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Abstract. In this article we study generalized convolutions for discrete-
time Fourier cosine and Fourier sine transforms, operator properties and
for the application in volving infinite systems of linear algebraic equations.

1. Introduction

Since the end of 19" century, Fourier transform has been studied along
with Fourier cosine, Fourier sine transforms and their convolutions. Fourier
transform of a function z(¢) is defined in [6], [10]. Fourier cosine transform of
a function z(t) is defined in [1], [5].

In recent years, there are many interesting results relates to Fourier, Fourier
cosine and Fourier sine transforms have been published [2], [3], [4], [7], [11].

Discrete-time Fourier transform is given (see [8], [9])

oo

1) X(w) = Fpr{z(n)} = n;wx(n)efi“m

(z = (z(n)) € lh, w € [0,27])
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and
(1.2) z(n) = Fpp{X(w)} = % /X(ei‘”)ei‘”"dw (neN).

In this article we study generalized convolutions with weighted-function for
discrete-time Fourier cosine and Fourier sine transforms, operator properties
and applications.

2. Discrete-time Fourier cosine and Fourier sine transforms

2.1. Definitions. The discrete-time Fourier cosine transform of z(n) se-
quence has the form

(2.1) X (w)=Fepr{zn)}w) )+2 Z )cos(nw), w € [0,7]

and inverse transform

7T

(2.2) z(n) = T pp{Xe(w)Hw) = %/Xc(w) cos(nw)dw (n € N).

0

The Discrete-time Fourier sine transform of z(n) sequence has the form
(2.3) Xs(w) = Fspriz(n = 22 ) sin(nw),w € [0, 7]

and inverse transform

(2.4) z(n) = T pp{Xs(W)}Hw) = %/Xs(w) cos(nw)dw (n € N).

0

Here X (w), Xs(w) are determined, bounded function in [0, 7]. These im-
ply that all the spectral information contained in the fundamental interval is
necessary for the complete description with the signal.
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2.2. Properties. Let z(n),y(n) € l; denote sequences, where

I = {x(n) : i lz(n)| < oo}.
n=0

5 Jepr{z(n) +y(n)}(w) = Fepr{z(n)}(w) + Fepr{y(n)}(w)
b) Time shifting:

(2.6) Fepr{z(n —no)}(w) = Fepr{z(n)}Hw).

(¢) Modulation:

(a) Linearity:
(2.
(

Fepr{z(n) cosnw}(w) =
(27) .

= 5 [Tepr{a(m)}(w +wo) + Tepr {a(n)}(w - wo)],

Fepr{x(n)sinnwHw) =

— L Teor ()} + w0) ~ Tepr{a(m)} o — w0).

(2.8)

(d) Differentation in the frequency domain: If nz(n) € Iy, then we have:

(2.9) d%iw) = —Fspr{nz(n)}(w)

Remark. For the discrete-time Fourier sine we also have similar results.
3. Generalized convolutions

3.1. Generalized convolution with weighted function for discrete-
time Fourier cosine transform

Definition 3.1. A generalized convolution for the Fourier cosine transforms
with weighted function (w) = sinw is defined by:

a1y Ean W =2 3" a(m)[y(n+m — 1) +y(jn —m+1))—

m=0

—y(ln+m+1)) = y(ln —m —1J)].
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Theorem 3.1. If z(n), y(n) € 1y, then (xgl y)(n) € Iy and the following

cDT
factorization equality holds

(3.2) fchT(xgl ) (W) = sinw(Fopra) (W) (W) (Fepry) (w), w € [0,7].

cDT

Proof. First, we prove that (z x y)(n) € ly:

Fepr
o0 o) m—+1
||x . yH1 Z (m)] Dy + D Jxm)] D ly(r)|+
r=m-+1 m=0 r=0

+ ) lem)[ Y ly(r) + Y |x(m)] Z )+ Z |z(m Z (r)l+
m=0 r=0 m=0

r=m-—1 r=0
+ ) Jem) Y ly(r)[ =4 le(m)] Y ly(r)] < oc.

Then, we have [lz_* yll < 4fe|illyls. So (x_* y)(n) belongs to L.
T

cD c

Now we prove factorization equality (3.2). Since

sinw - (Fsprz)(w) - (Fepry)(w) =
=4 Z x(m) Z y(n)sinw - sin(mw) - cos(nw),
m=0 n=0
and

1
sinw - sin(nw) - cos(mw) = 1 [cosw (n+m—1)+cosw (m—n—1)—

—cosw(n+m+1)—cosw(m—n+1)],

we have
sinw - (Fsprz)(w) - (Fepry)(w) =
(3.3) Z x Z n)[cosw(m +n —1) +cosw(m —n —1)—
m=0 n=0

—cosw(m+n+1) —cosw(m —n+ 1)].
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e With change of variable m +n + 1 = ¢, we obtain

oo
x(m Z Jeosw(m+n+1) =

[ee]

