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Abstract. A sufficient condition is given for which a function is uniformly
distributed.

1. Introduction

Let, as usual, N, Z, R be the set of positive integers, integers and real
numbers, respectively.

Let g(n) ∈ (0,∞),

(1.1) S(x) :=
∑

ng(n)≤x

1.

Our purpose in this short paper is to give quite general condition for g(n)
which guarantees that

(1.2) lim
x→∞

S(x)

x
= C,

where C is a positive constant.
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Theorem. Assume that g has a continuous limit distribution F , for which

(1.3)

∞∫

0

F (u)

u2
du < ∞

and that

Fx(u) =
1

x
�
{
n ≤ x|g(n) < u

}
= F (u) +O

(
1

(log log x)2

)

uniformly in u ∈ R. Let furthermore

(1.4) g(n) log log n ≥ C (> 0) if n ≥ 10.

Then (1.2) holds with C =
∞∫
0

F (u)
u2 du.

2. Proof of the theorem

From (1.3) we deduce that limu→0
F (u)
u = 0.

We have

1

x

∑
n≤x

1

g(n)
=

∞∫

0

Fx(u)

u2
du →

∞∫

0

F (u)

u2
du as x → ∞.

Let ε > 0. Then

Fx(u) ≤
1

x

∑
n≤x

g(n)≤u

u

g(n)
= u · 1

x

∑
n≤x
1

g(n)
≥ 1

u

1

g(n)
≤ uε,

whenever u ≤ u0(ε), and so Fx(u) = o(u) as u → 0.

Thus

lim
u→0

1

u
sup
x≥1

(
1

x

∑
n≤x
1

g(n)
≥ 1

u

1

g(u)

)
= lim

u→0
sup
x≥1

Fx(u)

u
= 0,

from which it follows that

lim
u→0

F (u)

u
= 0.

It is clear that

(2.1) sup
δx≤δ<1

∣∣∣ 1
δx

[(x+ δx)Fx+δx(u)− xFx(u)]− F (u)
∣∣∣ → 0 as x → ∞,
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where δx → 0, appropriately. That is, there exists such a δx tending to zero,
for which (2.1) holds.

From (2.1) we obtain

(2.2) sup
u∈R

sup
δx≤v<1

∣∣∣ 1
vx

�{n ∈ [x, x+ vx], g(n) < u} − F (u)
∣∣∣ → 0 as x → ∞.

Let

B1 = {n ∈ N|g(n) < 1} and B2 = {n ∈ N|g(n) ≥ 1},

Σ1 =
∑

ng(n)≤x
n∈B1

1 and Σ2 =
∑

ng(n)≤x
n∈B2

1.

Estimation of Σ2. If F (1) = 1, then Σ2 = o(x). Assume that F (1) < 1. Let
yν = 1 + νδ (ν = 0, . . . , κδ), where κδδ → ∞, arbitrarily slowly. Let

Iν = [yν , yν+1).

We have

1

x
Σ2 =

κδ∑
ν=0

1

x

∑
g(n)∈Iν
ng(n)<x

1 +O

(
1

x

∑
n< x

yκδ

1

)
=

=

κδ∑
ν=0

1

x
Σ(ν) +O

(
1

yκδ

)
.

Since

Σ(ν) =
∑

g(n)∈Iν
ng(n)<x

≤
∑

g(n)∈Iν
n< x

yν

1 and Σ(ν) ≥
∑

g(n)∈Iν
n< x

yν+1

1,

we obtain

1

x
Σ2 =

κδ∑
ν=0

F (yν+1)− F (yν)

yν
+O

(
δ

κδ∑
ν=0

F (yν+1)− F (yν)

yνyν+1

)
+ ox(1).

Let us observe that the first error term is O(δ).

The first sum on the right can be rewritten as

− F (y0)

y0
+ F (y1)

(
1

y0
− 1

y1

)
+ F (y2)

(
1

y1
− 1

y2

)
+ · · · =

= −F (1) + δ

κδ∑
h=1

F (1 + δh)(
1 + δ(h− 1)

)
(1 + δh)

+ ox(1).
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Consequently,

lim
x→∞

1

x
Σ2 = −F (1) +

∞∫

1

F (u)

u2
du.

Estimation of Σ1. If F (1) = 0, then limx→∞
1
xΣ1 = 0.

Assume that F (1) > 0. Let

M = [log log x] + 1 and Hk =

[
k

M
,
k + 1

M

]
.

Since ∑
g(n)∈Hk
ng(n)≤x

1

is in between ∑
n≤ xM

k+1
n∈Hk

1 and
∑

n≤ xM
k

n∈Hk

1,

it is at most
(
F

(
k + 1

M

)
− F

(
k

M

))
xM

k
+O

(
x

(log log x)2

)

and at least
(
F

(
k + 1

M

)
− F

(
k

M

))
xM

k + 1
+O

(
x

(log log x)2

)
,

therefore

1

x
Σ1 =

1

x

∑
g(n)< 1

M
ng(n)≤x

1 +

M−1∑
k=1

(
F

(
k + 1

M

)
− F

(
k

M

))
M

k
+

+O(1)

M−1∑
k=1

(
F

(
k + 1

M

)
− F

(
k

M

))
M

k2
+ ox(1).

The first sum on the right hand side is empty, whereas the second sum can be
rewritten as

−F

(
1

M

)
M +M

M−1∑
k=2

F ( k
M )

(k − 1)k
+

F (1)M

M − 1
=

1∫

0

F (u)

u2
du+ F (1) + ox(1).
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Finally one can see that the last error term is

<< M
M∑
k=2

F ( k
M )

k3
=

1

M

M∑
k=2

1

k

F ( k
M )

( k
M )2

= ox(1).

Consequently,

lim
x→∞

1

x
Σ1 =

1∫

0

F (u)

u2
du+ F (1),

thereby completing the proof of the theorem. �

3. Remarks

1) The conditions stated for g(n) are satisfied for many functions, namely
for

g(n) =

(
ϕ(n+ a1)

n+ a1

)k1

· · ·
(
ϕ(n+ a�)

n+ a�

)k�

,

where a1, · · · , a� ∈ Z, k1, · · · , k� ∈ Z, and for

g(n) =
�∏

j=1

(
σ(n+ aj)

n+ aj

)kj

.

Here ϕ is the Euler function and σ is the sum of divisors function.

2) We note that according to the theorem of H. G. Diamond [1]

1

x

∑
ϕ(n)

n <a

= F (a) +O

(
1

log x

)
,

where F is a distribution function.
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