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Abstract. The convergence order of numerous iterative methods is ob-
tained using derivatives of higher order, although these derivatives are not
involved in the methods. Therefore, these methods cannot be used to
solve equations with functions that do not have such high order deriva-
tives, since their convergence is not guaranteed. In this paper, we study
local convergence of an efficient eighth order method under hypotheses
only on the first derivative. That is how we expand the applicability of
some popular methods. Moreover, the study of local convergence of it-
eration functions is important because it provides the degree of difficulty
for choosing initial points. We also verify the theoretical results on some
numerical problems. Finally, stability of the method is checked through
complex geometry shown by drawing basins of attraction of the solutions.

1. Introduction

Let Bi, By be Banach spaces and () be a convex subset of B;. Further,
suppose that £(B1, Bs) is the set of bounded linear operators from B into Bs.
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In applied mathematics many problems can be formulated in the form
(1.1) F(z) =0,

wherein F': Q C By — B, is a differentiable operator in the sense of Fréchet.
Most of the methods for finding a solution z, of (1.1) are iterative, because
closed form solutions can be found only in some special cases (see [4, 10]).

Cordero et al. in [8] considered an eighth order iterative method for ap-
proximating a solution of the nonlinear equation F(z) = 0, where F : Q C
C R™ — R™ is a differentiable nonlinear function. In this paper, we study
the method developed in [8] using hypotheses only on first derivative of the
function. Precisely, we present the local convergence analysis of the method
defined for n =0,1,2...., by

Yn = Tp — F/(Z‘TL)_IF(J,‘”),

Zn = Yn — (Zl - %F’(yn)‘lF’(xn) + i(F’(yn)‘lF’(xn))Q) X
(1.2) x F'(yn) " F (yn),
tir = 2= (51— F(n) 7 F () + 5 (F () F))?) %

X F'(yn) ™ F(2n),

where xy € €2 is an initial point.

The convergence of the method (1.2) was shown using Taylor expansion and
conditions reaching up to the eighth derivative of F'. Such assumptions restrict
the applicability of method, especially since only first derivative is used in the
method. As a motivational example, consider a function F' on 2 = [—%, 2] and
Bl = Bg = R, by

23 log(m?x?) + 2%sind, x #0,
Fla) = g(m z?) o TF
0, x=0.

We have that
1 1
roN 9.2 3 1 2 2.2 4. (2
F'(z) =2 xcos(I)Jer log(m“z®) + 5« s1n(x),
1 1
F'(x) =— SIQCOS(;) +22(5 + 3log(m2x?)) + 2(20 22 — 1)sin<;)
and

F"(x) :% [(1 —36 xz)cos(%) + x(22 + 6log(m*2?) + (6022 — 9)sin<%))} :
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It is clear that F"'(z) is not bounded on €2, so earlier results cannot be applied.
In our convergence analysis, we only used hypotheses on the first derivative.
Therefore, our results can be applied. Hence, we extend the applicability of
method (1.2). Many authors have studied convergence analysis of iterative
methods, see, for example [1, 2, 3, 4, 5, 6, 7, 11, 13, 15].

We summarize the contents of the paper. In section 2, the local convergence
analysis of method (1.2) is presented. The numerical examples are performed in
section 3. Section 4 is devoted to check the convergence domain of the iterative
technique geometrically by means of drawing basin of attractors. Concluding
remarks are given in section 5.

2. Convergence analysis

We shall first introduce some scaler functions and parameters that appear in
the local convergence analysis of method (1.2) that follows in Theorem 2.1. Let
wp : [0,00) — [0,00) be a continuous and increasing function with wqy(0) = 0.
Suppose that equation

(2.1) wo(t) =1,

has at least one positive solution. Denote by &g the smallest such solution. Let
also w : [0,00) — [0, +00), wy : [0,00) — [0, +00) be continuous and increasing
functions such that w(0) = 0. Define functions ¢; and @; on the interval [0, o)
by

flw((l —0)t)do
_ 0

e1(t) 1 —wo(?)

and

P1(t) = ¢a(t) — L.
We have @1(0) = —1 and ¢1(t) — oo as t — J, . Then, intermediate value
theorem guarantees that the equation @1(t) = 0 has at least one solution in
(0,00). Denote by 71 the smallest such solution. Suppose that equation

(2.2) wo(pr(t)t) =1,

has at least one positive solution. Denote by §; the smallest such solution.
Define functions 2 and @2 on [0,61) by

[l =000 (i ) + wa(8)? [ur(Bpa (1101

o) = [t 0 wolor (D) ei(f)
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and
P2(t) = p2(t) — 1.

