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Abstract. In this paper we consider pentadiagonal (n+1) x (n+1) matri-
ces with two super-diagonals and two sub-diagonals at distances k and 2k
from the main diagonal. We give an explicit formula for their determinants
provided that (n+ 1)/3 < k < n/2. We consider the Toeplitz and “imper-
fect” Toeplitz versions of such matrices, and give explicit formulas for their
determinants. We also show that the inverse matrix can be obtained as the
product of an upper triangle matrix with two super-diagonals, a diagonal
and a lower triangle matrix with two sub-diagonals.

1. Introduction

Let n,k, ¢ be given positive integers with 1 < k < £ < n and denote by
M., the set of n x n complex matrices. Consider the pentadiagonal matrix
Ao = (a;5) € Mp4q where for i, j =0,1,...,n,

L; itj—i=—

I ifj—i=—k,
) di ifj—-i=0,
Y=Y o ifj—i=k,
R, ifj—i=1¢,
0  otherwise.
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Notice that the numbering of entries starts with zero. We also denote the
matrix Ao by Ap41k.¢(L,1,d,r,R) and denote by Dy = Dy41 50(L,1,d,r,R)
its determinant where the diagonal vectors L,1,d,r, R are defined by

L - (LO7 AR 7L7l_‘€)7 l - (l07 R | ln_k)’
d = 0y+-+-yUn),
R = (Ro,-.-,Rn—v), v = (roy...,Tn—k).

We will refer to the diagonal vectors L,1,d, r, R as fth sub-diagonal, kth sub-
diagonal, (main) diagonal, kth super-diagonal, ¢th super-diagonal, respectively.
If L, R are zero vectors then our matrix becomes a tridiagonal one denoted
by An11x(1,d,r) and its determinant by D41 (1, d, ).
If 1 <k = /¢ < n, then the two super-diagonals and the two sub-diagonals
“slip together” and our matrix becomes a tridiagonal matrix
Ant1ee(LLdr,R) = Apy1 k(L +1,d,r + R)
and its determinant Dy = D,,11 (L +1,d,r + R).

We shall call A, 41%0(L,1,d,r,R) a (general) k,¢-pentadiagonal matrix
while A, 41 £(1,d,r) will be termed as k-tridiagonal.

In [6] we developed a method to reduce the determinant of k, {-pentadiagonal
matrices to tridiagonal determinants provided that k +¢ > n+ 1. If &k >
> (n + 1)/3, then by suitable matrix multiplications we can reduce a k,2k-
pentadiagonal matrix to a tridiagonal one. A similar reduction of tridagonals
leads to diagonal matrices. In this way we get an explicit formula for the
determinant of a general k, 2k-pentadiagonal matrix.

In case of Toeplitz pentadiagonal matrices the diagonal vectors are con-
stant vectors, i.e., L = (L,...,L), R = (R,...,R) € R*T=¢ 1= (1,...,1),
r=(r,...,7) € RP"1=*k d = (d,...,d) € R*! and for the matrix and its
determinant the notations A, 11 ¢(L,l,d,r,R) and D11 ¢(L,1,d,r, R) will
be used.

For “imperfect” Toeplitz matrices (the term used by Marr and Vineyard [9])
the main diagonal is

(d—a,...,d—a,d,...,d,d—f3,...,d— () € R*"!
—_—

k n+1—-2k k

while the other diagonals are the same as above. To indicate the “imperfectness”
we add a superscript (“#) to the notation of Toeplitz pentadiagonal matrices.

Thus an “imperfect” k, 2k-pentadiagonal matrix Ag;if)k or(L,1,d,r, R) has the
form
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d—« r R

L o Cd-3

As far as we can tell, the first particular k, /-pentadiagonal Toeplitz matrix was
studied in 1928 by Jend Egervary and Otto Szasz [3]. One of the matrices they
considered was A, 41 k.¢(0,& —\, €,0) with k+¢ = n+1 and |¢| = |§| = 1. Their
result has been largely ignored in the pure and applied matrix theory as we can
see e.g. in [2, 10]. For some other papers on the topic, the reader is refereed to
[1, 6, 11, 12]. An interesting graph theoretical approach can be found in [7, 5].
An exhaustive list of recent references is given in the survey [4].

