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Abstract. In this article we study generalized convolutions for discrete-
time Fourier cosine and Fourier sine transforms, operator properties and
for the application in volving infinite systems of linear algebraic equations.

1. Introduction

Since the end of 19th century, Fourier transform has been studied along
with Fourier cosine, Fourier sine transforms and their convolutions. Fourier
transform of a function x(t) is defined in [6], [10]. Fourier cosine transform of
a function x(t) is defined in [1], [5].

In recent years, there are many interesting results relates to Fourier, Fourier
cosine and Fourier sine transforms have been published [2], [3], [4], [7], [11].

Discrete-time Fourier transform is given (see [8], [9])

(1.1)
X(ω) ≡ FDT {x(n)} =

∞∑
n=−∞

x(n)e−iωn

(
x = (x(n)) ∈ l1, ω ∈ [0, 2π]

)
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2010 Mathematics Subject Classification: 42A38, 65T50.

https://doi.org/10.71352/ac.47.227

https://doi.org/10.71352/ac.47.227


228 N. A. Dai and N. X. Thao

and

(1.2) x(n) ≡ F−1
DT {X(ω)} =

1

2π

π∫

−π

X(eiω)eiωndω
(
n ∈ N

)
.

In this article we study generalized convolutions with weighted-function for
discrete-time Fourier cosine and Fourier sine transforms, operator properties
and applications.

2. Discrete-time Fourier cosine and Fourier sine transforms

2.1. Definitions. The discrete-time Fourier cosine transform of x(n) se-
quence has the form

(2.1) Xc(ω) ≡ FcDT {x(n)}(ω) = x(0) + 2
∞∑

n=1

x(n) cos(nω), ω ∈ [0, π]

and inverse transform

(2.2) x(n) = F−1
cDT {Xc(ω)}(ω) =

1

π

π∫

0

Xc(ω) cos(nω)dω (n ∈ N).

The Discrete-time Fourier sine transform of x(n) sequence has the form

(2.3) Xs(ω) ≡ FsDT {x(n)}(ω) = 2

∞∑
n=0

x(n) sin(nω), ω ∈ [0, π]

and inverse transform

(2.4) x(n) = F−1
sDT {Xs(ω)}(ω) =

1

π

π∫

0

Xs(ω) cos(nω)dω (n ∈ N).

Here Xc(ω), Xs(ω) are determined, bounded function in [0, π]. These im-
ply that all the spectral information contained in the fundamental interval is
necessary for the complete description with the signal.
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2.2. Properties. Let x(n), y(n) ∈ l1 denote sequences, where

l1 =
{
x(n) :

∞∑
n=0

|x(n)| < ∞
}
.

(a) Linearity:

(2.5) FcDT {x(n) + y(n)}(ω) = FcDT {x(n)}(ω) + FcDT {y(n)}(ω)

(b) Time shifting:

(2.6) FcDT {x(n− n0)}(ω) = FcDT {x(n)}(ω).

(c) Modulation:

(2.7)
FcDT {x(n) cosnω0}(ω) =

=
1

2

[
FcDT {x(n)}(ω + ω0) + FcDT {x(n)}(ω − ω0)

]
,

(2.8)
FcDT {x(n) sinnω0}(ω) =

=
1

2

[
FsDT {x(n)}(ω + ω0)− FcDT {x(n)}(ω − ω0)

]
.

(d) Differentation in the frequency domain: If nx(n) ∈ l1, then we have:

(2.9)
dXc(ω)

dω
= −FsDT {nx(n)}(ω)

Remark. For the discrete-time Fourier sine we also have similar results.

3. Generalized convolutions

3.1. Generalized convolution with weighted function for discrete-
time Fourier cosine transform

Definition 3.1. A generalized convolution for the Fourier cosine transforms
with weighted function γ(ω) = sinω is defined by:

(x
γ
∗

FcDT

y)(n) = 2

∞∑
m=0

x(m)
[
y(n+m− 1) + y(|n−m+ 1|)−

− y(|n+m+ 1|)− y(|n−m− 1|)
]
.

(3.1)
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Theorem 3.1. If x(n), y(n) ∈ l1, then (x
γ
∗

FcDT

y)(n) ∈ l1 and the following

factorization equality holds

(3.2) FcDT (x
γ
∗

FcDT

y)(ω) = sinω(FsDTx)(ω)(ω)(FcDT y)(ω), ω ∈ [0, π].

