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Abstract. We give all solutions (D, G, F') of the equation
G(n) = F(n®*—=1)+ D forevery n €N,

where G, F' are completely multiplicative functions and D € C.

1. Introduction

In the following let P, N, and C denote the set of primes, positive integers
and complex numbers, respectively. Let Ny := N\ {1}. We denote by M (M*)
the set of all complex-valued multiplicative (completely multiplicative) func-
tions, respectively. For each m € N,m > 2 let x,n(n) (x5, (n)) be the real
principal (non-principal) Dirichlet character (mod m), respectively.

Let E(n) =1,I(n) =nforevery n € Nand O(1) =1,0(n) =0 if n > 2.
For each w € C with w3 = —1 we define the function ¥, : N — C such that

if 3|n
if n=1 (mod3)
EEHl i p =2 (mod 3).

2(n—1)
3

0
U,(n)=<qw
w

One can check that ¥, € M* and ¥_; = xj.
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The problem concerning the characterization of the identity function as
multiplicative arithmetical function with some equation was studied by several
authors. C. Spiro proved that if f € M satisfies the following relations

flp+a)=f(p)+ f(e) (¥p,q€P) and f(po) #0 for some py € P,

then f is the identity function.

Recently, in [1] we gave all solutions of the equation
F(n*+m?+k)=H(n)+ H(m)+ K for every n €N,

where k € N is the sum of two fixed squares, K € C and F, H are completely
multiplicative functions. The equation

f(n? + Dm?) = f2(n) + Df*(m)
was completely solved for arithmetic functions f in [3] and [4].

Here we shall prove the following

Theorem 1. Assume that D € C and the functions G, F € M* satisfy the
relation

(1.1) G(n)=F(n*>—1)+D for every n € Nj.

Then the following assertions hold.
(a) If D=0 and F(3) #0, then G =F =E.
(b) If D=0 and F(3) =0, then G =0 and
F2)=F@3)=F(5)=F(7)=0, Fn®>-1)=0 for every nc Nj.

(¢) If D#0,F(2)=F(3)=0, then D=1, G(n) =1 for every n €N
and F(n? —1) =0 for every n € Ny.
d) IfD#0,F(2)=0 and F(3) #0, then (D,G,F) = (1, x2, X4)-

(
(e) If D#0,w=F(2)#0 and F(3) =0, then w* = —1 and (D,G,F) =
= (L x3, Yu)}-

(f) IFD#0 and F(2)F(3) #0, then (D,G, F) = {(~1,0,E), (1,12, T)}.

Remark 1. Let F be the set of all FF € M*, for which F(n? — 1) = 0 holds
for every n € Ny. Then |F| = co. For the proof of this assertion, we consider
k € N primes p; < ps < ... < pg of the form 4t 4+ 1. Let

B:={p" - -pp¥| a;€Zy0; >0 (i=1,...,k)}.
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We define f € M* as follows:

1 if neB
f("’):{o if negB

Then f € F. Indirectly, assume that f(n? — 1) = f(n —1)f(n + 1) # 0, then
n—1€ B, n+1¢e B, whichimplyn—1=4m+1 and n+ 1 = 4¢+ 1 for some
m, ¢ € N. Then 2 = 4(¢ — m), which is impossible.

2. Lemmas

In this section we assume that D € C and the functions G, F' € M* satisfy
the relation (1.1) for every n € Nj.

Let F(2) = wand F(3) = p. First we apply (1.1) withn € {2,3,5,7,11, 13}.
We have

G?2) =F(3)+D=u+D,
G3) =F(2)?3+D=uw+D,
(2.1) G() =F(2)PF@B3)+D=wn+ D,
‘ G(7) =F((2)*FB3)+ D =w'n+ D,
G(11) = F(2*F(3)F(5) + D = w3uF (5) + D,
G(13) = F(2*F(3)F(7) + D = w3uF(7) + D.