Our paper was inspired by Marr and Vineyard [9] who have shown that the
product of two 1-tridiagonal Toeplitz matrices is an imperfect Toeplitz matrix
Aslo_ti)m which is related to the corresponding Toeplitz matrix by a two-step
recursion. In this way they succeeded to express the determinant D, ; 12 of
1, 2-pentadiagonal Toeplitz matrix in terms of Chebyshev polynomials of second
kind. A similar approach was used in [13] to find a formula for the inverse of

a 1, 2-pentadiagonal Toeplitz matrix.

2. Reduction of general k,2k-pentadiagonal determinants to
tridiagonal ones

Our starting point is the matrix A9 = An415,26(L, 1, d,r,R) where 1 < k <
<2k<nand k+2k<n+1lie, (n+1)/3<k<n/2<(n+1)/2. Let us
define the matrices B = (b;;),C = (¢;5),F = (fi;), G = (gij) of M, 41 by
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1 if i=j,

ifi=j+k,j=0,....,k—1,

0 otherwise,

1 ifi=j,

) =L ifi=0,.. k=1, j=i+k,

0 otherwise,

1 if i=j,

fii= —d? if i=j42k,j=0,...,n—2k,
J

0 otherwise,

1 if i=j,

O s if i=0,...,n—2k, j=i+2k,

0 otherwise.

Performing four matrix multiplications (for some details see [6], Theo-
rem 3, (i)) we get the matrix Ay = FBA(CG = E; @ A} where E; € M,
is a diagonal matrix with diagonal elements do,...,dr_1 and

AT = Ay s (LD 1D d® 0 pOYZ 4 (LD 1D g 31 RO

is tridiagonal, where the iterated diagonal vectors are

LM (_LoTo _Ln—2krn—2k>
dy " dpn_ok ’

1D = (1, k)

lor lp_17Tk— LoR Lnf kRn72k
do — (g, 200 4 klTE—1 g0 2070 od,— 2
( k do 5 y U2k —1 dk;_l s U2k do } ) dn—2k
r) = (Phy e ey k) s

R — (_Rolo _Rn—len—Zk) '
dy 7 dp—_ok
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3. Further reduction to diagonal matrix

The matrix A; can be reduced to a diagonal matrix with two matrix mul-
tiplications. Define the matrices U = (u;;),V = (vij) € Mp41 by

1 ifi=j
li — Lj—grj—i/dj—r ... . :
Up; = - ifi=44+k, j=k,...,n—k,
’ dj = likrj—k/djk S
0 otherwise,
1 ifi=j
ri— Ri_pli—p/dick ., . .
vy = — ifi=k,...,n—k, j=i+k,
! dj — li—krimi/di—k J
0 otherwise.

Multiplying A; from the left by U, then from the right by V' we get a diagonal
matrix As = UA;V with diagonal

(3.1)
do, ..., dy1,
loro le1mk
dk_77'-'7d2k71_ 9
do di
_ Loro _ Rolo
o, LoFo (lk do ) (T’“ do )
2k — - loro )
dO dk - W
o — Ly okrno2k ro Ry okln2k
d L n—2k Rn—2 k nk dn—2k n—k dn—2k
U dya d. . _ ln2kTnak ’
i dn—2k

where in the above lines k,k,n + 1 — 2k elements are listed. Because the
determinants of the matrices B, C, F, G, U,V all are 1’s, the determinant of our
general pentadiagonal matrix A, 41,k 2k is the product of the diagonal elements
of As. To calculate this product we multiply the elements of the first two groups

pairwise, to obtain

dody, — lorg, ... dp—1dog—1 — lp—178—1.
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Simplifying the general term of the third group we get, for j =0,...,n — 2k,

Ly Bl
LjRj _ (lk+] d; ) <7Ak+j dj ) B

dj

dok+j —

_ djdyndjion —djlyer i — L Ridik —Urjdpon +1i Ryl +15 Ly

djdﬁ_k— lj?“j
Thus we have proved

Theorem 3.1. Assuming (n+1)/3< k <n/2 the determinant
Dn+1,k,2k (L7 la da r, R)

of the general k,2k-pentadiagonal matriz is

(3.2)
n—2k
[ @jdindiion—djlinrion— L Ridje —lirjdion+1 Ryl 75 Ly i)
j=0
’ k—1
[T (djdjr—1;r5)
j=n+1-2k

