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Abstract. We give estimates for the magnitude of double Vilenkin—
Fourier coefficients of functions from generalized Holder spaces, some
p-fluctuational spaces and bounded A-I'-p-fluctuation spaces. For Holder
and p-fluctuational spaces we establish the sharpness of these estimates.
Also we establish relation between full and partial best approximations and
Watari-Efimov type inequality concerning partial best approximation and
partial modulus of continuity.

1. Inroduction

Vilenkin systems were defined in 1947 by N. Ya. Vilenkin [15] as the charac-
ter systems x = {xn}o2, of compact abelian groups G with the second axiom
of countability. He introduced a notion of function of bounded variation using
the ordering of these groups and proved the estimate O(1/n),n € N, for the
n-th Fourier coefficient ¢, of such function with respect to x, see [15, §3.22]. He
also estimated |c,| by the uniform modulus of continuity [15, §3.3]. N. Fine [3]
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et al considered Walsh, Chrestenson systems and the other ones which are
de-facto the particular cases of Vilenkin systems as function systems on [0, 1]
or [0,1). Fine estimated Walsh-Fourier coefficients in terms of uniform and
L'-modulus of continuity [3, Theorems 4 and 5]. As well he obtained the
analogue of the Vilenkin’s result in the case of Walsh system for the usual
function of bounded variation (see [3, Theorem 6]). The main results concern-
ing estimates of Fourier-Walsh coefficients may be found in the monograph of
F. Schipp, W. R. Wade and P. Simon [12, Ch. 2, sect.2.1]. Also in sections
2.2 and 2.3 from [12] the best order of decreasing to zero of Fourier-Walsh
coefficients is discussed in the case of classical continuous and absolutely con-
tinuous functions. In 2008 B. L. Ghodadra and J. R. Patadia [6] proved several
theorems concerning Walsh—Fourier coefficients which are analogues of the cor-
responding trigonometric results due to M. Schramm and D. Waterman [13].
Recent results on Walsh-Fourier coefficients are obtained by K. N. Darji and
R. G. Vyas [2, 19]. The result of [19] using double Walsh system and Aj-As-
p-variation (cf. with the notion of A-I-p-fluctuation in Sect.2) is generalized
in our Theorem 5.3.

C. W. Onneweer and D. Waterman [10] used the notion of bounded fluctua-
tion and its generalization to study the uniform convergence of Vilenkin—Fourier
series on groups. These notions may be used also for the function defined on
[0,1). For example, in [16, 17] p-fluctuation and fluctuational moduli of con-
tinuity were applied to study the absolute convergence of Vilenkin—Fourier
series. The main aim of the present paper is to obtain the upper estimates for
Vilenkin—Fourier coefficients of the functions from generalized Holder classes
and of functions with the finite generalized fluctuation. Also we study the
sharpness of these estimates in the cases of Holder spaces and p-fluctuational
spaces.

The method used in section 5 for bounds of Vilenkin—Fourier coefficients
presuppose that the generating sequence of Vilenkin system is bounded. There
is a great difference between such systems with bounded and unbounded gen-
erating sequences. In the last case the (C,1)-means of Vilenkin—Fourier series
for a continuous function may be divergent in different senses (see more in [5]).
We note two recent papers of G. Gat and U. Goginava [4] and [5], where the
convergence of double Vilenkin-Fourier sums and double Vilenkin-Fejér means
is studied in the unbounded case.

Conversely, the results of section 4 are valid in both bounded and unbounded
case. There are well known C. Watari — A.V. Efimov results (see [12, Ch. 5,
Theorem 2| in the case of Walsh system and [7, §10.5] in the general case)
about equivalence of best approximation by Vilenkin polynomials and modulus
of continuity defined by generalized translation (see the next section). So called
partial best approximations for functions of several variables (see, e.g., [14, sect.
2.2.6]) are applied in direct and inverse theorems of approximation (see, e.g.,
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[14, sect. 6.3]). We prove an analogue of Watari-Efimov theorem for partial
best approximations and modulus of continuity connected with Vilenkin system
and estimate the full best approximation by partial ones.