We get @2(0) = —1 and @2(t) — oo as t — ¢; . Denote by ro the smallest
solution of equation @(t) = 0 in (0,471). Suppose that equation

(2.3) wo(2(t)t) =1,

has at least one positive solution. Denote by o the smallest such solution. Set
0 = min{d1, d2}. Define functions ¢3 and @3 on [0, d) by

[ = 0pa(t))dd (anlex(t0) + wo(ir(06) | ws Opa(o))a

e B vy o 1T ey e e 3 (BT Y I VR
) (wo (1 (t)t) +wo(t))? Of wy (B2 (t)t)do
T3 (= wolp1 (D) #2lt)
and

@3(t) = ps(t) — 1.
We obtain @3(0) = —1 and @3(t) — oo as t — 6. Denote by rs the smallest
solution of equation @3(t) = 0 in (0,0). Define a radius of convergence r by

(2.4) r = min{r;} j=1,2,3.

It follows from (2.4) that for each ¢ € [0,r)

(2.5) 0 < wo(t) < 1,
(2.6) 0 <wo(p1(t)t) <1,
(2.7) 0 < wo(pa(t)t) <1
and

(2.8) 0<¢;t) < 1.

Let S(u, A) and S(u, \) stand for the open and closed balls in By, respectively
with center 1 € By and of radius A > 0.
The following conditions shall be used in the local convergence analysis (A):

(a1) F : Q — By is continuously differentiable in the sense of Fréchet and
there exists z, € Q such that F(x,) =0 and F'(x.)"! € £(Ba, By).
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(a2) There exists function wy : [0,00) — [0,00) with wg(0) = 0 continuous
and increasing such that for each x € Q)

1F" (2.) 7 (F" () = F' (@)l < wo(llo — ).
Set Qg = QN S(xzs,dp), where dg is given in (2.1).

(ag) There exist functions w : [0,d¢) — [0, 00), wy : [0,d0) — [0, +00), contin-
uous and increasing with w(0) = 0 such that for each z,y € Qq

1F" () 7 (F (y) = F' (@) < w(lly — =)

and
[F' () F' ()| < wi(llz = 2.])).

(a4) S(z4,7) C Q, where r is defined in (2.4).

(as5) There exists R > r such that

1
/wo(ﬁR)dG < 1.

0

Set Q; = QN S(z,, R).

Next, we present the local convergence analysis of method (1.2) using the
preceding notation and the conditions (A).

Theorem 2.1. Suppose that the conditions (A) hold. Then, for xg € S(zy,r)—
—{a.} sequence {x,} generated by method (1.2) is well defined, remains in
S(xx,r) for each n =0,1,2...... and converges to x,.. Moreover, the following
error bounds hold

(2.9) yn = 2:ll < @1(lln — zulDllan — 2ull < flzn — 2| <,
(2.10) 20 = 2l < @(ln = .l 20 — 2| < llon — 2.

and

(211)  onss — ool < galllan — 2el)lzn — 2] < Jon — .|

where the functions p; are given previously and r is defined in (2.4). Further-
more, the limit point x. is only solution of equation F(x) = 0 in Q1 given in

(as).
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Proof. We base our proof on mathematical induction. Choose = € S(z4,r) —
—{z.}. Then, by (2.4), (a1) and (az2), we obtain in turn that

(2.12) 1F" (2.) 7 (F' () = F' ()| < wo(llz — 4]]) < wo(r) < 1.

It follows by (2.12) and the Banach lemma on invertible operators [4] that
F'(z)~1 € £(Ba, B;) and

& ! .
1= wo(le —2.)

