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Abstract. Let n — g(n) be a positive valued arithmetic function which
tends to infinity as n — co. Following [1], we shall say that the values of
g are uniformly distributed in (0, 00) if there exists a positive ¢ such that

N(z,9) :=#{n:g(n) <z} ~cx
as r — o0.

In [4] we introduced the class £* of uniformly summable functions f € £*
in case

. 1
Jm_sup ;VIf(n)\ < oo.
Here we investigate the asymptotic behaviour of N(z,g) as * — oo for
multiplicative functions g such that the associated function n — n/g(n) is
uniformly summable, and compare it with the behaviour of Y __ n/g(n)
as r — 0o. a
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1. Introduction

Following Diamond and Erdés [1] we say that the values of a positive valued
function g are uniformly distributed in (0, 00) if g(n) tends to infinity as n — oo,
and if there exists a positive ¢ such that

N(z,g) = Z 1= (c+o(l))z as z — oc.

n
g(n)<z

In [4] Indlekofer introduced the space L* of uniformly summable functions.
Here f € L7 iff

11msupx Z|f )| < o0

n<a
and 1
o T el
Lf (n)]> K
Putting
h) =Y h(n)
n<w

for an arithmetical function h : N — C we define the mean-value M(h) b

M(h) = lim ~M(z,h)

T—00 I

if the limit exists.
In this paper g always denotes a multiplicative function.

We observe that the generating function for the uniform distribution of
values of g is (s =0 + it and o > 1)

(e} 00

Fi(s) = /x_st(ﬂU,g) Z g(;)s H ( + Z (g >

1

Define h =id/g by h(n) = n/g(n). Then the generating function for the mean
value of the function h is

Fy(s) = /:E_de(l‘ h) = Z hﬁg) = Z 1 1_ =

n=1 n=1 g(n) ne '

_H<1+Z k(s 1)>
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Obviously Fi(s) and Fy(s) are formally similar near s = 1.

In [1] Diamond and Erdés proved results which connects uniform distribu-
tion of the values of multiplicative function g with the existence of the mean
value for the associated function h = id/g. Their results are analogous to ones
on mean values of multiplicative functions (cf [2], [3]) and their proofs are based
on the analytic behaviour of the generating function F}(s) near s = 1.

In this paper we use elementary methods from [4], [7]. As a main result
we determine the asymptotic behaviour, as z — oo, of M (z,1/f) (f > 0) and
N(z,g9) (9 =id f) for uniformly summable multiplicative functions 1/f > 0.

2. Results

Here f, f* and g* := id f* always denote positive-valued arithmetical func-
tions.

Theorem 1. Let g* be completely multiplicative such that g*(p) > 1 for all
primes p and g*(p) ~ p as p — co. Then, as & — 00

N(z,g%) = {1+ o(1)}z ]| (1 — ;) <1 - g*l(m) o .

p<x

Theorem 1'. Let f* be completely multiplicative such that 1 (p) > % for all
primes p and f*(p) ~1 as p — co. Then, as x — 00

M(z,1/£) = {1+ oD} [ (1 - ;) (1 - f*l(m)l .

p<z
Corollary 1. Let g* as in Theorem 1. Then
N(xz,g") ~ M(z,1/f*) as x — 0
where g* =id f*.

Remark 1. Suppose g* restricted to primes is a 1 — 1 mapping of the primes.
Then ¢*(N) = N, and ¢g* assumes each positive integer value exactly once,
i.e. g* is uniformly distributed in (0,00). Then Diamond and Erdds gave an
example ([1], Example 2) such that 1/f* does not have a mean-values.

Further, put, for example, g*(p) = p? for all primes p. Then g* assumes each
square integer value exactly once, i.e. N(x,g*) = z'/2+0(1) but M(z,1/f*) =
= anm % =logz + O(1).
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Next we assume

(2.1) g(p) ~p as p— o0
and
(2.2) Y o
: k
o2, 9(0")

Then we have

Theorem 2. Let g be a multiplicative function satisfying (2.1) and (2.2). Then,
as x — oo

NGe.g) = (1o [T (1- 1) (1 +Zg(;k)> .
k=1

p<x

Theorem 2'. Let f be a multiplicative function satisfying (2.1) and (2.2) for
g(p) = pf(p) and g(p*) = p* f(p*), respectively. Then, as x — oo

1 — 1
M(x,1/f) = {1 +o(1)}xg <1 - p) <1 - ;pkf(pk)> :
Corollary 2. Let g be as in Theorem 2. Then
N(z,g) ~ M(x,1/f) as z — o0
where g = id f.
The main result of this paper is
Theorem 3. Let g = id [ be multiplicative and assume 1/f € L*. Then, as