By using this system and by applying (1.1) with n € {4,6,8,9,15,26,49, 55},
we obtain that

Ey =G(2)?> -~ F(3)F(5) — D = D?+2uD — uF(5) + u?> — D =0,
Ey =G(2)G(3) — F(5)F(T) — D =

= Dw® 4+ w4+ pD — F(5)F(7) + D?* — D =0,
FEs = G(2)® — F(3)>F(7) — D = D + 3D*u + 3Du* — > F(7) + u® — D = 0,
E,=GB3)? - F2)*F(5) - D =w’ —w*F(5) +2Dw® + D* — D =0,
Es = G(3)G(5) — F(2)°F(7) — D =

= pw® — W’ F(7) + Duw?® + Dw® + D?* — D =0,
Eg = G(2) (13) = F(3)°F(5)* = D =

DF(T)uw?® + F(T)p?w® — p®F(5)* + D?* + uD — D =0,

G(7)2 F(2)°F3)F(5)* =D =
p2w® — WP pF(5)% + 2Dpw* + D? — D = 0,
Es = G(5)G(11) — F(2)*F(3)*F(7) — D =

= F(5)pw® — w*yPF(7) + DF (5)uw® 4+ Duw® + D* — D = 0.
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Lemma 1. Assume that D = 0 and the functions G, F € M* satisfy the
relation (1.1). Then we have

(a) IfF(3)#0, then G =F =E,
(b) If F(3) =0, then G=0 and
F(2)=F@3)=F()=F(7)=0, Fn®>-1)=0 for every n € Nj.

Proof. (a) Assume that p = F(3) # 0. We shall prove that G = F = E.
Since D =0 and p # 0, the equations

By =—pu(F(5) —p) =0 and B3z = —p*(F(7) —p) =0
imply that
F(5)=p and F(7) = pu.
Then

Ey = D +wiu+puD—F(5)F(7)+D?—D = wiu—F(5)F(7) = p(w®—pu) =0,

which shows that
p=w® and w#0.

Consequently
F(7) = p=uw?,
Es = puw® —w®F(7) + Dpw?® + Dw?® + D* = D = Wby — W F(7) = w(w—1) =0
from which w = 1 follows. Thus the above relations with (2.1) imply that p =
—w=1,F@2)=F@3)=F(5)=F(7)=p=1and G(2) = G(3) = G(5) = 1.
Now we shall prove that G = F' = E.

Assume that G(n) = F(n) =1 for every n < P, where P > 5. It is obvious
that G(P) = F(P) = 1if P ¢ P. Thus we may assume that P € P,P > 7.
Then we infer from (1.1) that

P+1
i):1

G(P)=F(P-1)F(P+1)+D=F(2)F(P - 1)F( :

and
1=G(P-1)=F(P-2)F(P)+ D= F(P),
which proves that G(P) = F(P) = 1. The proof of (a) is complete.

(b) Assume that D = 0 and pu = F(3) = 0. In this case we prove that
w=F(2)=0.
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Assume in contradiction that w # 0. Then it follows from FE, that
E, =W’ —w'F(5) +2Dw? + D?* -~ D =
=w® —WF(5) = w(w? - F(5)) =0,
which implies that
F(5) =w? #0.
Since

By = Dw® +wu+pD — F(5)F(7) + D> = D = —F(5)F(7) = —w?F(7) = 0

we have F'(7) = 0. These are impossible, because

and
0=G(27) — F(26)F(28) — D = G(3)* = F(2)? = w” # 0.

Thus, we proved that w = p = 0. Then G(3) = w? = 0 and F(2) = F(3) =
= F(5) = F(7) = 0. By using the fact n? — 1 =0 (mod 3) if (n,3) =1, we
have

Gn)=Fn?>-1)+D=0 if neN; and (n,3)=

Therefore n) = 0 for every n € Ny, that is G = Q. Then F(n? — 1) =
= G(n) — D =0 for every n € Ny. The proof of Lemma 1 is complete. [ |

Lemma 2. Assume that D € C\ {0} and the functions G, F € M* satisfy the
relation (1.1). Then we have

(¢c) If F(2) = F(3) =0, then D =1, G(n) =1 forevery n € N and
F(n?—1)=0 for every n € Nj.

