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Abstract. Motivated for the work of E.R. Love ([4], 1985) on integral
inequalities we produce general right side direct and reverse integral in-
equalities. We apply these to ordinary and right side fractional integral
inequalities. The last involves ordinary derivatives, right side Riemann-
Liouville fractional integrals, right side Caputo fractional derivatives, and
right side generalized fractional derivatives. These inequalities are of Opial

type ([5])-

1. Introduction

This paper deals with ordinary and right side fractional integral inequalities.
We are motivated by the following left side results:

Theorem 1.1. (Hardy’s Inequality, integral version [3, Theorem 327].) If f is

a complex-valued function in L" (0,00), ||-|| is the L™ (0,00) norm and r > 1,
then
(1) 1 jf(t) af| < < 171
T Tr—1 '
0
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Theorem 1.2. (E.R. Love, [4].) Ifs >r >1,0<a < b < oo, v is real,
w (x) is decreasing and positive in (a,b), f (z) and H (x,y) are measurable and
non-negative on (a,b), H (x,y) is homogeneous of degree —1,

2) (Hfﬂx%=/iﬂxyxﬂwdy

and

b -
3) 9= | [y e @ |
then
(4) IHf,. <Clflly,
where

3l

o [

bt

(5) C’:/lH(l,t) 7 /wa @)de|  dt.

a

Here ¢ is to mean 0 if a =0 or b = 0o or both; and bt is to mean oo if b = oo.

We present direct and reverse integral inequalities.
2. Main results
2.1. Partl

First we give direct right side results. We present the following direct general
right side result:

Theorem 2.1. If s> r>1,0<a<b< o0, v€R, w(x) is increasing and
positive in (a,b), f(z) and H (z,x) are measurable and non-negative on (a,b),
and (a,b)2, respectively, H (z,x) is homogeneous of degree —1,

b

(6) <Hnm:/H@wf@w,

€T
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and
b s

(7) 1£1, = / (@) o () de |
then
(8) IHfll, <Clfll,
where

L b -1
(9) C:=[HEHV)ET | [ 277w (z)da dt.

[reneil ]

Here g 18 to mean oo, if a =0 or b= oo or both; and at is to mean 0 if a = 0.

Proof. (i) Let = € (a,b).
Herexgngandlgigg. sett:g,thatisz:tx,andlgtg%
Infact 1 <t < %. By degree —1 homogenity of H we have

(Hf)(z) = /H (tx,x) f (tx) zdt =

b

x

= /:v_lH (t,1) f (tz) xdt = /H (t,1) f (tx)dt.

1
That is

b

x

(10) (H1) (@)= [ H (.01 (t2)t.

1

Using Minkowski’s inequality at (11), and the increasing property of w at (12),
we get

T

b

sl = | [ | [rensea] owma) <

a
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1
r

(11) s] /H(t,l)rf(tx)rﬁ*lw(:c)dz dt <

o>
3=

b

(12) < [HEG)E| [ fta) () ' w(at)tds | dt =
[rencrlf

b 1
L ;

b
(13) :/H(t,l)t—% (/f(z)rﬂ_lw(z) dz) dt <

1
1

z b v
(14) < /H(t,l)t’%dt (/f(z)rzvlw(z)dz) .

If s = r, this is the required inequality.

(ii) Assume that s > r. Applying Hélder’s inequality with indices & and
(Sfr) in the inside integral of (13) we get

/bf(Z)T 27w (2)dz = /bf(Z)r (W (2))" (2w (2) T dz <
b S /b -
< (/f(z)s 27w (2) dz) (/ 27w (2) dz) <

IN

(/b F(2)° 2w (2) dz) 7
— I£I ( / 7w (2) dz)

at

-
\@'
©
2
L
&
O
ISH
Q
~
I
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So we have (by use of (14) and (15))

2 b
|Hf|l, < [ HEt, D)t | [ f(2) 27 w(z)dz | dt<
[revf

(16)

3=
@ |-

b

< IIfHS/H(t,l)t—% /27_1w (2)dz
1

at
proving the claim.

Remark 2.1. If r = s, then (see (9))

(17) C:= /H(t,l)t*%dt,

independent of w.

We give

Corollary 2.1. Letr > 1 and f € L" (0,00). Then

(18) [ L4l <ris,.