MgiMS

= x(m) Z y(t —m — 1) cos(wt) =
(34) mzi) t=m-+1
Z xz(m) Zy(|t —m — 1|) cos(wt)—
o0 m—+1
- Z x(m) Z y(lm + 1 —t]) cos(wt).

e With Y~ z(m) 3 y(n)cosw(m —n+1) and m —n+ 1 = —t we have
m=0

n=0
(3.5)
Z x(m Z Yeosw(m+1—n) =
m=0 n=0
= Z x(m) Z y(t+m + 1) cos(wt) =
m=0 t=—m—1
o0 [e'S) 0
Z z m)Zy +m + 1) coswt + Z (m) Z y(t +m+ 1) cos(wt).
=0 t=—m—1
Moreover,
(3.6)
oo 0 e’ m—+1
x(m) Z y(t+m+1)coswt = Z x(m) Z y(lm + 1 —t|) cos(wt).
m=0 t=—m—1 m=0 t=0

Form (3.4), (3.5) and (3.6) we have:

Zx Z [cosw(m —n+ 1)+ cosw(m +n+1)] =

m=0

Z x m)z (t+m+1) +y(|t —m — 1])] cos(wt).

=0 t=0
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e Similarly, with change of variable we obtain

Z x(m) Z y(n)[cosw(m —1+n) +cosw(m —1—n)| =
(38) m=0 n=0

= a(m) Y [yt —m+1]) + y(|t + m — 1])] cos(wt).
m=0 t=0

Finally, from (3.1), (3.7) and (3.8) we have:

sinw - (Faprz)(w)(Fepry)w) = D> x(m) > [yt +m —1) +y(|t —m+1|)—
m=0 t=0
—y(|t+m+1\)—y(|t—m—1|)] cos(wt). [ |

Remark. Formula (3.2) shows that the convolution is non commutative.

3.2. Discrete-time Fourier sine generalized convolution with
weighted function

Definition 3.2. The generalized convolution for the discrete-time Fourier sine
with v(w) = sin(w) weighted function is defined by

(3.9) (x?;i;T —QMX:O y(m+n—1|)+
+y(In —m —1]) —y(n+m+1) —y(jn —m + 1|)].

Similar Theorem 3.1, we get the following theorem:

Theorem 3.2. If z(n),y(n) € Iy, then (ac?l y)(n) € Iy and factorization
sDT

equality

(3.10) Fopr(e _* y)(w) =sinw (Fepra)(w)(Fepry)@).

sDT

Remark. Formula (3.10) shows that the convolution is commutative.

In order to construct a of Titchmarch’s type theorem, we introduce the
o0

weighted space 1 (e™) as follow: 11(e") = {x = {z(n)}: Y |z(n)e"| < co}.
n=0

Theorem 3.3. (Theorem of Titchmarch’s type.) Let x,y be given sequences
in weighted space l1(e™). Then (xFl y)(n) =0 or (xFl y)(n) =0 if and
sDT

cDT

only if x(n) =0 or y(n) =0 for all n > 0.
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4. Applications

In this section, we need to use the following propositions

Proposition 4.1. Let x(n),y(n) be two sequences. If x(n),y(n) € 1y then
(acF* y)(n) € Iy and factorization equality
sDT

A1) Fopr{(e * y)(n)}w) = Fepr{z(n)}(w)Tepr{y(n)}w), Vw € [0,7],
where (wF* y)(n) is defined by

sDT

(z % y) —22 y(In — k) — y(n +k)].

Fspr

Proposition 4.2. Let x(n),y(n) be two sequences. If x(n),y(n) € 1y then
($F* y)(n) € Iy and factorization equality
cDT

(4.2) Feprilw * y)(n)}Hw) =TFepr{z(n)}(w)Tpr{y(n)}(w), Yw € [0, 7],
where (x o y)(n) is defined by

FcDT

(x = 2230 y(k +n) +y(|k — n|)sign (k —n)].
k=0

Proposition 4.3. Let x(n),y(n) be two sequences. If x(n),y(n) € Iy then
(x*xy)(n) € l1 and factorization equality

4.3)  Fepr{(z xy)(n)}(w) = Fepr{z(n) }(w)Fepr{y(n)}(w), Yw € [0,7],
where (x *y)(n) is defined by

(z*y)(n —22 y(n+k) +y(In — k)] +2(0) y(n).

Proposition 4.4. (Theorem of Wiener—Levy type.)

(i) Suppose that x(n) € Iy and ®(z) € Loo(0,7) is an analytic function.
Then, exist y(n) € Iy so that

Fepr{y(n)}(w) = ®(Fepr{z(n)}(w)).
(i) In particular, if Fepr{z(n)}(w) # 0, x(n) € li, then unique existence
y(n) € Iy such that

Fepriy(n)Hw) =

1

Fepr{z(n)}H(w)’
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4.1. Infinite systems of linear algebraic equations of the first type

Consider the system of equations in the following form

sDT

(4.4) x(n)—i—QmZZO(yF* z)(m)[z(n+m—1) +z(ln —m+ 1])—
—z(In+m+1]) — z(ln — m — 1])] = h(n)

where (y o z)(n) is defined by (4.1); y(n), z(n), h(n) € l; are given sequences
sDT
and z(n) is the unknown sequence.