(2.13) 1F" ()~ F ()

We also have that yg is well defined by (2.13). Using (2.4), (2.8) (for j = 1),
(a1)—(as3), (2.13) and the first substep of method (1.2) for n = 0, we get in turn
that

lyo — || = llzo — 22 — F'(x0) " Fwo)|| =
1
= 1P (o) | [ F ) (F s + 6Ga0 — 2.))-

— F'(20))df(zo — 2.)|| <

(2.14)

o .

w((1 = 0)llzo — z.[)db][zo — z.]|

L —wo(l[zo — 2.])
= @1(llzo = ze|)llzo — 2|l < flwo — 2ufl <7,

which shows (2.9) for n = 0 and yg € S(z., 7). We can write by (a1) that
1
(2.15) F(x) =F(z) — F(z,) = /F’(x* +0(x — 2,))d0(x — x,).
0
Then, by the second condition in (a3) and (2.15), we get that
1
(2.16) |F" (2.) 7 F ()] < /uu(@llf — z.[)do - || — .|
0

The iterates zp and z; are well defined by (2.13) for x = yo. We have by the
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second substep of method (1.2) for n =0

20— T = Yo — Lu — F'(y0) " Flyo)—
(31— 3F ) F o) + 1 (F (o) F (w0)) ) F(30) ™ Flao) =
(2.17) = o — T — F'(y0) " Flyo)+
41 (F0) ™ ()~ F@) + (@)~ Feo))
<F'(yo) "' F(yo),

since

(F/(yo) 1F’(1’0))2 =

== (I —2F'(yo)"F'(x0) + (F'(y0) "' F'(20))*) =

1 1
ZI - §F/(yo)71F'($o)

= - F/(yo) 1F/($o))2=

(F'(y0) " (F'(y0) — F'(20)))".

MHMHMHNH

In view of (2.4), (2.8) (for j = 2), (2.13) (for = yp), (2.14), (2.16) (for
x =1yp) and (2.17), we have that

20—l < llgo =2 — F'(0) " F(yo) |+
P o) F ) P (1 ()™ (F ) — F )]+
HIF @)™ (F o)~ Fa)]) <

w((1 = 0)llyo — x.]1)d8
(2.18) < (T—mmmoen

Ct—

1 (wolllyo — w4l) +wollwo — ) [ wa(Bllyo — x..])do
+- : 3 x
4 (1 = wo(llyo — D))

x[lyo — @]l <

<ea(llzo — zel)lzo — 2l < [lwo — 2]l <,

0 (2.10) holds for n = 0 and zy € S(z«,r). Using the third substep of method
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(1.2) for n = 0, we get in turn that
(2.19) @1 — 2y = 20 — 2 — F'(20) " F(20) + (F'(20) ™" — F'(yo) ") F(20)—
— 5 (1= 2 o) (a0) + (F' (o)™ ' (20)” ) Y (y) ™ F(20) =
=20 — x. — F'(20) "' F(20) + F'(20) "' (F'(30) — F'(20)) F'(y0) " F(20)—

— 5 (F 0™ (Fw0) ~ F'(z0)) ) F/(30) " F(zo).

Then, by (2.4), (2.8) (for j = 1), (2.13) (for = yo, 20), (2.18) and (2.19), we
obtain in turn that

(2.20) Jlzr = 2]l < ll20 — 2 — F'(20) " Fz0)l| + | F(20) " F' ()] %
% (I ()71 (F () = F' @)l + 1F () ™ (F' (o) = F' () ) x

X |[F () T F (20)]| + %IIF/(yo)‘lF’(ﬂc*)ll2

(1)~ (B (o) — F' () + ()™ (' (o) — F'()])

X | (yo) " (|I|F* ()~ F(z0)]| <
[ (1= )]z = .|
S e e

(wolllzo — 2) +wolllz0 — z4[))) Ljﬂ)l(GHZo — x.|))do
+

T A= wolllzo — 1) (1 = wolllwo — z-1D)
| (oo = 1)+ wollzo = . 1D)* [ wr (0] — . )do

+7
2 (1= wo(llyo — z.|))°

< @3(llzo — ) |wo — @i || < [0 — || < 7,

Mizo = @.ll <

so (2.11) holds for n = 0 and 1 € S(x,,r). If we replace xo, yo, 20, x1 by z;,
Yis Ziy Tip1 in the preceding estimates, we complete the induction (2.9)-(2.11).
Then, it follows from the estimate

(2.21) [Zipr — 2l < pllai — 2| <,

where p = ps3(||lzg — x«]|) € [0,1), we get that lim; ,.ox; = x, and x;41 €
S(@x,r).