Proof. First, we prove that (x
γ
∗

FcDT

y)(n) ∈ l1:

∥∥x γ
∗

FcDT

y
∥∥
1
≤

∞∑
m=0

|x(m)|
∞∑

r=m+1

|y(r)|+
∞∑

m=0

|x(m)|
m+1∑
r=0

|y(r)|+

+

∞∑
m=0

|x(m)|
∞∑
r=0

|y(r)|+
∞∑

m=0

|x(m)|
∞∑

r=m−1

|y(r)|+
∞∑

m=0

|x(m)|
m−1∑
r=0

|y(r)|+

+
∞∑

m=0

|x(m)|
∞∑
r=0

|y(r)| = 4
∞∑

m=0

|x(m)|
∞∑
r=0

|y(r)| < ∞.

Then, we have ‖x
γ
∗

FcDT

y‖1 ≤ 4‖x‖1‖y‖1. So (x
γ
∗

FcDT

y)(n) belongs to l1.

Now we prove factorization equality (3.2). Since

sinω · (FsDTx)(ω) · (FcDT y)(ω) =

= 4

∞∑
m=0

x(m)

∞∑
n=0

y(n) sinω · sin(mω) · cos(nω),

and

sinω · sin(nω) · cos(mω) =
1

4

[
cosω (n+m− 1) + cosω (m− n− 1)−

− cosω (n+m+ 1)− cosω (m− n+ 1)
]
,

we have

(3.3)

sinω · (FsDTx)(ω) · (FcDT y)(ω) =

=
∞∑

m=0

x(m)
∞∑

n=0

y(n)[cosω(m+ n− 1) + cosω(m− n− 1)−

− cosω(m+ n+ 1)− cosω(m− n+ 1)].
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• With change of variable m+ n+ 1 = t, we obtain

(3.4)

∞∑
m=0

x(m)
∞∑

n=0

y(n) cosω(m+ n+ 1) =

=
∞∑

m=0

x(m)

∞∑
t=m+1

y(t−m− 1) cos(ωt) =

=

∞∑
m=0

x(m)

∞∑
t=0

y(|t−m− 1|) cos(ωt)−

−
∞∑

m=0

x(m)
m+1∑
t=0

y(|m+ 1− t|) cos(ωt).

• With
∞∑

m=0
x(m)

∞∑
n=0

y(n) cosω(m− n+ 1) and m− n+ 1 = −t we have

(3.5)
∞∑

m=0

x(m)
∞∑

n=0

y(n) cosω(m+ 1− n) =

=
∞∑

m=0

x(m)
∞∑

t=−m−1

y(t+m+ 1) cos(ωt) =

=
∞∑

m=0

x(m)

∞∑
t=0

y(t+m+ 1) cosωt+

∞∑
m=0

x(m)

0∑
t=−m−1

y(t+m+ 1) cos(ωt).

Moreover,
(3.6)

∞∑
m=0

x(m)

0∑
t=−m−1

y(t+m+ 1) cosωt =

∞∑
m=0

x(m)

m+1∑
t=0

y(|m+ 1− t|) cos(ωt).

Form (3.4), (3.5) and (3.6) we have:

(3.7)

∞∑
m=0

x(m)
∞∑

n=0

y(n)
[
cosω(m− n+ 1) + cosω(m+ n+ 1)

]
=

=
∞∑

m=0

x(m)

∞∑
t=0

[
y(t+m+ 1) + y(|t−m− 1|)

]
cos(ωt).
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• Similarly, with change of variable we obtain

(3.8)

∞∑
m=0

x(m)
∞∑

n=0

y(n)
[
cosω(m− 1 + n) + cosω(m− 1− n)

]
=

=
∞∑

m=0

x(m)
∞∑
t=0

[
y(|t−m+ 1|) + y(|t+m− 1|)

]
cos(ωt).

Finally, from (3.1), (3.7) and (3.8) we have:

sinω · (FsDTx)(ω)(FcDT y)(ω) =
∞∑

m=0

x(m)
∞∑
t=0

[
y(t+m− 1) + y(|t−m+ 1|)−

− y(|t+m+ 1|)− y(|t−m− 1|)
]
cos(ωt). �

Remark. Formula (3.2) shows that the convolution is non commutative.

3.2. Discrete-time Fourier sine generalized convolution with
weighted function

Definition 3.2. The generalized convolution for the discrete-time Fourier sine
with γ(ω) = sin(ω) weighted function is defined by

(3.9)
(x

γ
∗

FsDT

y)(n) = 2
∞∑

m=0

x(m)
[
y(|m+ n− 1|)+

+y(|n−m− 1|)− y(n+m+ 1)− y(|n−m+ 1|)
]
.