2. Definitions

Let P = {p, }22; be a sequence of natural numbers such that p,, > 2 for all
neN=/{1,2,...}. We set by definition mg = 1, m,, = p,my,—_1, n € N. Each
x € [0,1) has an expansion

(2.1) x:Zmn/mn, Tn € ZN0, pp).
n=1

The expansion (2.1) is unique if for x = k/m;, k,j € N, 0 < k < m;, we take
the series with a finite number of x,, # 0. If k € Z; = {0,1,2,...} is written
in the form k = Zj‘;l kim;_1, k; € ZN[0,p;), and x has the expansion (2.1),
then by definition xx(z) = exp (27ri Py xjkj/pj). The system {xx}7o, is
orthonormal and complete in L'[0,1) (see [7, §1.5 and 2.8]). It is usually called
a Vilenkin system.

The system {xx(2)x1(y) }75— is also orthonormal and complete in L'[0, 1),

For f € L'[0,1)? we define Vilenkin-Fourier coefficients and rectangular Vilen-
kin—Fourier sums by

1 1
]/C\(ma n) = //f(may)Xm(x)Xn(y) dx dya m,n & Z—O—a
0 0
and
m— 1n71
Sm n <I)Xk(y)a m,n < N.
7=0 k=0

Let G(P) be the group consisting of all sequences of type & = (x1, z2,...),
xj € ZN[0, p;), with addition 2y = Z, where z; = x;+y;(mod p;), j € N. The
inverse operation & is defined similarly. The mapping Ap(Z) = Z;}il xj/m;
is not bijective since the elements of the type

(2.2) x=k/my, kileN, k<my,

have two different prototypes. Let us introduce the inverse mapping )\131. For
x with the representation (2.2) we set x; = [mj;z](mod p;), 7 € N. Then
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)\131(90) = (z1,...,2,0,0,...). For other z € [0,1) there exists the unique
element # € G(P) with the property A\p(#) = = and A\p'(z) = #. Let us
define a generalized distance p(z,y) = Ap(A\p' () © A\p'(y)) and an addition
r®y = Ap(A\p'(z) ® A\p'(y)) on [0,1). The result of this addition is not
defined if Ap' () ® \p'(y) = Z where z; = p; — 1 for all j starting from some
number. It is easy to see that - @ y is defined a.e. on [0,1] if y is fixed.
Moreover, & 1/my41, k € Zy, is defined for all z € [0,1). Finally, we note
that p(z @ 1/mpg41,x) < 1/my.
It is also known that

(2.3) Xn(T@Y) = xn(2)Xn(¥);,  Xn(®OY) = Xa(®)xn(y), n€Zy,

for almost all y € [0,1) if z € [0,1) is fixed.
For 1 <p < oo and f € LP[0,1)? we define two discrete moduli of continuity

wys(Fp = sup{[|f(®h,-©T)=F(, )l s h € [0,m7 ), 7 € [0,m7 1Y)}, s € Ly,
and
wrs(f)p = Sup{”f('@h’ '@T)—f('@h, ')_f('v '®T)+f('v )Hp chelU,,Te US}7

where [, = (Ji Ji 1f (@, )P dedy)'?, r.s € Zy, U, = [0,m7?). A mea-
surable function f(z,y) belongs to C*[0,1)? = C*(P,[0,1)?) if for any € > 0
there exist 6; > 0, d > 0 such that for any (z1,y1), (¥2,92) € [0,1)? such that
p(x1,r2) < 61 and p(y1,y2) < 2 the inequality |f(z1,y1) — f(z2,2)] < €is
fulfilled. The space C*[0,1)* with uniform norm || f|lec = sup, ,e(o.1) [f(z, )]
is a Banach space. Also we may consider this space as the completion of the
space of polynomials with respect to the system {xx(z)xi(y)}35=o- We define
two discrete moduli of continuity in C*[0,1)? for r,s € Z, as follows

