.2], Banerjee proved Lemma 2.6 for I,p > 3, but it is clear
that this lemma is valid for I,p > 1.

We recall that, P(z) is defined by (1.5):

P(z)=(l+p+ 1)(§p: (p) CU a2 1= Q(2) + 1.

—\i l+p+1—2

_ e p (_1)i gl Pl
Q) =t (X (7))

with the condition (1.6) Q(a) # —1, # —2, and degree of P(z)isn =1+p+1.
Lemma 2.7. Let P(z) be defined by (1.5) with condition (1.6), and let 1 > 3

and p > 2. Then P(z) is a strong uniqueness polynomial for meromorphic
functions.

Proof. Note that, P'(z) = nz'(z — a)?, and P’(z) has a zero at 0 with multi-
plicity [ and a zero at a with multiplicity p.

By Lemma 2.6, we see that 37 (7) H(;% is not an integer. Set

» ,
R N Gt O
A= — (i)l+p+1—z"

(2

Then A # 0. We have P(0) = Q(0) +1 =1, P(a) = Q(a) + 1 = nAa™ + 1.
From this and a # 0, we get P(a) # P(0). Set F' = P(f), G = P(g). From
P(f) =cP(g),c# 0, it implies

(2'6) F =G, T<T7 f) + S(Ta f) = T(rvg) + S(T’g)7 S(T,f) = S(Tvg)-

Now we consider the following possible cases:
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Case 1. c # 1.
If ¢ = P(a), from (2.6) we have
1
(2.7) F—-1=P(a)G - %)

We consider P(z) — %. By P(0) =1 and P(a) = ¢ # 1 we obtain P(0) —
—% # 0. Because P(z) satisfies the condition (1.6) we have Q(a) +1 # —1.
Moreover, since P(a) = nda™ 4+ 1 = Q(a) +1 # —1 and P(a) = ¢ # 1 we
obtain P(a) — ﬁa) # 0. Therefore P(z) — ﬁ has only simple zeros, let
they be given by b;,i = 1,2,...,n. Note that P(z) — 1 has a zero at 0 with
multiplicity n — p =1+ 1, and p distinct simple zeros. Let c;,i =1,2,...,p be
distinct simple zeros of P(z) — 1. Applying Lemma 2.1 to the function g and
the values b}, bs, ..., b, and by (2.6), (2.7) we get

=(+2)T(r,g) +S(r,g

So (I —2)T(r,g) < S(r,g), a contradiction to the assumption that [ > 3.
If ¢ # P(a), then from (2.6) we have

(2.8) F—c=¢G-1).

We consider P(z) —c¢. By P(0) =1 and ¢ # 1 we have P(0) —c=1—c # 0.
Moreover ¢ # P(a). So P(a) —c¢ # 0, P(0) — ¢ # 0. Therefore P(z) — ¢ has only
simple zeros, let they be given by e;,7 = 1,2,...,n. Now we consider P(z) — 1.
We see that P(0) =1, P(z) — P(0) = P(z) — 1 has a zero at 0 with multiplicity
n—p =1+ 1, and p distinct simple zeros. Let t;,7 = 1,2,...,p be distinct
simple zeros of P(z) —1. Applying Lemma 2.1 to the function f and the values
€1,€s,...,€,, and by (2.8) we get

(n=DT(r, f) = (1 +p)T(r, f) <
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<T(r f) +T(r,g) +pT(r
= (p+2)T(r, f) +5(r,

\_/’\

So, (I —2)T(r, f) < S(r, f), a contradiction to the assumption that [ > 3.
Case 2. ¢ =1. Then
P(f) = P(g)-

Applying Lemma 2.4 to (2.8) we obtain f = g. |
3. Proof of Theorems

3.1. Proof of Theorem 1.

Recall that P(z) is a strong uniqueness polynomial of the form (1.3), P(z) =
=(z—a1) (2 —ay) with P (2) = nz™(z —dg)™2 -+ (2 — di)™ and P(z)
satisfies the condition (1.4), P(d;) # P(d;),1 < i < j < k, where k is the
derivative index of P(z).

Let S = {z € C| P(z) = 0} and m be a positive integer. Suppose that k > 3,
or k = 2 and min{my,ms} > 2. We are going to prove that, if n > 2k + 10
(n > 2k +4), then S is a URSM-IM (URSE-IM) and URSM,,,)-IM (URSE,), -
IM).