(d) IfF(2)=0 and F(3) #0, then (D,G,F) = (1, x2,X3)-

(e) Ifw = F(2) # 0 and F(3) = 0, then w3 = —1 and (D,G,F) =
= (17X37\ij)'

Proof. (c) Assume that F'(2) = F(3) =0, i.e. w = p = 0. Then we have
Ey=w®—w'F(5)+2Dw?® + D>~ D=D?-D =0,

which with D # 0 implies that D = 1. Then G(n) = F(n? — 1) + 1 for every
n € Ny.

Since w = F(2) = 0, we have G(3) = F(2)? + 1 = 1. Tt is well-known that
n? —1=0 (mod 3) if (n,3)= 1, therefore we infer from u = F(3) = 0 that

Gn)=F@n*—1)+1=1 if (n,3)=
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Consequently
G(n)=1 forevery n€N and F(n?—-1)=0 forevery n € Nj.

The proof of (¢) is finished.
(d) Now assume that F'(2) =w =0 and F(3) = u # 0. Then

Ey=w’ —w'F(5)+2Dw? + D* —D=D?—-D =0,
which with D # 0 gives D = 1. Now we have
Ey = D?+2uD — puF(5) + p> = D = —p(—p+ F(5) —=2) = 0
and
B3 = D*+3D*u+3Dp? — 1PF(T) 4+ p® =D = —pu(—p® + F(T)p—3u—3) =0,
which imply

21 3u+3
(2.2) F(5) = pu+2 and F(7)= P To0T5
I

Therefore
Ey = Dw® 4w+ pD — F(5)F(7) + D> — D =
P9 =P+ 6 (u+1)(p* 4 3u+6)
1 0

=0

and
E¢ = DF(T)uw® + F(T)p*w?® — *F(5)> + D* + uD — D =
= —plp+1)*(p® + 20— 1) = 0.
These with p # 0 imply that u = —1, because in the other case u? + 3pu + 6 =

=0 and p? +2p — 1 = 0 would satisfied, which are impossible. Therefore, we
infer from (2.1) and (2.2) that

F(2)=0,F3)=-1,F(5)=1,F(7)=-1
and
G(2)=0,G(3) =G(5)=G(7) =1.

We shall prove that in this case (G, F) = (x2, x})-

We have F(n) = xi(n) and G(n) = x2(n) for n € N;n < 7. Assume that
F(n) = x3i(n) and G(n) = x2(n) hold for every n < P, where P € N, P > 7.
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It is obvious that F(P) = xi(P) and G(P) = x2(P) if P ¢ P. Thus we may
assume that P € P. Then

G(P)=F(P—1)F(P+1)+ D = F(2)F(P — 1)F<%) +1=1=x(P)

0=x2(P-1)=G(P—-1)=F(P—-2)F(P)+D=
=xi(P—=2)F(P)+1=—x4(P)F(P)+1,

because xi(k—2) = —x;(k) for every k € N. The above relation shows that
X4 (P)F(P) = 1, which with (x;(P))? = 1 implies that F(P) = x;(P).

The proof of (d) is complete.

(e) Assume that w # 0 and = 0. First we prove that

(2.3) Wl = —1.
Since p = 0, we have

By =D?42uD — uF(5) 4+ p?> — D =D*—-D =0,
which with D # 0 shows that D = 1. Then

Es = juw® — W’ F(7) + Dpw® + Dw® + D> — D = w3(1 - wQF(7)) —0,

consequently
1
and

By = Dw® +wu+pD — F(5)F(7) + D* = D = w® — F(5)F(7) =

_ s FB)_ - F()

5 5 =0.

w w

The last relation implies that
(2.5) F(5) = w’.

Now we apply (1.1) for n € {21,351}, we shall obtain from (2.1), (2.4) and
(2.5) that

(2.6) GB)=w’+1, GN)=G(13) =1, F(5) =w’, F(T) = —
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and so
0=G(21) —bF(20)F(22) — D = G(3)G(7) — F(2)3F(5)F(11) — 1 =
= (w?+1) —wBF(11) - 1 = w*(1 — WO F(11)).
This with w # 0 implies that F(11) = 5, consequently

0= G(351) — F(350)F(352) — D =

= G(3)*G(13) — F(2)°F(5)*F(T)F(11) — 1 =
:(w3+1)3—o:}—176—1:3w (w+ 1) (w? —w+1).