Similar Theorem 3.1, we get the following theorem:

Theorem 3.2. If x(n), y(n) ∈ l1, then (x
γ
∗

FsDT

y)(n) ∈ l1 and factorization

equality

(3.10) FsDT (x
γ
∗

FsDT

y)(ω) = sinω · (FcDTx)(ω)(FcDT y)(ω).

Remark. Formula (3.10) shows that the convolution is commutative.

In order to construct a of Titchmarch’s type theorem, we introduce the

weighted space l1(e
n) as follow: l1(e

n) = {x = {x(n)} :
∞∑

n=0
|x(n)en| < ∞}.

Theorem 3.3. (Theorem of Titchmarch’s type.) Let x, y be given sequences

in weighted space l1(e
n). Then (x

γ
∗

FcDT

y)(n) ≡ 0 or (x
γ
∗

FsDT

y)(n) ≡ 0 if and

only if x(n) ≡ 0 or y(n) ≡ 0 for all n ≥ 0.
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4. Applications

In this section, we need to use the following propositions

Proposition 4.1. Let x(n), y(n) be two sequences. If x(n), y(n) ∈ l1 then
(x ∗

FsDT

y)(n) ∈ l1 and factorization equality

(4.1) FsDT {(x ∗
FsDT

y)(n)}(ω) = FsDT {x(n)}(ω)FcDT {y(n)}(ω), ∀ω ∈ [0, π],

where (x ∗
FsDT

y)(n) is defined by

(x ∗
FsDT

y)(n) = 2
∞∑
k=0

x(k)
[
y(|n− k|)− y(n+ k)

]
.

Proposition 4.2. Let x(n), y(n) be two sequences. If x(n), y(n) ∈ l1 then
(x ∗

FcDT

y)(n) ∈ l1 and factorization equality

(4.2) FcDT {(x ∗
FcDT

y)(n)}(ω) = FsDT {x(n)}(ω)FsDT {y(n)}(ω), ∀ω ∈ [0, π],

where (x ∗
FcDT

y)(n) is defined by

(x ∗
FcDT

y)(n) = 2
∞∑
k=0

x(k)
[
y(k + n) + y(|k − n|) sign (k − n)

]
.

Proposition 4.3. Let x(n), y(n) be two sequences. If x(n), y(n) ∈ l1 then
(x ∗ y)(n) ∈ l1 and factorization equality

(4.3) FcDT {(x ∗ y)(n)}(ω) = FcDT {x(n)}(ω)FcDT {y(n)}(ω), ∀ω ∈ [0, π],

where (x ∗ y)(n) is defined by

(x ∗ y)(n) = 2

∞∑
k=0

x(k)
[
y(n+ k) + y(|n− k|)

]
+ x(0) y(n).

Proposition 4.4. (Theorem of Wiener–Levy type.)

(i) Suppose that x(n) ∈ l1 and Φ(z) ∈ L∞(0, π) is an analytic function.
Then, exist y(n) ∈ l1 so that

FcDT {y(n)}(ω) = Φ(FcDT {x(n)}(ω)).

(ii) In particular, if FcDT {x(n)}(ω) �= 0, x(n) ∈ l1, then unique existence
y(n) ∈ l1 such that

FcDT {y(n)}(ω) =
1

FcDT {x(n)}(ω)
.
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4.1. Infinite systems of linear algebraic equations of the first type

Consider the system of equations in the following form

(4.4)
x(n) + 2

∞∑
m=0

(
y ∗
FsDT

z
)
(m)

[
x(n+m− 1) + x(|n−m+ 1|)−

−x(|n+m+ 1|)− x(|n−m− 1|)
]
= h(n)

where (y ∗
FsDT

z)(n) is defined by (4.1); y(n), z(n), h(n) ∈ l1 are given sequences

and x(n) is the unknown sequence.

Theorem 4.5. Let y(n), z(n), h(n) ∈ l1 and satisfy

1 + sin(ω) · FsDT {y(n)}(ω)FcDT {z(n)}(ω) �= 0, ∀ω ∈ [0, π]

Then the system of equations (4.4) has unique solution x ∈ l1

x(n) = h(n)− (h ∗ u)(n) ∈ l1,

where u(n) ∈ l1 is defined by

FcDT {u(n)}(ω) =
sin(ω)FsDT {y(n)}(ω)FcDT {z(n)}(ω)

1 + sin(ω)FsDT {y(n)}(ω)FcDT {z(n)}(ω)
.

4.2. Infinite systems of linear algebraic equations of the second type

Consider the system of equations in the following form

(4.5)




x(n) + 2

∞∑
m=0

y(m)
[
u(n+m− 1) + u(|n−m+ 1|)−

−u(|m+ n+ 1|)− u(|n−m− 1|)
]
= z(n),

2
∞∑
k=0

v(k)[x(|n− k|)− x(n+ k)] + y(n) = w(n),

where, u(n), z(n), v(n) and w(n) are given sequences, x(n) and y(n) is unknow.