Proof. Apply (8), witha=0,b=00, 2 € Ry, vy=1,s=7r>1, w(x)=1,

and H (z,7) = 1

We continue with a right side fractional result.

Theorem 2.2. If p>0,¢>0,p+qg=r>1,0<a<
increasing and positive in (a,b), f (x) is measurable and

b

(19) Ig f(x) = /

€T

(Z - x)ozfl

ra—f ()

where T" is the gamma function, a > 0,

I f () =f(x),

T

dt = C|fll,

b<oo,v>0,w(x)is
non-negative on (a,b),
1" is the right Riemann-Liouville operator of fractional integration defined by



34

G. A. Anastassiou

and If_f is defined similarly for B > 0, then

where

(21)

Proof.

b
J s @) (15 @) et @) e <

b

< C’*/fr (z) 27w (x) du,

a

o b—a (ap+Bq) 1
U a Ira+1)

Consider H (z,2) = Goo)* % 4 <z < 2 < b. Notice H (tz,tx) =

25T (o) ?

=t"'H (2,7), so that H is homogeneous of degree —1. Here we consider

b
= [ i g0,

and by (8) we have

(22)

where

(23)

That is

(24)

le—ore s @), < Al

Therefore it holds

(25)

(b a)°
A<a0‘F(a+1)
leerz r @), < 2=y

r= @l {a+1)
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and

(b—a)’
ro aﬂl"(ﬁ-i-l)

Using Holder’s inequality with indices % and év we get

(26) |o=2 11 @) 171, -

b

/ (e g f @) (2771 f (@) 7w (2) do <

P a
r b P

b
< / (27 f (2)) 27w (2) da / (x_ﬁjf_f (:v))r 7w (z) dx

a

= [le=er s @I ||l s @) <

(b= \" (=0 "
< (ArLs) (aﬁr(ﬂﬂ)) L7 171 =

(b _ a)ap+,8q

(27) ~ it M

proving the claim. |
We continue with

Corollary 2.2. If p >0, ¢ >0, p+q¢g=r>1,0<a<b<oo,vy>0,
w (x) is increasing and positive in (a,b), f(x) is measurable and non-negative
on (a,b), I is the right Riemann-Liouville fractional integral, oo > 0, then

b

/(I?_f(x))pf(x)qx”*ap’lw (z) dx <

(28) : b
b—a\" 1
< r y—1 .
() may Jr @ e
Proof. By Theorem 2.2 for § = 0. |

We also give

Corollary 2.3. Herep,q >0, p+qg=r>1,0<a<b<oo,v>0, w(x)
is increasing and positive in (a,b). Let f € AC™ ([a,b]) (i.e. fOY is abso-
lutely continuous), n is even and f > 0. Assume further that f*) (b) = 0,
k=0,1,....,n—1. Then
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b

[ @ (5 @) e @ dr <

If v=1, w(z) =1, we have

/bfp (x) (f(n) (J:))qas*”pdx < (baa>”P nl')r /b (f(") (x))de.

Proof. Since f € AC™ ([a,b]), x € [a,b], we have that (Taylor’s formula)

x

= W) k 1 n—1 ¢(n)
(31) f(z) = kZ:o o (x—0b)" + =1 /(33 =" M (1) dt.

By the assumptions we get that

b

/ (t— )" f () dt = 1P f ().

€T

1

(32) f (@)= m

Here we have that there exists f(") almost everywhere and f € L, ([a,D]).
Direct application of (28) produces (29). [

Remark 2.2. Since a <z < b, by (30) we easily get that

(3) / ) (10 @) ar < (L) /bf(”

Setting p = ¢ = 1, we have

(34) / f (@) £ (2) dx < (b(ba‘ “))n (nll)g /b (5 @)’ da.

a

which is a ride side Opial’s type inequality.