Since w # 0, the last relation shows that
Wrl=(w+1)w? —w+1)=0,

which proves (2.3).
It follows from (2.3) that G(3) = w® + 1 = 0. Since u = F(3) = 0 and
n? —1=0 (mod 3) if (n,3) =1, we infer from (1.1) that
Gin)=F(n*-1)+D=D=1 if (n3)=1

This implies that G = xs.
Now we prove that F(n) = ¥, (n) for every n € N. Since F(3) = ¥,(3) =0
and F, U, € M*, we have F((n) = ¥,(n) =0 if 3n.

It follows from (1.1) that
0=x303m)=G@Bm)=F@Bm—-1)F@Bm+1)+1 forevery mecN,
which implies that
(2.7) F3m—1)F(3m+1) = -1 =w® for every m € N,
It is clear to check from (2.7) that

F(6m +2)F(6m+4)
w? N
F(3(2m+1) - 1)F(3(2m+1) +1) 3

= = — =W
w? w?

FBm+1)F(3m+2) =

(2.8)

holds for every m € N. Thus we infer from (2.7) and (2.8) that

FBm—-1DFGBm+1)=w® =w? - w=uw?F@Bm+ 1)F(3m +2),
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which with w® = 1 implies that
F3(m+1)—1)=F@Bm+2)=w'F(3m—1) forevery m € N.

Hence
F(3m +2) =w*™ ' for every m € N,

and so (2.8) shows that

w=F@Bm+1DFBm+2)=w™MFBm+1)=w T F3m+1).

6m

Since w®™ =1 for every m € N, we obtain from the above relation that

F(3m+1) =w?™ for every m € N.

Thus, we have proved that F' = ¥,,.
The proof of (e) is complete. |

Lemma 3. Assume that D € C\ {0} and the functions G, F € M* satisfy the
relation (1.1). If F(2)F(3) # 0, then
(D.F@).F®3) e {(-1.1,1).(1.2,3)}.

Proof. Let F(2) = w and F(3) = p. Then it follows from our assumptions
that Dwp # 0.

Now we infer from E; and Fs5 that

_ 1*+3Dp*+3D%*u+ D* — D
— - ,

242D D?-D
_pmAPn and F(7)
1 1

F(5)

By using a computer, we obtain the following equations:
Fy = pEy = pw® — D?w* — 2Dpw® — pPw* + 2Dpuw® + Dw* + D% — Dy = 0
Fy = i’ Es = p3w® — D3w® — 3D%uw® — 3Dp2w® — pw® + Dpdw® + Dpw+
+ Dw’ 4+ D*p* — Dp? = 0
Fy = pEr = p?w® — D’ — 4D3pw® — 6D?pw® — 4DpPw® — e+
+2D3w° + 4D pw® 4 2DpPw® — D?w® + 2DpPwt+
+ D% —Dp=0
Fy = Es = D?uw® + 2D pw® + 12wb — D3 uw* — 3D?1%w* — 3Dpw*—
— Duw® — ptwt + D3w? + 2D? uw® + Dpw® + Duw?* — D?w+
+ Duw?® + D* — D = 0.
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We now follow the method which was used in [5] to prove Lemma 3.

Let f(z,y,2) € Q[z,y, 2] be a polynomial in three variables z,y,z. Then
we can write the polynomial f(x,y,z) in the following form

f(l’, y,Z) = ao(x,y)zk + al(x7y)zk_1 +...F ak(xvy)7

where a;(z,y) € Q[z,y] (i=1,...,k) and we write f(x,y,2) € (Q[z,y])[z].