Theorem 4.6. If u(n), v(n), z(n), w(n) ∈ l1 and satisfy

1− sin(ω)FsDT {v(n)}(ω)FcDT {u(n)}(ω) �= 0, ∀ω ∈ [0, π],
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then the system of equations (4.5) has unique solution (x(n), y(n)) ∈ (l1, l1)



x(n) = z(n)− (w

γ
∗

FcDT

u)(n) + (h ∗ z)(n)−
(
h ∗ (w

γ
∗

FcDT

u)
)
(n) ∈ l1,

y(n) = w(n)− (v ∗
FsDT

z)(n) + (w ∗
FsDT

h)(n)−
(
(v ∗

FsDT

z) ∗
FsDT

h
)
(n) ∈ l1.

where h(n) ∈ l1, is defined by

FcDT {h(n)}(ω) =
sin(ω) · FsDT {v(n)}(ω)FcDT {u(n)}(ω)

1− sin(ω) · FsDT {v(n)}(ω)FcDT {u(n)}(ω)
.

Proof. Applying the discrete-time Fourier cosine transform to both sides of
the first equation and discrete-time Fourier sine transform to both sides of the
second equation of system (4.5), we obtain

{
Xc(ω) + sinωYs(ω)Uc(ω) = Zc(ω)

Vs(ω)Xc(ω) + Ys(ω) = Ws(ω).

We have

(4.6) ∆ = 1− sinωVs(ω)Uc(ω) �= 0,

∆1 = Zc(ω)− sinωWs(ω)Uc(ω) and ∆2 = Ws(ω)− Vs(ω)Zc(ω).

By the Proposition 4.4 (Theorem of Wiener-Levy type), exist a sequence h(n) ∈
∈ l1 so that

(4.7) Hc(ω) := FcDT {h(n)}(ω) =
sin(ω) · Vs(ω)Uc(ω)

1− sin(ω) · Vs(ω)Uc(ω)
.

From (4.5), (4.6), (4.7) and convolution theorems, we have:

Xc(ω) =
∆1

∆
= Zc(ω)− sin(ω) ·Ws(ω)Uc(ω) + Zc(ω)Hc(ω)−

− sin(ω) ·Ws(ω)Uc(ω)Hc(ω),

Ys(ω) =
∆2

∆
= Ws(ω)− Vs(ω)Zc(ω) +Ws(ω)Hc(ω)− Vs(ω)Zc(ω)Hc(ω).

From uniaxial of the discrete-time Fourier cosine and discrete-time Fourier sine
transforms, we have




x(n) = z(n)− (w
γ
∗

FcDT

u)(n) + (h ∗ z)(n)−
(
h ∗ (w

γ
∗

FcDT

u)
)
(n) ∈ l1,

y(n) = w(n)− (v ∗
FsDT

z)(n) + (w ∗
FsDT

h)(n)−
(
(v ∗

FsDT

z) ∗
FsDT

h
)
(n) ∈ l1. �
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4.3. Infinite systems of linear algebraic equations of the third type

Consider the system of equations

(4.8)




x(n) + 2

∞∑
m=0

u(m)[y(|n+m− 1|) + y(|n−m− 1|)−

−y(n+m+ 1)− y(|n−m+ 1|) = z(n)

2
∞∑
k=0

v(k)[x(k + n) + x(|k − n|) sign (k − n)] + y(n) = w(n),

where u(n), z(n), v(n) and w(n) are given sequences; x(n) and y(n) are un-
known.

Theorem 4.7. If u(n), z(n), v(n), w(n) ∈ l1, and satisfy

1− sin(ω)FcDT {u(n)}(ω)FsDT {v(n)}(ω) �= 0, ∀ω ∈ [0, π],

then the system of equations (4.8) has unique solution (x(n), y(n)) ∈ l1 × l1:




x(n) = z(n)− (y
γ
∗

FsDT

w)(n) + (z ∗
FsDT

h)(n)− ((y
γ
∗

FsDT

w) ∗
FsDT

h)(n),

y(n) = w(n)− (z ∗
FcDT

v)(n) + (w ∗ h)(n)− (h ∗ (z ∗
FcDT

v))(n).

Here, h(n) ∈ l1 is defined by

FcDT {h(n)}(ω) =
sin(ω) · FcDT {u(n)}(ω)FsDT {v(n)}(ω)

1− sin(ω) · FcDT {u(n)}(ω)FsDT {v(n)}(ω)
.
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