*

wrs(f)oo = Sup{‘f(‘rlayl) - f(l’27y2)| : p($1,1‘2) < mr_lap(yhy?) < ms_l}’

and

Wrs (oo = sup{|f(w1,y1) — f(x2,91) — f(w1,92) + f(22, 92)[},

where sup is taken over all x1,x9,y1,y2 with properties p(x1,x2) < m;*,
plyn,ye) < mit 1 P = {f € LU0, = F(.k) = 0,5 € [0,m — 1],
kel0,n—1]}, f e LP0,1)%, 1 <p<oo,or feC*0,1)? and p = oo, then
Epn(f)p =nf{||f — gllp : ¢ € Pmn} is the best approximation of orders m,n
for f. If w = {wn}32y and B = {B,}7>, are decreasing to zero sequences, one
can define the space H;”B ={f € L?[0,1)? : w,s(f)p < Cw,Bs,7,5 € Z1} in
the case 1 < p < oo and similarly in the case f € C*[0,1)?, p = oo. Here C is
independent of r and s.
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Further we consider the sets of intervals 17 = [(j — 1)/my,j/mn), n € Zy,
J € [1,my]NZ. If f is bounded on [0, 1), its oscillations osc(f, I}') = sup{|f(z)—
—f(y)| : #,y € I}'} are finite. Correspondingly, for a bounded on [0,1)? func-
tion f we consider

OSC(f,I;XIZ) = sup{\f(z,y)—f(u,y)—f(x,v)+f(u,v)| T,u € IjT’ y,v € Ilj}

Let A = {\,}22 and T = {7,}52, be a nondecreasing sequence of posmve
numbers such that lim, o, A, = lim,, oo T’y = 00, where A,, := > 1", )\1_
T, =307 ' W, be the set of all rearrangements of {1,2,...,m,}.

Let ¢(z) be a convex function on [0, 00) such that

P0)=0, lim p(x)/r=0, lm_p(z)/r = +c.
Then ¢(x) is strictly increasing and continuous on [0,00) (see [8, §1]). Such
functions ¢ are called N-functions.

Let A, I and W,, be as above, ¢ be a N-function. A bounded on [0, 1)?
measurable function f belongs to the class AI'FI,[0,1)? of bounded A-T'-¢-
fluctuation functions if

m s (oself, 1] x 1Y)
Fizro(f)= sup sup ZZ bk

rs€Zy {114k} | 521 = Ajyi

where {l,;}7" i € Wi, {ki}i’s € W, is finite. Similar variational definition for
©(t) =t was suggested by D. Waterman [20].

In the case ¢(t) = tP, 1 < p < 0o, we can give the following version of above
definition. For r, s € Z, we define a p-fluctuational modulus of continuity

1/p
myE My
VI(f), s = supsup oscP 7Iikxfl-
P = s | 3 o1t 1)

1f FI(f) = V(oo < oo, then f € FI,[0,1)2. The space FI,[0,1)? is
Banach with the norm || f||r, = || f|lec + Flz[,z](f) (see a similar proof in [16]).
If lim, s o0 1/22] (f)r.s = 0, i.e. for any € > 0 there exist M, N such that for
r > M, s > N the inequality me (f)r,s < € holds, then f belongs to the space
CFlL,[0,1)2 For p = 1 we introduce FI% (f) and FI4[0,1)2 as above.