Tr — OO
1 = 1
N(z,g9) = {1+o)}x ] (1 — p) <1 +k§—19(pk)> .

p<z

As a well-known result we cite (see [4], [7])
Theorem 3. Let 1/f € L* be multiplicative. Then, as x — 00

M/ =0 o) I (1-1) (”Zpkfw)'
k=1

p<w

Corollary 3", Let g =1id f as in Theorem 3. Then
N(z,g9) ~ M(z,1/f) as x — oc.
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3. Proofs of Theorem 1 and Theorem 1’

Assume that g* is completely multiplicative satisfying ¢*(p) > 1 for all
primes p and ¢*(p) ~ p as p — co. Put

* _ S 1 _ o A* —s\ L

where s > 1. Then

1
log Fy'(s) = Z log [t

Differentiating with respect to s and observing

1 log g*
4 og ___logg*(p)

ds ~1—(g*(p)~* (g*(p))* —1

we conclude

CFY(s) _ 3 log g*(p)
(

— () —1

(3.1) -
=Y logg*(p) Y_ (9" ()"

The double series in (3.1) is absolutely convergent when s > 1. Hence it may
be written as

D (" () " log g™ (p) = Y A (n)(g"(n) ",
where . _ .
A*(n) :{ Bo,gg (p), gz;zim

and

> loggtk) = > Alm)=

k m,neN
g*(n)<z g*(mn)<z

2. ) Am=

neN meN
)<z g% (m)< —L
g (msz g™ (m)< =y

= > H(m).

-
g% (n)<e



254 K.-H. Indlekofer

Obviously,

=
Y
I

> logg*(p)+ D> logg(p) =

p,k=>2

p
g*(p)S= g* (p)<yl/k

%

Since g*(p) > 1 and g*(p) ~ p we conclude, as y — oo,

> ={1+o(}y

and
22: = 0(21:) =o(y)
Therefore
H(y) =y +o(y)
and
> loggt(k)={1+o(L)}x Y *1 .
e e 9 (R)

Summation by parts yields

dooa

k
g* (k)<=

Il
—
—

+

o]
~
[
—
—

8

|

Il
—~
—
+
Q
—~
=
—~
8
VR
—

\
SRR
~
VR
—

\

—
~
|

as r — O0.

Using the same method as in [4], pp. 266-267, one can show Theorem 1.
The proof is left to the reader. |
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4. Proofs of Theorem 3 and Theorem 3

Let us come back to the positive valued multiplicative functions 1/f € L*
(cf. [7]).

There exists w(p) : P — [9, o] such that w(p) 7 co and

S () <>

p

Put 4 )
Then ) 1
pEE;<oo and pezEpf(p)<oo

Define f* completely multiplicative by
. , o if E
F(p) = { fp), ifp¢

1, peFrE
Then ) )
Pt
and
oo 1 oo
B = 2 e~ (1 LR k>pks>
B > 1 =\ h(n) B
- nz:lf*(n)ns; ns -
1 1
- 1l (- 7o) LT
where

—~
V)
~—
I

1 — 1
; HE<1‘p> <1+;f(pk)p’“)’
1 — 1
e =11 (1 - f(p)ps) (1 +; f(p’“)p’“> '

2 p¢E
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Observe that

(4.1) i Rl o

since

G+ )
Z - < oo
= \p  pf(D)

and

1
(4.2) < oo
p%Q f*)p*

Then we obtain, by using the same method as in [4], pp. 266-267 (cf. [7]),

o103 (i)

n<z p<z

as © — oo. From this we conclude by (4.2)

Zf ={1+o0(1 }xH<1)< i )

which shows Theorem 3. |
Define g* by
g"(n) =nf*(n) (n€N)
Then
=1 > 1
fi = ; (g(m)* ~ 1;[ <1 i ,; (g(p’“))s) -
1 —1 / /
11" o) 1191
where

ITi(s) = Te (1= ) (1 - ij <<>>>

’ - 1 o 1
[12(s) = Tle (1 - W»s) <1 ) <g<m>>

Obviously the products []}(s) and [[5(s) are absolutely convergent for s = 1.
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Denote by G the semigroup generated by

Xpee{1,p", g(0"), pg(0*) : k > 1}Xpe {1, (9(p)*, 9(0*), 9(p)g(P*) - k > 1}

Then

— 1 1 ' (a)
2 (g(n))* 2 (g*(n))® 2 (a)®

n=1 n=1 acG
with
h/
(4.3) PRGN
aceG a
Therefore
(4.4) o1t = > he)=
n a€G,meN
g(n)<z ag*(m)<wz
(4.5) = D hl@) > 1
asw 9*(mm)§%
(4.6)

and by (4.3), and Theorem 1

e () ()

n 9 7
gy <z acG p<x

Thus Theorem 3 holds. [ |
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