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Abstract. To estimate the locally unique solutions of nonlinear systems
in Banach spaces, the local convergence analysis of an optimal eighth or-
der iterative technique is accomplished in this paper. The convergence
analysis was carried out, in earlier studies, using the Taylor series expan-
sions involving derivatives up to the ninth order. But, due to the fact that
such higher order derivatives may not exist always, or laborious to evaluate
for larger systems, the applicability of this technique remains limited. In
this regard, we provide the convergence analysis using different approach
which utilizes derivatives and divided differences only up to first order.
The applicability of method is extended by computing upper bounds on
the convergence region and prescribing set of conditions on the existence
of unique solution in that region. Numerical examples are provided for the
verification of theoretical results.

1. Introduction

Most of the problems, in applied mathematics, occur naturally as systems of
nonlinear equations. To represent this system mathematically, let us consider
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X and Y as Banach spaces, and €) as an open convex subset of X. Further,
suppose F': © C X — Y is a Fréchet-differentiable mapping [12], then the
aforesaid problem can be expressed as,

(1.1) F(z) =0.

Obtaining the closed form solution of nonlinear equations is rather complicated
(see [5, 10]), but the iterative techniques provide the estimate of solution up
to the desired accuracy, provided the initial estimate is sufficiently close to the
solution. In the extensively available literature (see for example [5, 8, 13, 15, 16],
and references therein), numerous iterative techniques have been presented in
the given context.

The usual approach to estimate the convergence order of an iterative tech-
nique includes Taylor series expansions, which involve higher order derivatives
(F®, i =1,2,..) and some set of assumption on F(). But, such assump-
tions limit the applicability of techniques, since most of these involve only
first order derivatives. As a matter of fact, we consider a real valued function
F:QCR—R, Q=[-3,2], defined by

_ [ a®log(m?x?) +aPsin (L), x#0
F(z) = { 0, x=0.

Consequently, we have

xT

1 1
F'(x) = 22% — 2% cos () + 322 log(m?2?) + 5z sin () ,
x

F'"(z) = — 8z%cos (;) + 2x(5 + 3log(m2x?)) + x(202% — 1) sin <i) :

and

F"(z) = % {(1 — 3622) cos (i) + {22 + 6log(m?x?) + (602% — 9) sin (i)” .

We note here that, F"”’(x) is unbounded in the given interval 2, and there-
fore, Taylor series expansion might not be appropriate approach for the con-
vergence analysis of an iterative technique.

In addition, the choice of initial estimate significantly affects the rate of
convergence as well as the error approximations, and in that sense, the conver-
gence analysis of iterative techniques should include the measure of closeness
of initial estimate to the solution. Many authors (see [1, 2, 3,4, 6, 7,9, 11, 14])
have adopted a suitable methodology to establish the local (or semilocal) con-
vergence analysis by considering the hypothesis of Lipschitz-continuity on the
first order derivatives only, and moreover, the upper bounds on errors and
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convergence radius be computed by defining some set of real parameters and
functions. From this perspective, we shall study the local convergence analysis
of an eighth order iterative technique, developed in [15], and which is described
as follows,

Yn = Tp — F/(-'En)_lF(mn)y

Zn = dj(xnvyn)a
(1~2) Tp+1 :Zn_Tyjl[zmymF][men;F]ilF(Zn)a
where ‘00" is a 4" order iteration operator, and T}, = 2[z,,, Yn; F| — [2n, Tn; F.
For any © € Q@ C R™, F'(x) : Q@ — R™ is the first Fréchet derivative [12], and
[, F]: QxQ— L(X, Y)is a divided difference operator of order one, where
L(X, Y) stands for the set of bounded linear mappings from X = R™ into
Y =R™.

Clearly, technique (1.2) involves derivatives or divided differences of order

not more than one, but the eighth order of convergence is proven in [15] using
the derivatives up to order nine. Our objective is to weaken the conditions of

[15] and to estimate the bounds on the convergence radius, which undoubtedly
extend the applicability of the considered technique.

In what follows, analysis is developed in section 2, which includes the
computation of bounds on convergence radius and defining the conditions for
uniqueness of solution. Some numerical applications are given in Section 3.
Section 4 contains the concluding remarks.