Let us consider the partial moduli of smoothness in the case 1 < p < oo
1/p

1 1
“W)—m>//u ©hy) — fay)Pdydr|
0O 0
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1 1/p

1
W (f), = sup / / feyoh) — faylPdedy| , rsel,.
hel;
0 0

For p = oo and f € C*[0,1)? we consider for r, s € Z

w (oo = SFP)SUPHf(CCl,y) — fl2,9)| + w1, 22 € [0,1), play, 22) <m; '},
ye(0,1

WP (f)oo = s%pl)sup{lf(x,yﬂ — fl@,y2)|  y1,y2 €(0,1), p(y1, y2) <m; '}
x€|0,

Correspondingly, we may consider partial p-fluctuational moduli of smooth-
ness

mip 1/17
VA (f)n = sup sup (ZOSC” (uy),ff)) , n€Ly,

y€[0,1) k>n \ ;T

and, similarly, ‘/;2)( f)n. We say that a bounded on [0, 1)? function f belongs to
PV F1,[0,1)? (here PV means ”partial variables”), if both quantities Fli(,l) (f) =

= Vp(l)(f)o and Flz(jz)(f) = Vp(z)(f)o are finite. Also we introduce partial best
approximation

k—1
B, (f)p = inf Hf(x,y) —> ajwx;@)| ¢, keEN,
j=0 P

where inf is taken over all measurable functions a; on [0,1) and f belongs to
LP[0,1)? for 1 < p < o0 or f € C*[0,1)? for p = co. The quantity Eei(f)p,
I € N, is defined in a similar way. For f € L'[0,1)? and k,l € N we consider

k-1 1

Sk (f)(,y) Z/fquJ u) dux; ()

j=0 0
and Soo i (f)(z,y) in a similar way.
Further C' and C; are constants different in distinct cases.

3. Auxiliary lemmas

Lemma 3.1. Let my < n < myg1, k € Zy. Then x,(x) is constant on all

I]]-“H, 1 < j < mpqr and for any 1 < j < my, the equality [, xn(x)dx = 0
J

holds.

For the proof of Lemma 3.1 see [7, §1.5, (1.5.13) and (1.5.18)].
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Lemma 3.2. (i) Let 1 <p < oo, f € PVFL1,[0,1)%. Then

Wy <m PV (), meZy, i=12.

(ii) Let f € CF1,[0,1)%, 1 <p < co. Then for r,s € Z, we have
wrs(f)p < (memg) PVE(f),

Proof. Part (i) of Lemma 3.2 is established similar to [17, Lemma 9]. For the
part (ii) we use the notation Af(z,y;h,t) = f(x ® h,y & t) — f(z ® h,y) —
—f(z,y®t) + f(z,y) and the fact that € I}, h € I] implies « & h € I}, for
a.e. x to obtain

1/p

1 1
wr,s(f)p = sup //\Af(m,y,h,tﬂp dx dy =
0 0

helr tels

1/p

my Mg

= sup ZZ//|Af1’ y; h, )P dy dx <

T s
heliteli \ p=11=1 4, /.
k 1

My Mg 1/p
< (ZZOSC”(L I If>m;1m;1> < (mym) V(S

k=11=1
Remark 3.1. For f € FI;[0,1)? and 7,s € Z, by the same method as in the
proof of Lemma 2 we see that w, s(f)1 < (m,,'ms)_lFl[f](f).

Lemma 3.3 is proved in the case p; = 2 for double Walsh system by F. Moricz
in [9] and for multiple Vilenkin system in [18].

Lemma 3.3. Let 1 < p < oo, f € LP[0,1)2, or p = o0, f € C*[0,1)2,
r,s € Zy. Then

2_1W:,s(f)p < Enpim, (f)p <|f = Swmyma (f)”p < w::,s(f)l"

Lemma 3.4. Letr,s € Zy, 1 <j<m,, 1 <i<m,, xve€lj, yecl’ Then

Sy oo () (@, y) = mr/fuy)du Soom. (F)(,y) = /fm

The proof of Lemma 3.4 is similar to the one-dimensional case and uses the
formula meo Xj(x) = m;Xrr(z), where Xg is the indicator of a set E (see

