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Abstract. We provide an estimate for the sum of the reciprocals of the
middle prime factor counting multiplicity.

1. Introduction

Given an integer n > 2, write it as n = pi'py*...p.* where the primes p;
satisfy p1 < pa < -+ < pi so that k = w(n). For a real positive number 8 < 1,
by letting p{P}(n) := Pmax(1,|8(k+1)]), the first author has shown in [6] that
there exists a function G (x, 8) such that G (z,8) — 1 =0(1) as © — oo and

1 _ T (logy x)lfﬁ (logs l‘)ﬁ . 1
Z pi{ﬁ}(n) = loga p < 85 (1 *5)1_26 (G( ,B)+ 0 <log§x>>> )

1<n<z

Here and in what follows, log, # denotes the k-th iterate of log evaluated at
x, and we shall always assume that the input x is large enough so that the
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iterated logarithms are real and positive. For the case § = 1, we have that
pl#H(n) = P(n), the largest prime factor of n, and it was studied by Erdds,
Ivi¢ and Pomerance [4]. For the case 8 = 0, p{®}(n) = p(n) the smallest prime
factor of n. See [3, problem 9.6] for an estimate. Our goal is to extend the
investigation for the middle prime factor to the case where the multiplicity of
prime factors is taken into account. We write each integer n as n = pips - - - pg
with p1 < ps < ... < pg, k = Q(n) and we set p(1/?)(n) := p|es1 ). We prove
the following. ’

Theorem 1.1. As x — oo,

5~ fog,v) )
9\ !
where C' := —g(p,1/2 (1 — ) and
2001/ 1 (1
-1

1 1 /2
g(p,1/2) = H (1 — 2q> < 2) <1 - ) where this last product

a<p
runs over all primes q.

2. The proof of Theorem 1.1

We have
1
e Y =, Z#{l<n<x Qn) = k,p"/D(n) = p} .
l<n<z p<w k>1
In the case where k > 3, we write k& = 2kg + 6, where kg = L%J and

0 € {-1,0}. Let n = apb, where k = Q(n), P(a) < p, Qa) = ko — 1,
p = p(/2(n), p(b) > p and Q(b) = k — ko. From here on, we define the sets
A=A, and B = B, , respectively by

A={aeN:P(a) <p,Qa)=ko—1},B={beN:pb) >p,Q0b) =k—ko},

so that, from Mertens’ theorem, Luca and Pomerance [5, Lem. 13] and (2.1),
we have

log,
(2.2) 1+0 (m > .
1<;<z p 1/2) ;z;r kz>3 ab<za:/p logz

acA
beB
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As De Koninck and Luca [2, eq. (2), eq. (3)] showed, we may also expect that
integers n that have a middle prime factor larger than logx or that are such
that ©(n) > 10log, « do not contribute much to (2.2), so that

Z 1 Z 1 Z Z xlogy
1<n<x p (n) <1 p 3<k<101 08T
n<x p<log x <k<10logy x ab<z/p

acA
beB

Here and in what follows, we let Np7 Z 1= Z Z 1. The fol-

ab<z/p a<z/p bS5
acA acA beB
veB

lowing uses the same basic ideas as those presented in [6].

Proposition 2.1. Uniformly for all real v € (0,3), integers k € [3,rlog, 2]
and primes p € [2,logz], and setting \ =k — ko =k — L%J,

A—1 _
N, () = x g(p, 10g2m) (logy )" 140 log2p Z 1
P, plogz p (1 + lg\g—zlx) (A=1)! logy x i @
acA

Proof. First of all, one can easily see that A = k — ko with ky < Rlog, z,
0 < R < 2. Moreover, since p < logz and Q(a) < 3log, x, we have that
ap < (log z)*'°82"*! 5o that, by Alladi [1, thm. 6], we have

_ A1
Z 1= (logy )™t [ 9 (p, log2$) ) (log, p)? y
aplogx (A=1)! A—1 ) ( =t

b= T (1 + log p)T=2= log,

beB
X <1+O< log, ) ))
log x

1 124
where ¢ (y,pu) = H (1 - ) < M) (1 — ) . Now, observe that

a<y q q

log, «

A—1 A=l

r (1 + > =1 and that ¢ ( ) (logp) Togz = Hence, it follows
log, x log2 x

that

A-—1 _
Z - * 9 (Pa 1og2z) (log, z)* 140 (logy p)*
oard aplogx (1 + lg\g—lz) (A—=1)! logy

beB :

Using this estimate in N, (), we obtain the desired result. |
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The next part is to estimate the sum of the reciprocals for those integers
a < x/p that are in the set A.