(
Let a(z,y,z),b(x,y,z) be polynomials in (Q[x,y])[z] with b(x,y,z) # 0.
Then unique polynomials exist q(x,y, z) and r(x,y, 2) in (Q[z, y])[z] with

a(z,y,z) = q(z,y,2)b(z,y, 2) + (2,9, 2)

and such that the degree of r(x,y,z) is smaller than the degree of b(x,y, 2)
in z. The polynomials ¢(z,y,z) and r(z,y,z) are uniquely determined by
a(x,y,z) and b(z,y,z). Similarly, we can define rem(a(x,y, 2),b(z,y, 2), z)
and rem(a(z,y, 2),b(z,y, 2),y). Now let

Fi(z,y,2) = 2%y — 2%2% — 22tyz — 2%y + 2tz + 203y2 + 922 — vz,

Fy(z,y,2) = 25y3 — 2523 — 325922 — 32%y%2 — 2%y® + 23932 + 2°2+
Tay?r 4 y2e? — g2z,

F3(z,y, 2) = 28y3 — 2524 — 4aPy2® — 6259222 — 4adyP2 — aPy* + 22523+
+daPyz? + 225922 — aP2? + 2222 + y2? — vz,

Fy(z,y, 2) = 25922 + 220922 + 2%9® — 2ty23 — 3a1y?22 — 20y2—
=3tz — 2yt + 2323 4 203y2? + 2ty + 23y%z — 23224
+x3yz + 22— 2.

Let
4 2
al(xayaz) =rem (%FQ(may,Z)aFl(wvyaz)vz) )
()3
ag(l‘,y,Z) =rem ((wsiyf)Fg(x,y,Z),F1<l‘,y,Z>,Z) 3

(z*

ag(x,y,z) = rem( 1;3)2F4(50,y,2),F1(£L’,y,Z),Z) .

By using a computer we can determinate the polynomials a1 (2, v, 2), as(z, y, 2)
and agz(x,y, z) as follows:

ar(z,y, 2) = 212y + 2122 — ally? 4+ 212 4 21ty — 10y — 210, 992

—22%z — 28y?2 + 4292 — 32892 + 228yz 4+ 227y — 2By — 2Ty + 2%+
+ 28922 + 2%9% — 220y + 25y — 425y 2 + 2232 — 4aPyz — 23yt + 2B+
+ 22yt + 32232 + 32222 — ayt — 2082 — vtz + 02,
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az(z,y, 2) = ' — 2Ty + 4252 + 32y + 3213y% — 22132 — 6212y —
—1222yz 4+ 42122 — 8a'ly? + 4zt tyz + 5%y + 122922 — 2t — 220y 2+
+628y% — 12289%2 + 2% + 202 — 4aByz — 325y — 42832 — 2282+
+ 428y% 2 + 2Oyt + 1225932 + 22Ty + 205y2 2 — 225y? — dadyz — 2%y —
— 4Pyt + datyz — 422y 2 — 23y + 2wy3 2 + xyd + 22y%2 — 272,
as(z,y,2) = o3y — atly? — allyz — 2y — 22102 4 2210 + 2102 4 2%t
+ 2283 4+ 228y2 2 + 22% — 4aByz + 227y — 5y + 282 — 2Ty? — daTyz—
— 220922 — 2Pyt — 2Pz + 2272 — 22592 + 328yz — 25y3 + 22522+
+ 6232 + 27 + 22ty + TatyPz 4+ 23yt + 203 2 — 2Py — 2202 — datyz—
— 42392 — 2y — 3wtz + 22tz — 2203y2 — 3Pz — 2y + P + P+
+ 2zyz + 3y%z — 2y2.
In the next step, we compute the following polynomials:
bi(z,y,2) = rem((m12 — 210 — 2% — 2By + 42% + 228y + 2%9% — 225y —
— 4ady? + 22y — 4aBy + 3223 + 32°%y%—
— 2z —yt + °) 2 Fi(x,y, 2), a1 (z, y, 2), z) =
= 2(zt — y)2(@y — 21Tyt — 3210 — 321892 + 4ol Ty® — 2210 — 2217424
T 2215 4+ 30\ Ty + 1121002 + 421593 — 150 4yt + 2213y + 217 + 2210y +
£ 0r10y? 4 Tl hyB — 2p13yt — pl1y0 _ 4p16  9p15y  7pl42  1gy 13,3
— 72yt 4 202 y® — 421000 4 4y — 21392 — 142128 — 21yt 4 5al0y0—
— %% + 2213y + 32%y% — Tty + 520yt 4 122%° — 14280 + 2x7y7—|—
T 422y 4 22?4 92103 1 182%% — 11ay® + 22740 + 205y7 — 421042 —
—72%3 + 4x8y4 + 4x7y5 — 13255 + 4:1:5y7 — 32%% — 4x7y4 — 6255+
+112°y5 — 22y " — 2398 — 227y3 — 42Sy* + 52°y® — TatyS + 323y +
+ 520yt 4 4a3yS — 2%y + 3atyt + 2395 — 7oy’ — 2225 + 3298 + 7 — 40,
ba(z,y,2) = rem(—4(2x15 — 1 — 622y 4 2212 4 22y + 62997 — 2y—
—62%y% + 2% — 228y — 22593 — 2® 4+ 22592 + 62593 + 2%y? — 225y — 222y +
+ 22ty — 22%y° +ay’ +ay® — ) Fi(2,y,2), a2(2,y,2), 2)) =
= z(z* — y)? (27" — 220y + 2?5y — 82y + 82%%y® + 42! — 42Py—
120222 — 4Py 4 40y + 240212 — 122209% — 2022 — 622Ly + 2402092+
+ 482193 4+ 42?1 — 4220y — 2421997 — 582183 + 141 Tyt — 2220 — 2219y —
— 162 7y3 — 72209 + 228y 4+ 1021 Ty? + 202043 + 78215y — 22145+
2218 21Ty — 41602 1 1621593 + 12214yt 4 4421395 — 6217 — 221542
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— 202My3 — 20213y — 6821245 + 8215y + 8xlty? — 22135 — 1221244~