[7,§1.5, (1.5.21)]).
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Lemma 3.5. Let r,s € Zy, 1 < p < oo and f € LP[0,1)? or p = oo and
feC*0,1)%. Then

1m0 (F)lp < W fllps [1So0.m. (Hllp < 1115

Proof. By Lemma 3.4 and Hélder inequality we have for 1 < p < oo

jj|SmTw(f (ﬂcylpdmdyZ/li/’mT/fuy du d:cdy<
0 0 0 7j=1

IT

71’"[’”

lm
< f/Z//Uuy\Pdu PO ey =
0

/Z/mu y)IP dudy = | I

J= 1Ir

In the case p = co we easily obtain from Lemma 3.4

ISimoe (e < 100 102 / 1 lloe dte = || .

The second inequality of Lemma 3.5 may be proved in a similar manner. W

Lemma 3.6. If1 < p < oo and f € LP[0,1)? or p = oo and f € C*[0,1)2,
ke my,mpi1), r € Zy, | € [ms,mgyyy, s € Ly, then

(kD] < Era(Hp < @i s (f)pe

Proof. Let g € Py be such that || f — g|l, = Eki(f)p. Then by the Hélder
inequality and orthogonality of {x;}32, we have

|F (k)] =

/ / (F(2.9) — 9z ) @) de dy| < |1 — gllp = Bea()p.
0 0

The second inequality of Lemma follows from the decreasing of Ej ;(f), in k
and [ and Lemma 3.3. |
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4. Approximation theorems

Theorem 4.1. Let 1 < p < oo and f € LP[0,1)? or f € C*[0,1)? and p = <.
Then the inequalities

(4.1) B, oo(f)p < |If = oo (Dllp < Wﬁl)(f)p <2Em, 0o(f)p
and

(4.2) Eooom, (f)p < IIf = Soom. (H)llp < w(z)(f)p < 2E0,m.(f)p
are valid for all r,s € Z4.

Proof. The left inequality from (4.1) is obvious. By Lemma 4 and Hoélder
inequality we have in the case 1 < p < o0

1/p
1 = S0 (F)llp = (Z//ny m,,m(f)(x,y)lpdxdy> <

Jlop

|, > [ e st ) sew) <

Jj= 1p

<</1i/m£/|f<x,y> )P dum pdxdy>1/p
/2

— (ji//lf(x,y)—f(:c@h7y)|pdhmrdxdy>l/p:

1 1 1/p
43) = ( |f(z,y) — f(x @ h,y)|P dzm, dh dy) <wM(f)p-
[]]

In the case p = oo we use the inequality |f(z,y) — f(u,y)| < wi(f)oo for
z,u € I7. Thus, the second inequality from (4.1) is proved. Finally, let € >0

My

and g, be a polynomial of type ijgl a;(y)x;(x), where a; be measurable
on [0,1) and ||f — grllp < Em,.0o(f)p +. If h € I], then by Lemma 3.1



308 M.A. Kuznetsova and S.S.Volosivets

gr(z,y) = gr(x ® h,y) for almost all = € [0,1). Therefore, for 1 < p < oo we

obtain
1/p

A0 (f)p = s //\f Shy) - @yl =

= sup I f(x @ h,y) = gr(x®h,y) = f2,9) + gr(2,9)lp, < 21f = grllp-
1

Since 2||f — grllp < 2Em, 0 (f)p + 2¢ and € > 0 is arbitrary, we obtain the last
inequality from (4.1) in the case p € [1,00). The case p = oo is similar to the
proved one. The inequality (4.2) is established in the same manner. |

Theorem 4.2. Let 1 < p < oo and f € LP[0,1)? or p=cc and f € C*[0,1)?,
r,s € Zy. Then

Emr,ms (f)p S 2Emr,oo(f)p + 3EOO,TILS (f)p'