2. Analysis

To establish the local convergence analysis of technique (1.2), we first de-
fine some real parameters and functions. For Q = [0,00), let the following
suppositions (i-vi) hold.

(i) Equation:
Vo (t) —-1= 07
has a minimal root py € @ — {0} for some continuous and non-decreasing
function vg : Q@ — Q. Set Qo = [0, po).
(ii) Equation:
hi(t)—1=0,
has a minimal root R; € Qo — {0}, where hy : Qo — @ is defined by
) o((1 - 6)t)de
1-—- Vo (t)

for some continuous and non-decreasing function v : Qy — Q.

hi(t) =
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(iii) Equation:
hQ(ta hl (t)t) -1= Oa

has a minimal root Ry € Qo—{0}, for some continuous and non-decreasing
function hs : Qo X Qo — Q.

(iv) Equation:
’wo(hQ(t, hl(t)t) t, t) —1= O,

has a minimal root p; € Qo — {0}, for some continuous and non-decreasing
function wg : Qg X Qo — Q.

(v) Equation:
p(t) =1 =0,
has a minimal root ps € Qo — {0}, where p: Qo — @ is defined as,
p(t) = woha(t, ha(£)0)t, ha(t)t) + wi(t, ha(t)t, ha(t, ha(t)1)t),
for some continuous and non-decreasing function wy : Qg X Qo X Qo — Q.
Set Q1 = [0, p), where p = min{po, p1, p2}.

(vi) Equation:
hg(t) — ]. == 0,

has a minimal root R3 € Q1 — {0}, where hz : Q1 — Q is defined as

X

ha(t) = w(ha(t, hi(t)t)t, 1) w1 (t, ha(8)t, ha(t, ha (D))

ST T = wolha(t b (t)0), 1) T (1 — wo(ha(t, ha (L)L, 1))
% ’lUQ(hQ(t,hl(t)t)t)

A=ptey |00

for some continuous and non-decreasing functions w : @1 X @1 — @ and

wy 1 Q1 — Q.

We shall aim to prove that:
(21) R= min{Rl,Rg,Rg},

is the convergence radius for technique (1.2). Setting G = [0, R), and by the
definition of R, we have for all t € G,

(2.2) 0 < vo(t) < 1,
2. 0< wo(hz(t,hl(t)t)t,t) < ].,
(2.4) 0<p(t) <1,
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and
(25) 0< hl(t) <1, 0< hg(t,hl(t)t) <1, and 0 < hg(t) < 1.

By taking ‘a’ as center, we denote B(a, R) as a closure of the open ball
B(a, R) having radius equal to ‘R’. For the further analysis, ‘e’ is taken as the
simple solution of (1.1). Before we proceed to the main result, it is required
that the following conditions (C; — C5) hold.

Cy : For each z € (,
1F" () =H(F" () = F'())| < vo(llz = al)-
Set Qo = QN B(a, po) -
C5 @ For each x,y € Q,
1E" () HE" (y) = F' (@)l < v(lly — 2])),
and
[¢(z,y) — ol < ha(llz = all, ly — all) max{||z — af|, [y — all}.
Set Oy = QN B(a, p) .
Cs : For each z,y, z € (4,

1F" () ™! ([, 23 F] = F' ()| < wo(llz = all, |lz — all),
1F" () [z, 23 F] = [z, a5 FY)|| < wllz = ], [l = al)),
1F" ()™ ([, 93 F] = [z, 25 F)I| < wa(llz = ol ly = ell, 2 = al)),

and

1F" () " e, o FI| < wa(lz — a]).

Cy: B(a, R) C Q.

Cs : There exists R* > R, such that

1
/UO(TR*)dT <1
0

Set Qs = QN B(a, R*).
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Next, Conditions (Cy — C5) are used in the main theorem presented below.