3.1.1. n > 2k + 10. In this case we will prove that S is a URSM-IM. Set

1" 1"

1 1 F G
TR TRt T @
T(r) = (5, 1) + T(r,0), S(r) = S(r, ) + S(r,9).
Then 7(r, P(f)) = nT(r,f) + S(r, £) and T(r, P(g)) = nT(r, ) + S(r,9), and

hence S(r, P(f)) = S(r, f) and S(r, P(g)) ( (g)

We consider two following cases:

Case 1. L = 0. Then we have ﬁ = ﬁg) + ¢ for some constants ¢ # 0
and c;. By Lemma 2.5 we obtain ¢; = 0.

Therefore, there is a constant C' # 0 such that P(f) = CP(g). Because
P(z) is a strong uniqueness polynomial, we obtain f = g.

Case 2. L #0.

Claim 1. We show that

(3.1) (n—2T() < N(r, )~ No(r, fi> No(r, gi> +8(r),
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where No(r, %) (No(r, o 1)) is the counting function of those zeros of f’, which

are not zeros of function
(f = a1)..(f —an)f(f = d2)..(f — di)((g — a1)...(9 — an)g(g — d2)...(9 — di))-

Indeed, applying Lemma 2.1 to the functions f, g and the values aq, ..., a,,
0,ds, ..., di, and noting that

we obtain
(k= P SN S) 4 N 0) 4 N )+ N0 )+
_ N
+N(T,*)+N(’“v§)+;mr’f—diH
(3.2) +§kjﬁ<r )= Nolr ) = No(r, ) + S(0).
; Tg—d; f g

On the other hand,
W(T’ f) +N(T,g) < (T(’I“, f) + T(’I“, g)) + S(T) = T(’I“) + S(T)v
N(r, )+ N(r, é) <(@(r, f)+T(r,g)) +5(r) =T(r)+ S(r),

1 — 1
r 4

) < (k= 1)(T(r, f) +T(r,9)) +5(r)
(k—1DT(r)+S(r), i=2,...,k.

From this and (3.2) we obtain (3.1).
Claim 2. We show that

Indeed, by E¢(S) = E4(S) we get (P(f))~1(0) = (P(g))~1(0). For simplicity,
v&ﬁe set vy = v1(2), v2 = v2(2), where v1(2) = vp(5)(2), 12(2) = Vp(4) (2). Note
that

Na(r, P(f)) = N(r, f), Na(r, P(g)) = N(r,9),

) =

S(r, P(f)) = S(r, f), S(r,P(g)) = S(r,9), S(r) = S(r, f) + 5(r, 9).
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Applying Part 3).iii) of Lemma 2.3 to the functions P(f), P(g), we obtain

_ 1 — 1 — — 1 1 1
N(ﬂm)‘*‘N(ﬂ%) < N(r, f) + N(r,g) + §(N(7”7W) + N(r, P(g)))+
+ N(r, ﬁ;m >2)+ N(r, Pzg)wz >2))+
(33) + N gt P # 0+ N0 ot Pla) #.0) + (1)
Moreover,
(3.4) N(r, f)+N(r,g) <T(r)+ S(r).
Obviously,
1
N(Ta Pif)) STLT(T, f) + S(Tv f),
1
N(Tv %) STLT(T, g) + S(Ta g)v
(3.5) N, ﬁ) + N, %g)) <nT(r) + S(r).

On the other hand, from P(f) = (f —a1)---(f — ay) it follows that, if 2o is a
zero of P(f) with multiplicity > 2, then z¢ is a zero of f — a; with multiplicity
> 2 for some i € {1,2,...,n}, and therefore, it is a zero of [, so we have

N(r, i 22)§N(r,fl).

1
P(f)
From this and Lemma 2.2 we obtain

N(r, ﬁ; v >2) < N(r, f) < N(r, §>+N<r, F)+8(r, ) < 2T(r, P)+8(r, ).

Similarly, we have

1 , 1. —
N(r, ;2 22) < N(r,g) < N(r7§)+N(T,g)+S(w) < 2T(r, g)+S(r, ).