Proof. Let € > 0 and g, be a polynomial of type ZJ 0 - b;(x)x;(y) such that
b;j(z) be measurable on [0,1) and [|f — gs|lp < Eso,m.(f)p + €. By virtue of
Theorem 4.1 and properties of Sy, - we have

Ermyono(Fp < Emypom(f = 95)p + Empom. (9s)p <

<|f- gSHP + llgs — Smr,OO(98>||p < Eooym, (f)p +e+ QEmT,OO(QS)p <
S Eoom.(flp+e+2Enm, 00(9s — [p +2Em, co(f)p < Eco.m.(f)p + e+

(44) 4 2]lgs = fllp + 2Em, 00(f)p < 3Boo,m. (f)p + 2Em, 00 (f)p + 3¢.

Since € > 0 is arbitrary, we obtain the inequality of Theorem. |

Remark 4.1. Similar to (4.4) we can obtain E.,, m.(f)p < 3Em, oo(f)p +
+2Fo0 m, (f)p. Summing this inequality with the inequality of Theorem 4.2
yields
5
By m. (Fp < 5 (B, o0 (f)p + Eoom, (f)p)-
It is interesting to find the best constant in last inequality.

Corollary 4.1. (i) Let 1 < p < oo and f € LP[0,1)? or p = oo and f €
€ C*[0,1)2. Then

Eppim, (f)p < 3(W£1)(f)p + wg)(f)p% 7,8 € Ly.
(ii) Let 1 < p < oo and f € PVFI,[0,1)%. Then

By ny (f)p < 3(m PV () + m7 VPV (f),), 71,8 €Ly
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Proof. Part (i) of Corollary 4.1 may be deduced from Theorems 4.1 and 4.2,
while the part (ii) follows from (1) and Lemma 3.2 (i). [ ]

Corollary 4.2. (i) Under conditions of Corollary 4.1 (i) we have for k €
€ [mp,mps1), r € Z4, L € [mg,msy1), s € Ly,

|Fe, D] < 3w () +wP (f)p)-

(ii) Under conditions of Corollary 4.1 (ii) we have for k € [m,,m,41), r € Z,
le [msvm3+1)7 s €Ly,

|F (ks D] < 3(m VPEID () 4 m PRI ().

Both assertions of Corollary 4.2 follows from Corollary 4.1 and Lemma 3.6.
5. Estimates of Fourier coefficients

Theorem 5.1. Let P = {p,,}5°, is bounded by N. Then for k € [m,,m,41),
l€mg,msy1), 1,8 € Z, we have

1 1
\FkD) <C | [ |Anf(x,y)| dady,
/1

where Ay f(2,y) = f(2&1/mri1,ymiy) = fle@m, {1, y) = fo,yomy)+
f(z,y) and C' depends on N.

Proof. It is known that for fo5(x,y) = f(z @ a,y ®b) the equality m(k, )=
= xr(a)xi(b) f(k,1) holds. Therefore,

A s f (2, y)xe(@)xi(y) do dy =
w

0
= (x(m, ) = D 0almgty) = 1D (k1)

Since k € [m,, m,41), we can write k = am,. + k', where k¥’ € [0, m,) N Z and
a € [1,pr41 — 1] NZ. By Lemma 3.1 and definition we have

Xk (M 1) = Xam, (M) X (M} 1) = Xam, (M, )k (0) = exp(2mia/pry1)
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and
Ik (mily) = 11 > | exp(@mi/pras) — 1] = 2sin(n/pps1) > 2sin(x/N).
Similar inequality is valid for [x;(m ;) — 1|. From (5.1) we obtain

1

Fk D) < @sin(r/N)) 2//\Arsfxy>\dxdy m

0

Theorem 5.2. Let P be bounded, w = {w, }22 and 5 = {5, }32 be decreasing
to zero sequences, 1 < p < oo.

(1) If f(xvy) € H;U7B7 k € [mT7mT+1)7 NS [m87ms+1)} s € Z-‘r; then
|f(k,l)| < Cw,.fBs, where C is independent of k and 1.