1
The uniqueness part is shown by letting 7' = [ F'(z. + 0(y. — x.))d6 for
0
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some y, € Oy with F(y.) = 0. Then, using (as), we get that

1

/wd%m—ymMGS

0

IA

1F" (2) H(T = F' ()

1

/wO(HR)dG <1,
0

IN

so T~ € £(By, By). Finally, by

0=F(y:) — F(z.) = T(y« — z4),

we deduce that z, = y.. [ |

3. Numerical results

Example 1. Consider the motivational example as given in the introduction of
the paper. Note that =, = 0 is zero of this function. Then, we have wy(t) = Lt,
w(t) = Lt, wi(t) = 2, where L = 525(80+ 167 + (11 + 12log 2)7*). Using the
definition, we obtain the parameter values are

T = 7.5648 %1073, ro = 6.2566x1073, 73 = 5.5908x1072 and r = 5.5908x1073.

Example 2. Suppose that the motion of an object in three dimensions is
governed by system of differential equations

filx) = fi(z) =1=0,
foly) = (e=1y—-1=0,
f3(2) =1 =0,

with x,y,z € Q for f1(0) = f2(0) = f3(0) = 0. Then, the solution of the system
is given for v = (x,9,2)7 by function F := (f1, f2, f3) : @ — R3 defined by

-1
F(v) = (" = 1, =y +3.2)",

The Fréchet-derivative is given by
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Then, we have
wo(t) = (e—1)t, w(t)=-et, wi(t)=—.
Using the definition, the parameter values are given as

r1 = 0.324947, ro = 0.276393, r3 = 0.248044 and r = 0.248044.

Example 3. Let us consider the function F := (f1, fo, f3) : 2 — R? defined
by

F(z) = (10z; +sin(zy +x2) — 1,825 — cos? (x5 — x2) — 1, 1223 + sin(z3) — 1)7,

where & = (11,22, 23)7.

Fréchet-derivative of F(z) is given by

10 + cos(x1 + x2) cos(z1 + x2) 0
F'(z) = 0 8 +sin2(wy — x3) —sin2(wy — 3)
0 0 12 + cos(z3)

Then, we get that wg(t) = w(t) = 0.269812¢ and wy (t) = 1.08139. The param-
eters values of rq, 79, r3 and r for this example are given as

r1 = 2.47086, ro = 2.13854, r3 = 1.96885 and r = 1.96885.

Example 4. Next, we consider Kepler’s equation
F(z) = x— fsin(z) — K =0,

where 0 < § < 1, 0 < K < 7. A numerical study, for different values of § and
K, has been performed in [9]. In this example, we take values K = 0.1 and
B = 0.27, so the solution z, ~ 0.13682853547099 ... is obtained. Since

F'(z) = 1— Beos(x),

we have

\F'(2.) " (F'(z) — F'(y))| = |6(ffs;(?c;sf§iggf))| _
23|sin(ZE )sin( 25|
|1 — Beos(z.)|
p

= 11— Beos(an)]

|z -y
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and
1 feos@)] _ 145

|1 — Beos(z)| = |1 — Beos(w.)|”

Then, we have wo(t) = w(t) = 0.3685888t and wi(t) = 1.7337327. The
calculated values of parameters are given by

| (2.) " F' (o)

ry = 1.8087, 7o =1.5784, 73 =14992 and r = 1.4992.

Example 5. Let B, = C[0, 1], be the space of continuous functions defined on
the interval [0, 1] and be equipped with max norm. Let = U(0,1). Define
function F' on Q by

F(¢)(@) = 9(2) ~ 10 [ ab(6)°d.
0
We have that
F'(0(&)(z) = &(x) — ?>O/;r9<p(9)2§((9)dt97 for each & € Q.
0

Then for , = 0 we have that wy(t) = 15¢, w(t) = 30t and wy(t) = +2. The
parameters 71, ro, r3 and r are given by

r =3.33333 x 1072, 7y = 2.48384 x 1072,
rg =2.02103 x 1072 and 7 = 2.02103 x 10~ 2.

4. Complex geometry

The study of complex geometry of the rational function associated to an
iterative method gives important information about convergence and stability
of the method, see for example [14, 12]. To start with, let us recall some basic
dynamical concepts of rational function. Let ¢ : R — R be a rational function,
the orbit of a point 2y € R is defined as the set

{an ¢($0), ¢2(!IJ0), ceey ¢m(x0)’ . }

of successive images of zy by the rational function.