Theorem 2.1. Under the conditions (Cy — Cs) and further choosing xg €
€ B(a, R) — {a}, the iterations {x,}, given by technique (1.2), exist and

remain in B(a, R) for alln =1,2,..., with lim,_, ©, = «, such that
(2.6) lyn — ol < hi(llzn — al]) llzn — ol <[lzn —all <R,
(2.7) [2n = all < ha(llzn = all, [lyn — al]) l2n — ol <llzn — o,
(2.8) and [#n41 = all < hs(|zn — all) [lon — o < [lzn —al|,

where the functions hi, ho and hs are defined previously, and R is defined in
(2.1). Moreover, the limit point o is the only solution of equation F(x) =0 in
the domain Qo given in (Cp).

Proof. Inequalities (2.6)—(2.8) shall be shown using mathematical induction
n’. Let u € B(a, R) — {a} be arbitrary. In view of (2.1), (2.2), and (C1),
we have in turn that

(2.9) 1" (a)TH(E" (w) = F'())]| < vollu— all) < vo(R) < L.
The existence of invertible mappings in Banach spaces (see [12]), together
with (2.9), imply that F'(u)~! € L(Y, X), so that

1

(2.10) |F'(u) " F(a)]| < T wllu—al)’

Consequently, yo exists by (2.10) for u = zg, and is well defined by the first
sub-step of technique (1.2) for n = 0. Then, we get

Yo —a=1x0 —a — F'(xg) ' F(xg) =
= /F’ YIF (x9) — F'(a + 7(z0 — a))] (xg — @)dT.
0
(2.11)

Using (2.1), (2.5), (Cs), (2.10) (for u = zg), and (2.11), we obtain the estimate
as,

Jo v((1 = 7)|lzo — al)) dr
1 —wo([|zo — )
(2.12) = hi([lzo — af)|lzo — af < [|zo — af < R,

lyo — all < [zo — ol =

which proves yo € B(a, R) C  and (2.6) for n = 0. Further, using the second
sub-step of (1.2) for n = 0, we have

(2.13) 20 — a =(xo,yo) —
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Then, by (2.1), (2.5), (C2), (2.12), and (2.13), we get
20 = el = [[¥(20,90) — all <
< ha([[zo — all, lyo — all) max{{lzo — ol [lyo — o} <
< ha([lzo — all, ha(llzo — alDllzo — al)llzo — of <
(2.14) < lwo =,
which proves zp € B(a, R) C  and (2.7) for n = 0.
For the existence of iterate x1, we shall first establish that T(;l7 [20,z0; F]71 €
€ L(Y, X). Using (2.1), (2.3), (2.4), and (C3), we have
[ ()™ H(To — F'(a))| <
< [[F' (@) ([20, y0; F] = F'()[|+
+IF (@) ([0, 903 F] — [20, 203 F])|| <
wo(llzo — el [lyo — all) + wi(llzo — all; lyo — el [0 — all) <
p(llzo —all) <p(R) <1

INIA

(2.15)

and
1F" ()~ ([20, 203 F] — F'(@))]| <

< wo(llz0 — af], [[zo — ) <

< wo(h2(llzo — all; ha([lzo — a)l[zo — al)lzo — &l lzo — af) <

<

(2.16) ’LUQ(hQ(R, hy (R)R)R, R) < 1.

Consequently, both T;;* and [2g, zo; F]~! exist by (2.15) and (2.16), respec-
tively, and moreover

1
(2.17) 1Ty ' F (o)) € ————»
0 L= p(llzo — )
and
I[20, 0;F] " F' () || <
1

(2.18) < .
1 —wo(ha([lzo — |, ha(llzo — el)llzo — al)l|lzo — e, [lzo — )

Thus, z exists, and is well defined by the third sub-step of (1.2) for n = 0.
Further,

T —a =z —a— [20,x0; F] 7 F(20)+
+ Ty H(To = [20, y0; F1)[20, %03 F] ' F(20) =
= [20, z0; F]™* ([20, 0; F] — [20, o F]) (20 — @)+
(2.19) + T4 ([20, ¥0; F] — [20, %03 F)) [20, T0; F] 71 F(20).
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Then, using (2.1), (2.5), (Ca), (2.14), and (2.17)—(2.19), we obtain that

w(llzo = all, [0 = o))

r1 — ol <
I = ol < | Tl = al [0 — o)

wi ([|zo — o, lyo — all, |20 — af)wa(]|z0 — )
(1 —wo(l[z0 — al, |lzo — a[]))(1 = p([|zo — «f]))
(2.20) < ha(llzo — all)llzo — ol < [Jzo — af < R,