Theorem 4.5. Let y(n), z(n), h(n) € l1 and satisfy
1+sin(w) - Fspr{y(n)}(w)Fepr{z(n)Hw) # 0, Yw € [0, 7]
Then the system of equations (4.4) has unique solution x € Iy
xz(n) = h(n) — (hxu)(n) €y,
where u(n) € 1y is defined by

_sin(w)Fspr{y(n)}H(w)Tepr{z(n)}(w)
Fepr{u(n)Hw) = 1+ sin(w)Fspr{y(n) }(w)Fepr{z(n)} (W)

4.2. Infinite systems of linear algebraic equations of the second type

Consider the system of equations in the following form

w(n) +2 Y y(m)[u(n+m—1) +u(ln —m+1])—
(4.5) —u(lm +n + 1)) — ulln —m — 1])] = z(n),
23 (k) [a(n — k|) — 2(n + )]+ y(n) = w(n),
k=0

where, u(n), z(n),v(n) and w(n) are given sequences, z(n) and y(n) is unknow.

Theorem 4.6. If u(n),v(n),z(n),w(n) € Iy and satisfy

1 —sin(w)Fspr{v(n)}(w)Fepr{u(n)}(w) # 0, Yw € [0, ],
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then the system of equations (4.5) has unique solution (z(n),y(n)) € (l1,1)

c c

y(n) = w(n)—(vF* z)(n)—i—(wF* h)(n)—((vF* z)F* h)(n)ell.

sDT sDT sDT sDT

{xm): 2(n) = (w & w)(n)+ (hxz)(n) = (hx(w * w)(n)el,

where h(n) € ly, is defined by

- sin(w) -?SDT{U(N)}(w)gchT{“(n)}(w)
Fepr{h(n)}w) = 1= sin(w) - Fopr{o(n) Hw)Fepr{u(n) Hw)

Proof. Applying the discrete-time Fourier cosine transform to both sides of
the first equation and discrete-time Fourier sine transform to both sides of the
second equation of system (4.5), we obtain

{Xc(w) +sinwYs(w)Ue(w) = Ze(w)
Vs(w)Xe(w) + Y (w) = Ws(w).
We have
(4.6) A =1-sinwVi(w)U.(w) # 0,
Ay = Z.(w) — sinwWs(w)U.(w) and Ag = Wy(w) — Vi(w)Ze(w).

By the Proposition 4.4 (Theorem of Wiener-Levy type), exist a sequence h(n) €
€ [1 so that

sin(w) - Vi(w)Ue(w)

(4.7) H.(w) :=Fepr{h(n)}(w) = 1 —sin(w) - Vi(w)Ue(w)

From (4.5), (4.6), (4.7) and convolution theorems, we have:

Xe(w) N Ze(w) —sin(w) - Wy(w)Ue(w) + Ze(w)He(w)—
—sin(w) - Wy(w)Ue(w)He(w),
Ys(w) = % = Ws(w) = V(W) Ze(w) + Ws(w)He(w) — Vs(w) Ze(w) He(w).

From uniaxial of the discrete-time Fourier cosine and discrete-time Fourier sine
transforms, we have

z(n) =z(n) — (w _* w)(n)+ (hxz)(n)— (h*(w * w))(n)€l,

Fepr Fepr

yn)=wn)— (v _* 2)(n)+ (w * h)(n)f((v k z) % h)(n)Ell.l

Fspr Fspr Fspr ~ Fspr
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4.3. Infinite systems of linear algebraic equations of the third type

Consider the system of equations

w(n) +2 > ulm)y(jn+m— 1)) +y(jn —m — 1)—

m=0

(4.8) —yn+m+1)—y(ln—m+1]) = z(n)

23" w(k)[a(k +n) + 2|k - nl)sign (k — n)] + y(n) = w(n),
k=0

where u(n), z(n),v(n) and w(n) are given sequences; x(n) and y(n) are un-
known.

Theorem 4.7. If u(n), z(n),v(n),w(n) € ly, and satisfy
1 —sin(w)Fepr{u(n)}(w)Fspr{v(n)}(w) # 0, Yw € [0, 7],

then the system of equations (4.8) has unique solution (z(n),y(n)) € Iy x Iy:

d) =y _* w)n)+(z + hm)—(y_* w) * h)n),

FspT Fspr Fspr Fspr
y(n) = w(n) = (= o))+ (ws R)n) — (s (= ))(m).

Here, h(n) € 1y is defined by

sin(w) - Fepr{u(n)}(w)Fspr{v(n)}(w)

Fepr{h(n)}(w) = 1 —sin(w) - Fepr{un)}w)Fspri{vin)Hw)
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