— 122105 + 221 4+ 62y + 10213y? + 2421293 4 242yt — 42109 4 37290 —
— 4z — 423y — 1821292 — 3023 — 2210y + 242995 + 21 4 4212y—
—12zMy? — 122193 — 22%* — 202%y® — 1025y" + 20210y + 1423+

+ 628y* — 122%9° — 2211 + 4210 — 292 — 625y + 1427y* — 2259 + 4255+
+ 2398 + 2210 — 828y — 122793 — 2289 + 4:53y7 — 228y + 227y% + 82yt —

— 22 + 4a3yS + 42Ty + 6xtyt — 42%y® — 428y — 3259% + 42ty — 6270+
+ daty? — dady® — dxyt + 2295 — 22397 + 3zyt 4 2222 + 229 — 2y3)
and
bs(z,y, 2) = rem(—(xny — 2210 — 210 — 2% — 22892 4 4aBy 4 52Ty? — 2B+
+daTy + 22592 + 2%y® — 227 — 328y — 22597 — 62ty® — Taty? — 2233+

+ 22° + daty + 423y? + 3ayt — 22* + 223y + 3xy® — P — 22y—

=37+ 2P (2, 2), s, 7). 2) =

= 2(z? — y)(a* - y)2<x19y2 — 321Ty? — 6210y3 4 221692 — p15¢3 1 410y

1 52By? +1201493 1 1528y% — 215y — 6214y? — 3213y3 + 4x'2yt — 9213y2—
—162'2y% — 18z y* — 202105 + 2213y + 112'2y? + 621 y® — 6210y —
—62%y° — 322y + 102 y? + 262193 + 1727y + 12255 + 152790 —

— 8ty — 921%2 — 6293 + 205yt + 16277 + 40598 + 4210 — 42y —

— 1428y® — 2527y* — 62595 — 32595 — 62y" + 210 + 52y + 8a8y? — 227> —
—102%y* — 22%9° — 1201y — 23y" — 42y + 27y? + 13253 + 325y + 321y +
+ay® + 28 — 627y — 625y + 2% + 112*y* + 9239° + 32y + 327 4 32%y+
+ 2ty — 4oyt + 30y — 2By + Taty? + 23yP — 20y® — o8 — 207 — daty—
—223y? — 5yt — 3y° + 22 — 323y — 3xy® + 2t + 2y + P+

+ 2zy + 3y% — 2y).

Since Fy(w,p, D) = Fy =0, Fa(w,pu, D) = F5 =0, F3(w,pu, D) = F3 = 0 and
Fy(w,pu, D) = Fy =0, it easy to check that

ay(w, 1, D) =0, as(w, pu, D) = 0,a3(w, u, D) =0
and
b1 (w, p, D) = 0,be(w, p, D) = 0, b3 (w, u, D) = 0.