Proposition 2.2. Uniformly for0 <r < 3,3 <k <rlog,z and2 < p <logz,
1 1 2\ ! 1 3\ 7!
X omw I 0-0) olws I 0-))

a<z/p 3<q<p 3<q<p
acA

Proof. We shall first obtain an estimate for the sum > 1. Let y = n(p),
acA
where 7(x) denotes the number of prime numbers not exceeding . Then,

1 1
ZE: Z 2“130’25“3__.]92‘/’

acA ai1taz+--+ay,=ko—1

where p; denotes the j-th prime number. Clearly,

1 1 2\ 1 29(n)
Yo (-3 -5 X 25
acA 3<q<p Q(a)>ko
P(a)<p
pla)>2
Proceeding in the same manner for this last sum, we have
284(n) 2\ ™ 3Q(n) 9\ Fo—1 3\ !
< = z 1-2) .
S Erey(3) x Sr<(3) ()
Q(a)>ko m>ko Q(a)>ko 3<q<p
P(a)<p P(a)<p
p(a)>2 p(a)>3

Hence, we conclude that

1 1 2\ ! 1 3\ !
Y I (-0) volea I ()

acA 3<q<p 3<q<p

Since p < logz, Q(a) < 2log,  and P(a) < p, we get a < (logz)*'°®2”  so that
a < z/p for any a € A, thus completing the proof of the proposition. |
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Combining the preceding two propositions with (2.3), we get for any fixed

rE [10g2,3> that
> 1 S LT (-2 (reo(lE)).
p1/2)(n log x log,
1<n<z p<10gm 3<q<p

(2.4)

+ E1(2) + E2(x) + E3(x),

A—1
R
ko—1 _ | _
3<k<rlog, x 2% ()\ 1) r (1 + lg\gglw)

where
1

Yo

p<log x 3<q<p

log T

1 Ot e (v nst)

X
ko—1 — | - )
3<k<rlogy 3t ()\ 1)' T (1 + 1c>>\g21m)

wer T ST (-3 X e

p<log x 3§q§p rlog, x<k<10log, x

DS | N () R SR

p<logz d<q<p rlog, x<k<10log, x

1
and E5(zr) < T982% Pirst observe that

log x

1 1 rlog, x/2 €
(2.5) Ex(r)<x Z SRt < Z BYE) L p27 7082 <<10gac
k>rlog, x k>rlog, x
since r > =5. Noticing that g (p, Tog I) < T (1 + log x) uniformly for prime
numbers p S logx and integers 3 < k < rlog, x, we obtain that
1 (logya)*™
Ei(z) < log Z Zko=1 (A =1)!

3<k<rlog, x

When k = 3, we have A = ky = 1, so that using Stirling’s formula and the fact
that ko < k/2 < A, we get

2.6 B x 1 elog, At
(26) ir) < log x i Z <3(/\1)>

4<k<rlog, =
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By definition, we have A = k—ko = k— |52 |, so that A < £+ 1 < Zlog, ac-i—
and A > 2. Each of those values of A may appear at rnost tw1ce 1n (2.6), s
that, since the function f defined for ¢t > 1 and A > 1 by f(¢t) = (%)t is
concave and reaches its global maximum when ¢t = A, we obtain

logo @
3
elogy @ x

3t < Qloga)?/3°

x
2. E — [ 141
(2.7) 1(z) < log + log, @ (

0gy T

Similarly, the error related to the term O (M) in (2.4) is smaller than

for a positive constant C' and x large enough. Using this bound

¢ \/@ log2 z
along with (2.5) and (2.7), we obtain that, for any fixed real number r such

that =5 <r <3,

(2.8)
-1
1 x 1
> S 2 (1) o)
1<n<z ( / ) 10g$ p<logx 3<q<p IOgLU 10g2 z
A-1
1 (o)t 9 (p k)
where S = S (x,p,r) = Z (log, 2) 2t/ To esti-
2kl (A=1)! p (14 2=t
3<k<rlog, = + log,
mate S, it may be easier to write it over A — 1.
Proposition 2.3. For any fized real number r such that =5 <1 < 3, we have

s% 2 1<log2x>m g(n@) +0(1),

!
1<m<A; —2 m: 2 I (1 + 10;2 z)

where Ay i= [rlogy ] — {ngxJHJ

2

Proof. As noted before, since A = L%L each possible value of A when
3 < k < rlogy,x may be attained only once in the case where k = 3 and
possibly the case k = |rlog, 2|, and twice for every other values of A. Define

A1 to be the largest possible value for A, so that

|7 log, x] HJ

A= |rlogyz] — { 5 = glog2x+0(1).
We have that A = 1 when £ = 3 and A > 2 for £ > 4. Hence, when k = 3,

A =1 and ky = 1, so that the summand is equal to 1. When k = |rlog, z|,
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we have ko — 1 =< 5 logy @, so that the summand is < 1 by Stirling’s formula.
Moreover, we have = 452>~ Since

1
)\:k—k()(:})\:k:—v;J<:>k:2)\ork:2)\+1,

1
2ko—1

it follows that

S=4 Y 210%21' M g(p,b{;m)) <1+ ! >+O()

A—1 22)\ 22)\+1
2<A<N r (1 + g e

Hence, by setting m = A — 1, we obtain the desired result. |
To estimate the above sum, we start by omitting the g and I" functions.

Proposition 2.4. As x — oo,

. 1 (logyz\™ 1
re T (%) v (o ()

1<m<A—2

Note that this estimate alone does not directly tell us how to estimate the
sum S.