P(g)" =~
Therefore,
(3.6)  N(rme=iv >2)+ N(r ot
P(f)
Combining (3.1)—(3.6) we get
1 1 n — 1

P(f)) +N(r, %) <(5 +3)T(r) + N(r, Z0E P(f)#0)+

1

N(r,

+ N(r,

Claim 2 is proved.
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Claim 3. We have

_ 1 — 1
N(Tﬂ W’ P(f) 7é 0)—|—N(7’7 [P(g)]”P(g) 7& 0) <
< KT(r) + No(r, %) + No(r, =) + S(r)
Indeed,
_ 1 — 1
Ny PO # 0 =N =gy —dgmp PO # 0 =
1 & 1 — 1
< N(T,?)‘F;N(T, f—dl) —|—N0(r,7) <
(3.7) < KT(r, f) + No(r. %) + S, f).
Similarly,
_ 1 — 1
(3.8) N(ﬁmﬂD(g) #0) < kT(r,g)—i—No(r,;)—i-S(r,g).
Inequalities (3.7) and (3.8) give us
— 1 — 1
< KT(r) + No(r, %) + No(r,—) + S(r)

Claim 3 is proved.
Claim 1, 2, 3 give us:

(n—2)T(r) < (g Y34 )T + S(r).

Therefore, (n — 2k — 10)T(r) < S(r), this is a contradiction to the assumption
that n > 2k + 10. So L = 0. Therefore f = g.

3.1.2. n > 2k + 4. We will prove that S is a URSE-IM. Note that, if f, g are
entire functions, then

N, f) =0, N(rg) =0,

N f) € N 5) + N )+ (1) <
< T(r, )+ S(r. f).

Nirg) < N 0) + N(rg) + 5(r9) <

<T(r,g)+S(r,g)
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From this and by similar arguments as in the case of URSM-IM we see that,
if L # 0, then

1 — 1

(n—1)T(r) < N(r, % — No(r,
1
(

%) Nl 5) +5(r),

+1)T(r) + N(r,

1
ppr O E O

Combining above inequalities we obtain:

n

(n—1)T(r) < (5 +1+k)T(r)+ S(r).

So, (n—2k—4)T(r) < S(r), a contradiction to the assumption that n > 2k+4.
Thus we have L = 0. The proof of this case is completed by using the arguments
similar to ones in the case of URSM-IM.

3.1.3. n > 2k+10. We prove that S is a URSM,,,). By the similar arguments
as in the case of URSM-IM we can see that if L # 0, then

— 1 — 1 1 1
(n—2)T(r) < N(r, W) + N(r, @) — No(r, 7) — No(r, ;) + S(r).
Note that E},,)(S) = Ey,,(S) and
N(Q(Tap(f)) :N(T', f) < T(Ta ) + S(?”, )a
N(?(T7P(g)) :N(TMQ) < T(Tvg)
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Then applying Part 2).iii) of Lemma 2.3 to the functions P(f), P(g) we get

1 _ 1 o B ) X
(r oy TNV prgy) S NN+ N(g) + 5 (N 5y

) + N(r >2)+ N(r,

N

)+

1
%ayQ >2))+

P(g) # 0) + S(r).

R
) P(f)7 1
P(f) #0) + N(r

1 .
[P(g)]”
By the similar argument as in Claims 2, 3 of the case URSM-IM we get

a contradiction to the assumption that n > 2k + 10. So L = 0. The proof of

this case is completed by using the arguments similar to ones in the case of
URSM-IM.

3.1.4. n > 2k 4+ 4. By using the arguments similar to ones in the cases of
URSE-IM and URSM,,,) we can prove that S is a URSE,,).

Theorem 1 is proved. |

3.2. Proof of Theorem 2.
We recall that, P(z) is defined by (1.5),

P(z) = (I+p+1)() (f)iaizlﬂ’“‘i) +1=Q(2)+1.

= l+p+1—1
p )
1 i J+p+1—i
Q(z)=(I+p+ ; 7l+p+1—za2 ),

with the condition (1.6), Q(a) # —1, Q(a) # —2, and the degree of P(z) is
n=I0+p+1

Then applying Lemma 2.7 we see that P(z) is a strong uniqueness polyno-
mial for meromorphic functions of degree n > 6, if [ > 3 and p > 2. Polynomial
P(z) satisfies the conditions of Theorem 1 with & = 2. Then applying Theo-
rem 1 to polynomial P(z) we conclude that S is a URSM-IM (URSE-IM) and
URSM,,,)-IM (URSE,y-IM) if n > 15( n > 7).
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