(ii) Let w and B satisfy the Bary condition (see, e.g, [1, Introductory Mate-
rial, §4, (4.1)])

(5.2) Z W = Z Bk = n n e Z+.
k=n

k=n
Then there exists a function f, g € H;“’B such that |ﬁ;g(m“ms)| = w, 3.
Proof. (i) Since || - |1 < || |l < || - lloo, We obtain

(53) wr,s(f)l < Wr,s(f)p < wr,s(f)ooy RS Z+~
From Theorem 5.1 we deduce that for k € [m,,m,41), | € [ms,msy1), 7,5 €
€ Z, the inequality
[F(k,D)] < Crens(f)1 < Crens(f)p < Cowrfs
holds.

(ii) Let us consider the function

oo o0

(5.4) Jo, s(7,y) Zzwvﬂser(x)Xmg( )-

r=0 s=0

Since w and f satisfy the Bary condition (5.2), in particular, we have

o0 o0 o0 o0
Zw,, < 00, ZBS < 00, andmorover Z ZwTﬁs < 00.
r=0 s=0

r=0 s=0

Thus, the right-hand side of (5.4) converges absolutely and uniformly to
P-continuous function f, g. If p(z1,22) < m; L, p(y1,y2) < m, *, then

|OXma (1) = Xoma (2)) (Xmy (Y1) = Xoma (92))| = 0
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for k < r or Il < s by Lemma 3.1. Therefore, (5.4) implies

|fw,ﬁ(xlay1) - fw,B(xlayQ) - fwﬁ(x%yl) + fw,ﬂ(x27y2)‘ <

ZZ kﬁl‘ka Xml | - Zwk ZBZ < CBWT‘/BS
k=r l=s

and by (5.3) we have wys(fu,8)p < Wrs(fu,8)00 < CswyBs. On the other hand,

—

fw,ﬁ’(mrams) - Wrﬁ& [ |

Corollary 5.1. (i) Let P be bounded and 1 < p < oo, f € Fl,[0,1)%. Then
for k,1 € N the inequality | f(k,1)| < C(kl)~/? holds.

(ii) There exists fo € Fl,[0,1)% such that 1fo(k, D) = (K)=Y? for k = m,,
l=mg, 7,5 € ZLy.

Proof. (i) By Lemma 3.2(ii) we have w, 4(f), < FZ[Q](f)(mrms)’l/p and for
ke [mp,mpy1), 1 € [ms,mst1), 1,5 € Z4, by Theorem 5.2(i) we obtain

\F(k, )| < Cy(mpmg) P < CLN?/P(myyymey) ™2 < Co(kl) /P,

where N is an upper bound for P.

(i) Let w, = f, = my P Then w = {wi}52, and B = {B;}52, satisfy the
Bary condition (5.2) and by Theorem 5.2(ii) the function

fo@,y) = fup@,y) =D > (mems) ™ P xm, (€)Xm. (v)

r=0 5=0

belongs to H%P. Then osc(fo, I] x If) < Cs(myms)~ /P and for r,s € 7,

ZZoscp(fo,I x I7) < (s ZZ(m,.ms)_l = (3 < 0.
i=1 j=1 i=1 j=1
Thus, fo € FI,[0,1)? and satisfies all assertions of Corollary. |

Corollary 5.2. (i) Let P be bounded, 1 < p < oo, f € CFl,[0,1)?, w =
={wn 2 and B = {Bn}5L, be decreasing to zero sequences, and Vpp](f)nS <
< Cw,Bs, 1,8 € Zy. Then for k € [my,mp41), | € [ms,mgy1), 1,8 € Zy, the
relation | f(k,1)| = O((myms)~YPw,B,) holds.