Remark 3.1. During the calculations above we have to assume that numbers
appearing in any denominators are not zero. Unfortunately it seems quite
complicated to describe these assumptions in terms of the entries of the matrix.
However, formula (3.2) is valid without these assumptions. Namely if any
number say d; appearing in any denominator is zero, then replace it by d; #0
and continue the calculation, to arrive to the formula corresponding to (3.2).
Taking the limit d; — 0 = d; and then continuity arguments, we arrive to
(3.2), in which d; = 0 has to be substituted.

4. k,2k-pentadiagonal Toeplitz and "imperfect" Toeplitz
determinants

In the case of k,2k-pentadiagonal Toeplitz matrices the diagonal vectors
are constant, vectors. Hence the determinant of such matrices can be obtained
by substituting L; = L,l; =1,d; = d,r; = r,R; = R, (for all possible values
of the indices j) into (3.2) which gives

Theorem 4.1. Assuming n+1)/3 < k < n/2 the determinant of the k,2k-
pentadiagonal Toeplitz matriz A, 11k ok(L, 1, d, 7, R) is

(41) (& = (LR+2r)d+ B2 + Lr?)" "7 (@2 — 1) 0
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The case of “imperfect” Toeplitz determinants is a little bit more com-
plicated as here dy = -+ =dp—1 =d—a,dy, = -+ =dp_ = d, dpy1-x =
= =d, =d—-p,L; =L, R =R, (j =0,....n—2k), I, =1,
rj =7 (j =0,...,n—k). Thus in the first product of (3.2) we have to
substitute d; = d — a,dj+ = d,dj+or = d — 8. In the second product of (3.2)
we have to substitute d; = d — «, dj4r = d — 8. With this we have proved

Theorem 4.2. Assuming (n+1)/3< k<n/2 the determinant of the “imperfect”

Toeplitz k, 2k-pentadiagonal matriz Aff_‘f)k oL, 1, d,r, R) is

(d3—(a+5)d2_(LR+2lr—aﬁ)d+(a+5)lr+Rlz+LT2)n+172k_

(4.2) (= (@ + Bd+af—r) ),

Denote by A1, Ao, A3 and Ay, A5 the zeros d of the first (cubic) and second
(quadratic) factor of (4.2) respectively. Then the eigenvalues of the matrix

Agfif?k,%(L,l,O,r, R) are —A1, —Xo, —A3 with multiplicities n + 1 — 2k and

— A4, — A5 with multiplicities 3k — (n + 1).

5. Another form of k,2k-pentadiagonal Toeplitz and “imperfect”
Toeplitz determinants

We can express the determinants (4.1) (4.2) in terms of Chebyshev poly-
nomials. It is enough to deal with (4.2) as (4.1) can be obtained from it by
a=p=0.

For “imperfect” Toeplitz matrices the lower and upper vectors of the tridi-
agonal matrix A} are

Lo 10 = (oI B g
d—a’ 7 d—a ’
RO 4@ — (p_ B BN pasiok,
d—a’ " d—a«
The main diagonal dV) ¢ R+1-k ig
Ir lr lr Ir LR LR
d— e d———,d—p— ced—p———,d—p———,...,d—p——).
( d_a7 ) d_a’ /B d_a’ b ﬂ d—a’ /8 d—a’ bl /8 d—a)
nH—2k 3k—~(n+1) -2k

If k = (n+1)/3 then the middle part is empty, if k& > (n+ 1)/3 the the middle
part contains at least one element.
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The matrix A} (with n+1=11,k =4 is a 7 x 7 matrix) has the form

— r— 2L

d— d—o
_ i o BL
d—o . d— R
d— r— 1L
d—« d—«
d—p—1-
L o LR
i
= d—p—Za .
T
= d—p—Za i
T
-2 d—B—74

Evaluating the determinant D7 of this matrix by using Theorems 1, 2 of [8] we
get that

(5.1) DD, (Ll d,r,R) = (d— a)*Di = (d — a)* D!, D77

where forn+1—k=kq+p, (0<p<k)andfor ¢g=0,1,...