If 4 = w?, then Fy(w,p,D) = —w(w — 1)(w* + w® + 2D) = 0, which implies
eitherw=1o0r Q=w*+w3+2D=0. lf w=1, then F, = —D(D +1)? = 0,
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which with D # 0 implies that D = —1. Thus we have (D, F(2), F(3)) =
=(-1,1,1).

Now assume that g = w* and Q = w* + w? + 2D = 0. Let Q(x,2) =
= 2% + 2% + 2z. Then we infer from Fy(z,v,2), F3(z,y, 2), Fi(z,y, z) with
y = x* that

Pl(x) = rem(—SFQ(x,y,z),Q(x,z),z) =

=28z — 1) (42t + 2% — 427 — 2% — 42 — 82? — 8z — 4)
and

P2(x) = Tem(—16F3(:c, Y, Z)a Q(Q?,Z), Z) =
=" (z — 1) (2" — 192" — 132" — 17210 — 1227+
+ 1227 4 162° + 2025 + 242" + 2023 + 1622 + 162 + 8).

therefore these

Since Pj(w) = Py(w) = 0 and gcd(Pi(z), P2(x) 27 (x — 1),
0,D = —1. Thus we

relations with w # 0 imply that w =1 and @ = )2 +2D
also have (D, F(2),F(3)) = (-1,1,1).

It can check as above that if y = w?, then (D, F(2), F(3)) = (—1,1,1).

In the following we can assume that w(w* — p)(w? — ) # 0. We consider
the following system of equations

=

bl(xvyaz)
B = =
1(337%3) x(x4 _y)2 07
bQ(I’,y,Z)
2. B == v 7 —
( 9) 2($7yvz) $($4—y)3 07
bg(iﬂ,y,Z)
B = =0.
3($7yvz) .’IJ(I‘Q . y)(m4 . y)g 0

With help of a computer and Maple program, the system (2.9) has three solu-
tions: (z,y) € {(0,0),(1,1),(2,3)}. Since

By (w, p, D) = Ba(w, 1, D) = Bz(w, 1, D) =0 and wp # 0,

we have (w, 1) € {(1,1),(2,3)}.
If (w, ) = (1,1), then Fy = —D(D + 1) = 0, consequently D = —1.
If (w, ) = (2,3), then
Fy = —(13D +48)(D—1)=0 and F, = —(D —1)(32D? + 311D + 864) = 0.

These imply that D =1, and so (D,w, u) € {(—=1,1,1),(1,2,3)}.
Lemma 3 is proved. |
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3. Proof of Theorem 1

To complete the proof of Theorem 1, we need to prove the assertion (f).

By using Lemma 3, we have (D,w, u) € {(—1,1,1),(1,2,3)}.

o Assume that (D,w,u) = (—1,1,1). Then G(2) = F(3) =1 = 0 and
G(3) = F(2)F(4) — 1= F(2)> — 1 = 0. Assume that G(n) = 0 and F(n) =1
for every n < P, where P > 3. It is obvious that G(P) = 0 and F(P) = 1 if
P ¢ P. Therefore we may assume that P € P, P > 5. Then

G(P)=F(P-1)F(P+1)—1=F@Q)F(P— 1)F(%) —1=1-1=0

0=G(P—-1)=FP-2)F(P)—1=F(P)—1, F(P)=1.
Thus (D,G,F) = (1,0,E).

o Assume that (D,w, ) = (1,2,3). Then we infer from (2.1) that G(2) =
=pu+D=22GB)=w?+1=3%and G(7) = wu+ D = 7. On the other
hand, we obtain from Ej, Fy that F(5) = 5, F(7) = 7. Assume that G(n) = n?
and F(n) = n for every n < P, where P > 7. Similarly as above, we can
assume that P € P, P > 11. Then

G(P)=F(P-1)F(P+1)+1=F2)F(P - 1)F(E) Y11=

2
:2(P—1)($)+1:P2

and
(P — 1)2 =GP-1)=FP—-2)F(P)+1=(P—-2)F(P)+1, F(P)=P.

Thus we proved that (D, G, F) = (1,12,1).
The proof of Theorem 1 is complete. |
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