The dynamical behavior of the orbit of a point of R can be classified de-
pending on its asymptotic behavior. In this way, a point o € R is a fixed
point of ¢(«) if it satisfies ¢(«) = a. Moreover, xg is called a periodic point of
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period p > 1 if it is a point such that ¢?(zo) = zo but ¢*(xg) # x¢, for each
k < p. Moreover, a point xq is called pre-periodic if it is not periodic but there
exists a k > 0 such that ¢*(x) is periodic. There exist different types of fixed
points depending on the associated multiplier |¢*(x()|. Taking the associated
multiplier into account, a fixed point x¢ is called:

e attractor if |¢F(z¢)| < 1,

e superattractor if |¢*(zq)| = 0,
e repulsor if [¢*(zo)| > 1,

e parabolic if |¢*(z0)| = 1.

If z, an attracting fixed point of the rational function ¢, its basin of attrac-
tion A(z,) is defined as the set of pre-images of any order such that

(4.1) Alzy) ={z0 € R: ¢"(x0) = x4, m — 00}.

The set of points whose orbits tend to an attracting fixed point x, defined
as the Fatou set. Its complementary set, called Julia set, is the closure of the
set consisting of repelling fixed points, and establishes the borders between
the basins of attraction. That means the basin of attraction of any fixed point
belongs to the Fatou set and the boundaries of these basins of attraction belong
to the Julia set.

We take the initial point as zy € (2, where  is a rectangular region in
complex plane (C) containing all the roots of f(z) = 0. The numerical methods
starting at point zg in a rectangle can converge to the zero of the function f(z)
or eventually diverge. We consider the stopping criterion for convergence as
1072 up to a maximum of 25 iterations. If we have not obtained the desired
tolerance in 25 iterations, we do not continue and decide that the iterative
method starting at zg does not converge to any root. The strategy taken into
account is following: A color is assigned to each starting point zg in the basin of
attraction of a zero. If the iteration starting from the initial point zy converges
then it represents the basins of attraction with that particular color assigned
to it and if it fails to converge in 25 iterations then it shows the black color. In
this way, we distinguish the attraction basins by their colors for the method.

To view complex geometry, we analyze the basins of attraction of the
method on following polynomials:

Test problem 1. Consider the polynomial P;(z) = 22 + 1 having two simple
zeros {—i,1}. The basin of attractors for this polynomial are shown in Figure 1.
From this figure, it can be observed that method (1.2) has very stable behavior.
In addition, the method does not exhibits chaotic behavior on the boundary
points.
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Figure 1. Basins of attraction of method (1.2) for test problem 1

Test problem 2. Let Py(z) = 2% — z having three simple zeros {—1,0,1}.
The basin of attractors for this polynomial are shown in Figure 2. From this
figure, we observe the stable behavior of method (1.2).

Figure 2. Basins of attraction of method (1.2) for test problem 2

Test problem 3. Let P3(z) = z* — 522 + 4 having four simple zeros {—1, 1,
— %7 g} The basin of attractors for this polynomial are shown in Figure 3. From
figure, it can be observed that method (1.2) has beautiful fractal geometry.
Few black spots at the borders between the basins of attraction indicate the
diverging points.

Test problem 4. Consider the polynomial Py(z) = 2° — %23 + %z having five
simple zeros {0, —1, 1, —g, g} The basin of attractors are shown in Figure 4.
In this case we also observe the beautiful shapes of the basins of attraction of
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Figure 3. Basins of attraction of method (1.2) for test problem 3

different roots. However, few black spots at the borders between the basins of
attraction indicate the diverging nature.

Figure 4. Basins of attraction of method (1.2) for test problem 4

5. Conclusions

In the forgoing study, we have studied the local convergence of an efficient
eighth order method by assuming conditions only on the first derivative of the
operator. The iterative scheme does not use second or higher-order derivative
of the considered function. However, in earlier study of convergence the hy-
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potheses used were based on Taylor series expansions reaching up to the eighth
or higher-order derivatives of function although the iterative scheme uses first-
order derivative. These conditions restrict the usage of the iterative scheme.
We have extended the suitability of method by considering suppositions only
on the first-order derivative. The local convergence we have studied is also
important in the sense that it provides estimates on radius of convergence and
error bounds of the solution. Such estimates are not provided in the procedures
that use Taylor expansions of higher derivatives which may not exist or may be
very expensive to compute. We have also verified the theoretical results so de-
rived on some numerical problems. Finally, we have checked the stability of the
method by means of using complex dynamics tool, namely, basin of attraction.
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