We would like to formalize the last result.
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Corollary 2.4. Let 0 < a<b< oo, f € AC™ ([a,b]), n is even and f™ > 0.
Assume that f*) (b) =0, k=0,1,....,n — 1. Then

(35) /b F@) 1 o < (25 "))n <n1!>2 /b (1 @)’ dao

a

We specialize (35) as follows:

Corollary 2.5. Let f € AC?([1,2]), with f?) > 0. Assume that f(2) =
= f"(2)=0. Then

2 2
(36) 1/ @) 1 (@ 1/ (5 (@

We need

Definition 2.1. ([1], p. 336.) Let f € AC™ ([a,b]), m € N, where m =
= [a], a > 0 ([-] the ceiling of number). We define the right Caputo fractional
derivative of order «, by

(37) Dy f(z) = ()" ;" “f™ (x), Vazelab],

that is
(38) Dy_f(2) = =—"—

We mention the right Caputo fractional Taylor formula:

Theorem 2.3. ([1], p. 341.) Let f € AC™ ([a,b]), = € [a,b], a >0, m = [«a].
Then

1)

,_.

m—

®) (
f x—b

Z—xalDb f(2)dz

\@

(39)
k=0

2) in case of f*) (b) =0, k=0,1,....,m — 1, we have

b
(40) / z—x)"" 1D0‘ f(z)dz = (IbOL (Dg‘ff)) (x),

Ve lab].
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We present

Corollary 2.6. Let p,g >0, p+qg=r>1,0<a<b<oo,vy>0, w(x)is
increasing and positive in (a,b), « > 0, m = [a]. Assume that f € AC™ ([a,b])
such that f®) (b)) =0, k=0,1,....,m — 1 and D¢ f >0 over (a,b). Then

b

/ (F @) (D5 f) (@) 27" Y () di <

(41) ’ b
b—a
< 7=l .
< ( u > ACES)) / " (@) da
Proof. Apply (28) and (40). [ |

We continue with

Definition 2.2. ([1], p. 345.) Let v > 0, n := [v] ([-] integral part), a« = v —n,
0<a<l, feC(a,b]). Consider the subspace of functions

(42) Gy (b)) = {f € C (la.b]) : Z2F) € C ([a, b)) }
We define the right generalized v-fractional derivative of f over [a,b] as
(43) Dy_f= (-1 (o)
That is
n—l b
(44) (Eif)(:vbrniyﬂé/ 2" 1O () dz

Vaelab.
We need the following right fractional Taylor formula.

Theorem 2.4. ([1], p. 348.) Let f € CY_([a,b]), v >0, n = [v].
1) If v > 1, then

®) ( .
(45) Z e+ (05) @)
vV x € la,b].
2) If 0 < v <1, then
(46) f(x) =1y _Dy_f (),

Ve lab].
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We make

Remark 2.3. By Theorem 16 we have: for f € C}_([a,b]), v > 0, n = [v], we
get that f (z) = I{j_ﬁbyff (x), ¥z € [a,bl], given that 0 < v < 1, or v > 1 and
f® () =0k=0,1,...,n—1.

We present

Corollary 2.7. Let p,g >0, p+qg=r>1,0<a<b< oo,y >0, w(x)is
increasing and positive in (a,b), v > 0, n = [v]. Assume that f € C}_([a,b]),
in case of v > 1 we have that f® (b)) =0, k = 0,1,....,n — 1 and ﬁZ_f >0
over (a,b). Then

b

[@r (Prs) @) e @ e <

(47) ‘ . )

- (b;a> I <y1+ 1)/(@5*]”) (@) 277 (2) dr,
Proof. Apply (28) and Remark 2.3. -
2.2 Part II

Next we get reverse right side results.
We present

Theorem 2.5. Let 0 <r <1,0<a<b<oo, f(x) and H (z,z) are measur-
able and non-negative on (a,b), (a, b)z, respectively, H (z,x) is homogeneous of
degree —1,

b

(43) (1) @) = [ H(z0) ()
and

b
(49 ey = | [ 77 (@) da

We suppose that |[Hfl], [, ,) < oo and H (t,1) f (tx) > 0, for almost all t €

€ [1, L], for almost all z € [a,b], and H(t b

€[1,2].

||fH laty) < 00, for almost all t €
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Then

(50)

/H

1

Proof. For a < x < b, the homogeneity of degree —1 of H gives

x)= [ H(t1) f (tx)dt,
/

Whereargng,1§§§%,settingt:

z thenzfta: and 1 <t < b . Infact
1<t<?®

Using the reverse Minkowski mtegral inequality ([2]) we obtaln

r

IH fll a0 = /b jH(t,l)f(tx)dt de | >
&1 Z/Z /H(tl)rf(tw dx / o) jf(tm)Ttdx Tdt:

o

t
1
a 1 a
Fren [
H(t1 " H(t
=/ ‘ =/f(y dy| di= / - AT
1 at

proving (50).
Next we apply Theorem 2.5.

