Annales Univ. Sci. Budapest., Sect. Comp. 50 (2020) 167-172

A REMARK ON UNIFORMLY DISTRIBUTED

FUNCTIONS
Karl-Heinz Indlekofer* (Paderborn, Germany)
Imre Katai* (Budapest, Hungary)

Oleg I. Klesov* (Kiev, Ukraine)
Bui Minh Phong* (Budapest, Hungary)

Dedicated to the memory of Professor Janos Galambos

Communicated by Jean-Marie De Koninck
(Received October 30, 2019; accepted January 9, 2020)

Abstract. A sufficient condition is given for which a function is uniformly
distributed.

1. Introduction

Let, as usual, N, Z, R be the set of positive integers, integers and real
numbers, respectively.
Let g(n) € (0,00),

(1.1) S():= > 1L

ng(n)<z

Our purpose in this short paper is to give quite general condition for g(n)
which guarantees that

:C’7

(1.2) lim &)

e

where C' is a positive constant.
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Theorem. Assume that g has a continuous limit distribution F', for which

(1.3) du < oo
0/ v

and that

Fy(u) *ﬁ{n<wlg ) <u}=F( )+O<(1°g1‘1)gx)2>

uniformly in uw € R. Let furthermore

(1.4) g(n)loglogn > C (> 0) if n > 10.

Then (1.2) holds with C = [ £4 qy.
0

2. Proof of the theorem

From (1.3) we deduce that lim, o Fi“) =0.
We have
1 17 TF
fZ—zfﬂdu%/ﬂdu as T — oo.
x (n) u? u?
nsz 0 0
Let € > 0. Then
1 U 1 1
Fy(u) < = —— =u-— — < ue,
W< 2 @™ 2w
g(m)<u 151
g(n) = u
whenever u < ug(e), and so F(u) = o(u) as u — 0.
Thus ) ) ) P
lim — sup( Z ) = lim sup M =0,
u—0 u x>1 new g(’u) u—0 :Ezl u
a0 2w
from which it follows that
. F(u)
lim = 0.
u—0 u

It is clear that

(2.1) sup ! [(z+ 02)Fyisp(u) —aFy(u)] — F(u)| -0 as x — oo,
s,<0<1 | 6%
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where 6, — 0, appropriately. That is, there exists such a d, tending to zero,
for which (2.1) holds.

From (2.1) we obtain

(2.2) sup sup ‘—]j{n € [z,x +vx],g(n) < u} —F(u)‘ —0 as z — oo
weER §, <v<1

Let
Bi ={n e€Nl|g(n) <1} and By ={n € N|g(n) > 1},

Zland Yy = 21.

ng(n)<w ng(n)<w
neBy neBy

Estimation of Y¥,. If F(1) = 1, then X5 = o(z). Assume that F(1) < 1. Let
Yo =14vd (v=0,...,kKs), where k50 — oo, arbitrarily slowly. Let

Il/ = [yu7yu+1)'
We have

fzz Z > 1+0<i > 1):

g(n)Ely n< -
ng(n)<z Yrs

_Z Z<u>+0( )
Yrs

Since
¥ = § < § 1 and X > § 1,
g(n)ely g(n)ETIu g(n)erlu
ng(n)<z n< ot n<m
we obtain

1 S F(yv+1) — F(yv) F(yvi1) — Fyv)
= +0(4 +04(1).

T yz::o Yv uz:o YvYv+1 ( )
Let us observe that the first error term is O(9).

The first sum on the right can be rewritten as

_F(90)+F(y1) (1—1)—|—F(y2) (3/11_1)+...:

Yo Yo 0 Y2
- F(1+ 6h)

= —F(1)+94
}; (1+6(h—1))(1+6h)

+ 0.(1).
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Consequently,

1 TF
lim =%, = —F(1)+/ (;”)du.
r—00 I U

1

Estimation of ;. If F(1) =0, then lim,_, %21 =0.
Assume that F(1) > 0. Let

M = [loglogz]+1 and Hk{k k+1].

M M

Since

>

g(n)eHy,
ng(n)<z
is in between
E 1 and E 1,
n< £ n<zM
neHy neEHy

it is at most

and at least

M-—1
1 1 k+1 k M
QD= X 1+ I(F(M)_F<M)>k+

therefore

g(n)<ﬁ k=
ng(n)<w
M—1
kE+1 k M
1 Fl— | -F[—
ow 3 (#(57) - (37)) 32 o0

The first sum on the right hand side is empty, whereas the second sum can be
rewritten as

M-1 L
F( >M+MZ — L EOM qug)du—I—F(l)—koz(l).
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Finally one can see that the last error term is

(&) 1 k
7 1 1 F(+%)
M _ M) _
<<MZ - ZE (&2 = 0z(1).
=2 \M
Consequently,
1
F
lim E / (g du + F(1),
T—00 I u
0
thereby completing the proof of the theorem. |
3. Remarks

1) The conditions stated for g(n) are satisfied for many functions, namely

for
_(pn+a)\" p(n+a)\"
R e N el
n—+ ay n -+ ap
where ay,--- ,ap € Z,ky,--- ,kp € 7Z, and for
¢ k;
_ U(ﬂ+aj)>"
g<n>—jr_[1( )

Here ¢ is the Euler function and o is the sum of divisors function.

2) We note that according to the theorem of H. G. Diamond [1]

% > :F(a)+0<10;x>’

o) g

where F is a distribution function.
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