(ii) There exists fo € CFl,[0,1)%, 1 < p < oo, such that V,,[Q](fg)ns <
< Cworfa, 1,5 € Lo, and |folmy,my)| = (mymy) ™ %w, By, v, € Ly
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Proof. (i) By the proof of Theorem 5.2 and Lemma 3.2 we have
|f(k’l)| < Clwrs(f)? <Ci (meS)_l/pvp[Q](f)r,s < CQ(mrms)_l/pwrﬁs

for k € [m,,my41), l € [mg, mgs1), 1,8 € Z1..

(ii) Tt is easy to see that {my “/Pw,}22, and {mn /7B, }22, satisty the Bary
condition (5.2), e.g.

oo oo
—1 -1 —1
E my, Pl < wn, E my, /pgcgwnmn v nez,.
k=n

By Theorem 5.2(ii) the function

ZZ MMy UpwrﬂsXm (%) Xm. (¥)

r=0 s=0

satisfies the inequality wy, ;(fo)oo < CywiBi(mpmy) =P, k,1 € 7. Hence,

my my 1/p
Vpp](f)ns = sup (ZZOSCp(fQ,If X Ijl)> <

k>rl>s =1 j—1

(5.5)

mE My 1/17
<(C; sup (ZZmﬁmfwiﬁf)) = Cyw, Bs.

k>rl>s i—1 j—1

Thus, we have fo € CF1,[0,1)? and (5.5) is valid, i.e. fo is a required function.
|

Theorem 5.3. Let ¢ be a N-function, P = {p;}32; be bounded and
A= {N}2,, T = {7}, be increasing sequences of positive numbers such
that lim,, 0o Ay, = limy, 00 Ty = 00, where Ay, = > 0 A T =30 70
Then for k € [my,my41), | € [ms, mst1), 7,5 € Zy, the inequality

[F(k, DI < C(F P (AT
holds.

Proof. Let k € [m,,m,11), | € [ms, msy1), 1,8 € Zy, and P be bounded by
N. Using the property fol gz ®a)dr = fo x)dz (see [7, §2.1] in the case
pi =2) for g € L'[0,1) and Theorem 5.1 we obtaln

1 1
(5.6) Fe )] / / Araf (@ ® /e,y @ §/my)| de dy,
0 0
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where ¢ € [0,m,)NZ, j € [0,ms)NZ and A, s f(x,y) is defined in Theorem 5.1.
It is easy to see that z @ i/m, ®1/m,; and x ®i/m, always exist and belong
to the same interval I}, while for different i the corresponding numbers k are
also different. Denoting A, s f(z @ i/m,,y ® j/ms) by ¢i;(z,y) and applying
the integral Jensen inequality we deduce from (5.6) that for Cy > 0

1 1
S(ColF ) < o [ CrC / / g3z, )| dzdy | <
0 0

< 0(C1C2|gij(w, y)|) dv dy.

Multiplying both sides of

o oe—
o _

5.7) by A 17] +1 and summing new inequalities over

1=0,1,...,m,—1land j=0,1,.. — 1 we obtain
L1, S IrNe
Ao, Do (Cal Fk, D) // 3 OO @) 4, g, <
i=0 =0 1+1’YJ+1
0 0
< Flpr,,(Ci1C2f).

Since ¢ is convex and ¢(0) = 0, for a € (0,1) we have p(ax) < ap(z).
Therefore, Flzr,,(C1Caf) < 1 for sufficiently small Cy > 0, whence

Col F(k, )| < @ M (Flar o (CLrCa )AL < o HALIT,D),

where Cy depends on f. It is known that ¢! is subadditive, i.e. ¢~ *(a+ b)

< ¢ la)+ o (), a,b >0 (see [8, §1 (1.20)]). Also we have Ay < Ay, ,, <
< NA,,, and T} < NT,,, since {\;1}32, and {v; '}, are decreasing. Thus
we obtain

F(kDI < Oyt (ALIT0) < NP0y o (AT,
where N is a majorant for P. |
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