Proposition 2.5. Uniformly for 2 < p <logz,

3gp71/2) 1 ’ 1
S = 2 T (3/2) Viegz [ 140 <Z2q_1>

log, x
a<p 22

Proof. For A > 10 and ¢ > 1, consider the function f(t) := %[ (%)t. This
function is concave and reaches its global maximum at ¢y, where

logox 1 1 1
(2.9) to = 22 ~3 o <log2 x) and to (logty — logs x +log2) = ~3
so that
2logx 1
2.1 tg) = 1 .
(2.10) f{to) logy © ( +O<1032$>>

We will use that global maximum to estimate S. Let £ = (log, x)_3/8 and

write
B 1 [logyz\™ 1 (logyz\"™
T= 2 m(g) 2 (2 -

1<m<to(1-£) to(14E)<m< A —2

1 log, 2\
Py (™) —nenen
to(1—€)<m<to(1+€) "
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From Stirling’s formula, we have
Ti< > fm)<tof (to(1—€) < f(to(1—¢))logyx
1<m<to(1-£)

and

T, < > f(m) < f(to (1 +€))log, .

to(1+&§)<m<A1—2

t 2
Notice that we have, for any v € [=£, €], [ (to (1 +v)) =< f (to) exp <—O;),

Hence, from (2.10), we have

1 14 1 VI
Ty < f (to) loggwexp | —12822) ) _ Fto) ] < o2
2 Vlog, logy x
and T, = o (1%5:;). Moreover, from Proposition 2.4, we conclude that
1
T5 = /1 140 .
=iz (140 (5

Observe that the integers m that satisfy (1 — &)ty < m < (14 &) to are the
main contributors to the sum 7. Write S = S; 4+ Sz + S5 + O(1) with

Sj ::§ Z 1 <log2x>m g( ’long) (]:1,2,3),

mel;
where the intervals I; are defined by I1 = [1, (1 — &) to), Io = (1 + &) to, A\ — 2]
and Is = ((1 — &) to, (L + &) to]. To estimate S; and S3, we may use the fact

that g (p, % <TI'(1+ ﬁ which gives, as ¢ — oo and uniformly for

2 <p<logx,

V1 V1
S1<Ti=o0 o8 and Sy < Th =o0 o8 ,
log, log,
so that
V1
(2.11) S:S3+o< ng).
log,

For S3, note that, from (2.9), —2— = tolltv) _ 14+ 0(€), where ¢ <v < ¢&.

’ logy x log,

Moreover &log, p < (log, 1:)73/8 logs x = o(1) as © — oo. Hence, there exists a
constants K7 such that, uniformly for 2 < p <logz and m € I3,

g (p, [T m)

(2.12) T )

A%, 1
=1+AK+ -K°+0O (K ,
2 log,y x
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where A 1= " — % and £ = K7 — > % On the other hand, we have
g2 T a<p q

from (2.9) that there exist constant D; and D, such that

(2.13) F<1 ; — ) = F(;/Q) <1+D1A+D2A2+O<10g12x)).

log, =

Combining (2.12) and (2.13) in S5, we get

39 1/2) 1 1
5=5 I (3/2) L|\1+o Z:2q—110g2x 54+ 55,

q<p
where
_ 39(p.1/2) 1 (logoz\™( m 1
S1:= o (3/2) (D1+1C)n§ m!\ 2 log,z 2
and
_39(p,1/2) K 1 (logyz\™ ([ m 1\’
55 = 2T (3/2) Do+ KA Drt 5 n; ml \ 2 logoz  2)

1 1 1 e
For S4 and Sy, we have to estimate — E —_— 082 % , where
2 (m —j)! 2
meEls
j=1orj=2. As with T3,

S () (o ().

mels

Hence, uniformly for 2 < p <log=,

Sy 1 +logax
< .
g(p,1/2) pt 2q — 1 logy @

For S5, we have

Ss K
39(p,1/2) (D2 +K <D1 + 2)> *

2T'(3/2)

(n () s ()

mels mels

1
=T
+4 3>7
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2
S 1 V1
g(p,1/2) = 2g —1 log, x

Hence, from (2.11), we obtain

so that we get

2
3g(p,1/2) 1 1
2571“(3/2) Viegz | 140 (E 2q—1> )

log, x
a<p 22

which completes the proof of Proposition 2.5. |

Using this last estimate for S in (2.8), we get

1 3 !
> P72 (n) — 2T (3/2) \/@ Z H <1—q> g9(p,1/2) x

1<n<z <bgz 3<q<p
2
1 1
2.14 x| 1+0
(2.14) + (quQq—l> log, x

What is left to estimate is the sum over the primes p < logx. Since

11 <1—z)_1:exp -y 10g<1—z> = (logp)?,

3<q<p 3<q<p

g(p,1/2) <

Z 7 = log, p, we obtain that
g<p <17

-1 (log, p) 1
Z H (1—> g(p71/2)<1+0< log, >><<@'

>10g:v 3<q<p

ﬁ

Hence, it follows from (2.14) that

1 T 1
= 1
Z p(1/2)(n) C@( +O<log2w))’

1<n<z

where
3 1 2\ !
o 10

which completes the proof of Theorem 1.1. |
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