Iz0 — afl <

which proves 21 € B(a, R) and (2.8) for n = 0. The induction process on ‘n’,
for the inequalities (2.6)—(2.8), is terminated if xq,yo, 20 and x; are replaced
by Zn, Yn, 2n and x,41 respectively. In view of this, the estimate

(2.21) Hxn-i-l - a” < 6”3% - a” <R,

where 8 = hs(||xzo — «f|) € [0,1), eventually proves that z,41 € B(a, R) and
lim,, oo T, = .

Further, we claim that the solution ‘@’ is unique in the domain Qs = QN
NB(a, R*), as defined in (C5). For this, consider u € Q5 such that F(u) = 0.
Then, by (C1) and (Cs), and for M = f01 F'(a—7(u — «a))dr, we get

1" ()™ (M = F'(a)| < [ vo(rllu—al)dr <

< [ vo(rR")dr < 1.

o O~

This proves the existence of M ~!, and ultimately v = « is obtained as,

0=F(u)— F(a) = M(u— a). |

Special case: To extend the above analysis, and further, for the purpose of
numerical testing, we study a particular case by considering the fourth order
iteration, developed in [8], at the second step of technique (1.2) as

w(znayn) = Yn — (2[ynaxn;F]7l - Fl(zn)il) F(yn)

For the existence of the iterate z,, for n = 0, it is required to establish that
the operator [yg,ro; F|~! exists. In this regard, using (2.1), (2.3), (2.5), and
(Cs5), we have

[ F ()~ ([yo, wo; F] — F' ()|l < wo(llyo — e, lzo — f]) <
< wo(h1([|[zo — al)lzo — all, lzo — af) <
(222) < wo(hl(R)R, R) <1,
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which implies that [yo, zo; F]~! exists, and
1

I < :
1—wo(llyo — e, [lzo — al))

(2.23) | lyo, zo; F]™ ' F'(c)

Further, we need to establish the definition of function hy : Qo X Qo — @
which should satisfy the inequality (2.14), where Qo and @ are defined already.
Using the equations (2.10) and (2.23) along with the conditions (C7) and (Cs),
we obtain

20 =l = [[¥(20,90) — | =
= |lyo — a — (2[yo, zo; F]~" = F'(z0) ") F(yo)| <
< [+ [[yos zo; F1 71 F/ () || ' ()~ (2F" (o) — [yo, xo; F])| %
X | F" (o) T F () |1 F" () [yo, o FIII] llyo — ol <
- [1 (14 2vo([lzo — el) + wo(llyo — all, [[wo — all)) wa(llyo — all)
- (1= wo(llyo — e, [[zo — l))(1 — vo([lzo — )
X |lyo — e <
(2.24)
< he(l[zo — afl, lyo — e[z — af| < [|zo — af| < R,
where,

(1 4+ 2v9(t) + wo(s,t)) wa(s)

hz“’s’{” (= wo(s. (1 — wo(1))

} ha(t).

Remark 2.1. To claim the eighth order of convergence for the technique (1.2),
instead of using Taylor series expansions, the term computational order of
convergence (COC) [6] is defined as

/1

Notice that, to compute COC, the knowledge of exact solution («) is re-
quired, but that may not always be known explicitly. In that case, the conver-
gence order can be determined using the approximated computational order of
convergence (ACOC) [6] as defined below,

/1

Apparently, no calculation of derivative is involved to determine the order
of convergence of an iterative technique, either by using COC, or ACOC.

xr+2 xr+1

COC =1n , foreachr=0,1,2,....

Try1 — @

'1:7“+2 Lr41 xr-&-l

ACOC =1n , foreachr=1,2,....

errl — Ty — Tr—1
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Remark 2.2. To demonstrate the numerical testing in the next section, we
shall use the approximation:

ly, x; F] =

%(F’(x) + F'(y)), or [y,x; F] = /F’ —x))db.
0

3. Numerical results

In coherence with the theoretical deductions, we provide here the parame-
ters and the estimated radius of convergence, as defined in Section 2, for each
of the following numerical examples.