We give

Proposition 2.6. Let 0 < r < 1,0 < a <b < oo, « >0, f(x) is mea-
surable and non-negative on (a,b). Assume that ||ac*aIg‘_

x)Hr,[a,b] < 005
(t—1)*"" f(tz) > 0, for almost all t € [1,2], for almost all z € [a,b] and
(ttli)al 1l (at,0 < 00, for almost all t € [1,%]. Then
b
—aga 1 / (t — 1)0t—1
e @l 2 gy [ Wb
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Proof. Consider here H (z,2) = %, a<x<z<b, then (Hf)(z) =

=2~ I f(x). Finally we apply Theorem 2.5. [ |
We give a reverse right side fractional integral inequality.

Theorem 2.7. Let 0 < r < p, withr < 1,0 < a <b < oo, f is measurable
and non-negative on (a,b) such that f(x) > 0 almost everywhere on [a,b],
a > 0. Assume that Hm_aIbOLf (z) <00, and |||, 41,4 < 00, for almost

allt € [1, 3] Then

Hr,[a,b]

b
/ (I f ()P (f (@) P&~ “Pda >
(53) o )

1 (t—1)*""
> i | ] o Wl | 11132

r
1

Proof. We will use Proposition 2.6.

Here 0 < r < p, hence 0 < ]13 < 1, also ip < 0, and f(z) > 0 almost

T
everywhere in [a, b]. Next we apply the reverse Holder’s inequality:

b

[ @ @y ¢ @i

a

b T /b =E
sy o / (I f) (@) da / (F@) de| =
= [la= (T ) @)} 0y 17y =
b p
1 (t—l)a_l
> @ / s T
proving the claim. m

Next we give some reverse right side Opial type inequalities.

We start with an ordinary derivatives result.

Corollary 2.8. Let 0 <r < p, withr <1,0<a<b< oo, f € AC™([a,b]),
n is even and ™ > 0 on (a,b) with f™ > 0 almost everywhere on [a,b].
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Assume that f*) (b)) =0, k = 0,1,...,n— 1, and ||z~f @), q,p) < 00, and

(| £, (ar,p) < 00 for almost all t € [1,2]. Then

b
[u@y (0 @) e i >

(55) ® P
e ([ I ) b
- ((n— 1)')17 / tr r,[at b] r[a, b]
Proof. Apply Theorem 2.7 and see the proof Corollary 2.3. |

We continue with fractional reverse results.

Corollary 2.9. Let 0 < r < p, withr < 1,0 < a < b < o0, a > 0,
m = [a], f € AC™ ([a,b]), such that f*)(b) =0, k = 0,1,...m — 1, and
D¢ f >0 over (a,b) with D" f > 0 almost everywhere on [a,b]. Assume that
2= f (@)l a5 < 00, and HDl?—er,[at,b] < 00, for almost all t € [1,2]. Then

(f @) (D§_f ()" " 2= Pda >

—

<t

(=)

=
H\g‘v Q \@

P
1 (t _ 1)0[71 o
Z I'p (Ot) t% HDb*er,[at,b] dt HDb f|| J[a,b] *
Proof. Use of Theorem 2.3 and Theorem 2.7. [ |

We finish with
Corollary 2.10. Let 0 < r < p, withr < 1, 0 < a < b < o0, v > 0,
n =[], f €l ([ab]), for either 0 < v < 1, orv > 1 and f* (b) = 0,
k =0,1,....,n — 1. Suppose that 5Z_f > 0 over (a,b) with E:_f > 0 al-
most everywhere on [a,b]. Assume further that |7 f ()|, 4 < oo, and

Hﬁ”,

< 00, for almost all t € [1, g] Then

r,[at,b]
b
— r—p
[u@y (B 1@) "o
(57) b p
1 f(t—1)""" P
> - D’ dt HD - .
—Ir (I/) / tr ‘ b f r,[at,b] b f r,la,b]
1
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Proof. Use of Remark 2.3 and Theorem 2.7. [ |
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