v a+b v ab v
Dq,l :UQ+1 |:Uq+1(20.)+ Uq(%’)+o'2Uql(20-):| =
a+l b b
= Zinﬁ [sin(q +2)0 + ot sin(g + 1)9 + Zzsin(qﬁ)} .
L RI l
Withs:l—ir,t:r— o =stv =d—f— r,a:ﬁ,
l IR d—« d—« d—«
b= Td_i Uj is the jth Chebyshev polynomial of the second kind, ¥ € C
—«

is such that v = 20 cos¥ (sind # 0), and st # 0, v # £20 are assumed. If
v = £20 then we have to take the limit as ¥ — mm with ¥ = (=1)™20,m € Z.
Due to our assumptions on n, k either (i) (n+1)/3 = k,q = 2,p = 0 or (ii)
(n+1)/3 <k,g=1,p=0. In these cases the exponents of D, and D,_11
in(5.1) arep=0=(n+1)—3k,k—p =%k = (n+1)— 2k in case (i) and
p=Mn+1)—2k,k—p=k=3k—(n+1) in case (ii).

Hence the new form of the determinant in (5.1) is in both cases (i), (ii)

@-aypois [, (L) o (L) 5 2y (L)

o (5,)+ 5 (5;)

Substituting the values s,t,0,a,b,v,9,q into e.g. the trigonometric form of

] (nH1)-2k

(5.2)
]Bk(n—H)
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D, 1 we get after some simplifications that

d> — (a+B)d+aB —Ir
d— o« ’

Dy =v2—0?+(a+bv+ab=

DO,l :U+G,+b:

d® — (a+ B)d* — (LR +2lr — af)d + (a + B)lr + RI*> + Lr?
d—« '

Using these and (5.1) we get the same result for the determinant as in (4.2).
6. Remarks on the inverse of Ag = Ay,41.k,2k

We have seen that UFBAyCGV = D where D is a diagonal matrix which
is invertible exactly if none of its diagonal elements listed in (3.1) are zero.
Assuming this Ag is also invertible and

(6.1) Ayt =CGVD 'UFB.

All matrices (except D~!) appearing in (6.1) have determinant 1, and writ-
ing them in forms B = EF + B,,C = F+ C,F = E+ F1,G = E + Gy,
U=FE+U,,V =FE+V;, where E € M, is the unit matrix, their inverses
are F— B, FE—-Cy,E—F|,E—Gy,E — U, E—Vj respectively, moreover the
product matrices

(6.2) UF\By, Ui Fy, BBy, CiGiVa, CiGh, GhFy

are all zero matrices, while Uy By contains only one (nonzero) diagonal below
the main one and C1V; also contains only one (nonzero) diagonal above the
main diagonal. Hence we get for the inverse of Ag:

Aal (E-I—Cl)(E-l-Gl))(E"FVl)D*l(E+U1)(E+F1))(E+Bl)

(6.3)
=(E+C1+G+Vi+CiV)) DY (E+U +F+B,+U. By) .
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Using the definitions of By, C4, Fy, Gy, Uy, V; we obtain that the factor ma-
trices S = (s;;) and T = (t;;) on the left and right side of D! in (6.3) are

1 if 1 = j,
— ifi=0,.. k-1, j=i+k
Ry _pliy
_17;’“ ifi=k,....n—k j=i+k,
5 — dz_ i—kTi—k
" di—y
(- %)
Titk — T
R; i e o
—— + d ifi=0,....,n—2k, j=1+4 2k,
d; d: . lirs d
i+k dz 7
0 otherwise
1 if i =7,
l; e .
—— ifi=j+k j=0,....k—1,
d;
I — Lj,ij,k
J d;—r e .
_l—’]"k le:]+k7j:k,...7n—]f7
tzj = dj j;lk ka
i
Lir
Lo (-5
=24 J ifi=7+2k 5=0,...,n— 2k,
o <dj+klm) d;
d;
0 otherwise.

Thus we have proved

Theorem 6.1. Assuming (n+1)/3 <k <n/2 and that all diagonal elements
in (3.1) are different from zero the determinants S,T are well defined and

Aniipon(L,l,d,r,R)™" = SD™'T.
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