Example 3.1. Initially, we take a look at the example given in the introduction
section. Note that o = 1/ is zero of this function. In this particular problem,
we can choose

vo(t) = v(t) = Lt, wo(s,t) =w(s,t) = —(s+1),

L

2
wy (1, s,t) = wo(r,t) +wo(s,t), and wy(t) =

> +1[80 + 167 + (11 + 121og 2)7?].

Then, we obtain the estimates as

Ry = 7.565x1072, Ry = 2.807x1073, Ry = 2.428x1072, and R = 2.428x1073.

provided L =

Example 3.2. Consider the domain R™, for any integer m > 2, equipped with
the max-norm ||z|| = maxj<i<,, |7;| for each = = (zy,...,2,,)7 € R™. The

. . Lo j=m
corresponding matrix norm is given by [[A|| = maxi<i<m )_j—; |ai;| for any
A = (aij)i<ij<m € L(R™). Now consider the following two-point boundary
value problem defined on the closed interval [0, 1] as,

(3.1) u” +u? =0,
u(0) = u(l) =0.
To transform the Eq. (3.1) into a finite dimensional problem, the following
divided difference approximations are used:
Wl Uit1 — 2};;1 + Uifl’
where u; = u(x;), ©; = 0+ih, and h = 1/k. Note that the boundary conditions

are considered as ug = up = 0. Therefore, Eq. (3.1) is transformed into the
system of nonlinear equations, F': R¥=1 — R¥=1 which is given by

foreachi=1,2,...,k—1,

ui+1—2ui+h2u?—|—ui_1:0, 121,27,]{3—1
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The Fréchet derivative at any point u = (uy,...,ux_1)" is given by
2h%u; — 2 1 0 e 0
1 2h%uy — 2 1 e 0
F/(u): 0 1 2h21L3—2 0
0 0 0 s 2h%up_q —2

Taking £ = 11 in particular, the above system reduces to 10 nonlinear equations
for which the solution is given as, a = (0,0,0,0,0,0,0,0,0,0)”. Consequently,
we can obtain that

1 (@)™ (F'(w) = F' ()] < 2= lu o]

for any u,v in the given region.
So, we can choose

30 15
vo(t) = v(t) = ﬁt’ wo(s,t) = w(s,t) = m(s +1),

wl(Ta Sat) = wO(Tv t) + U)O(S,t), and w2(t) =2,
and consequently, we obtain

Ry =2.6889, Ry =0.9975, R3 = 0.8630, and R = 0.8630.

Example 3.3. Consider the Hammerstein equation:

(3.2) z(s) = /1 G(s,t) <x(t)3/2 + ”””(2’5)2> dt,
0

where

s(1—t), s<t,

is the Green’s function, defined as a kernel of (3.2), in the domain [0, 1] x [0, 1].
In particular, we observe that

Gls,) = {(1 —s)t, t<s

1

/G(s, t)dt|| <

0

Clearly, a(s) = 0 is the solution of (3.2). By defining F: D C C[0,1] —
— C|0, 1], where D = B(0,1), as

ol —
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we simply have
Flayls) =) [ 6Gs.0) (3072 4200 it
0

But with F'(a(s)) = I, we get in turn that

IF(@) (F (@) = Pl < § (Gle =1 4o =)

therefore we can choose

vo(t) = v(t) = é (‘;tm + t) ,

1 /73 3
wo(s,t) = w(s,t) = T (2t1/2 + 551/2 + s+t> ,

wi(r, 8,t) = wo(r,t) + wp(s,t), and ws(t) = 2.

Finally, we obtain

R =2.6303, Ry =0.6027, R3 = 0.4797, and R = 0.4797.
4. Conclusions

An optimal eighth order iterative technique is comprehensively analyzed
to establish its local convergence in Banach spaces. Contrary to the usual
approach using Taylor series expansions, to study the convergence analysis,
we developed here the generalized results using the assumptions only on first
order derivatives or divided differences. Effectively, the applicability of given
technique is extended to a wider section of the problems. Further, estima-
tion of the bounds on convergence radius, both theoretically and numerically,
satisfactorily favor our analysis.
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