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Abstract. In this work we deduce some algebraic relations on integer
sequence a, and its relationship with Pell, Pell-Lucas and balancing num-
bers. Further we formulate the eigenvalues and spectral norm of the circu-
lant matrix of a,, numbers.

1. Preliminaries

Let p and ¢ be two non-zero integers and let d = p?> — 4q # 0 (to exclude a
degenerate case). We set the sequences U,, and V,, to be

l]n ::l]n(p7Q) ::p(]n—l 4’qlﬁz—2

Vi =Va(p,q) = pVa1 — V-2
for n > 2 with Uy = 0,U; = 1,V = 2,V; = p. The characteristic equ-
ation of them is 22 — pr + ¢ = 0 and hence the roots are o = p+27\/& and

8 = #. Their Binet formulas are U,, = a:;:g" and V,, = o™ + 8". Note
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that U,(1,—1) = F, Fibonacci numbers (A000045 in OEIS), V,,(1,—-1) = L,
Lucas numbers (A000032 in OEIS), U, (2,—1) = P, Pell numbers (A000129 in
OEIS) and V,,(2, —1) = @,, Pell-Lucas numbers (A002203 in OEIS) (for further
details see [2, 5, 6, 7, 12]).

Recently, balancing numbers have been defined by Behera and Panda in [1].
A positive integer n is called a balancing number if the Diophantine equation

(1.1) 1+24-+(m-1)=n+1)+@n+2)+-+(n+r)

holds for some positive integer r which is called cobalancing number (or balan-
(n—1)n r(r+1)
2

cer). From (1.1) one has =7+ —5— and so
2n+1)+vV8n2+1 d 2r+14+ V82 +8r+1
and n = .

(12) r=-— 5 5

Let B,, denote the n'* balancing number, and let b,, denote the n*" cobalancing
number. Then from (1.2) we see that B, is a balancing number iff 8B2 + 1 is
a perfect square, and b, is a cobalancing number iff 862 + 8b,, + 1 is a perfect

square. So C,, = \/8B2 + 1 and ¢,, = /8b2 + 8b,, + 1 are integers called the

n'™ Lucas-balancing and n'" Lucas-cobalancing number, respectively. Binet

2n 2n 2n—1 2n—1
i _ a"=p _ ) _1
formulas for all balancing numbers are B,, = /2 yop = YN 3

C, = M and ¢, = wﬂvherea: 1—|—\/§andﬁ: 1—+/2 which
are the roots of the characteristic equation of Pell numbers (for further details
see [8, 9, 10, 11]).

2. Main results

In [13], Santana and Diaz—Barrero set a sequence
(21) an = P + P2n+1

in order to determine the sum of first 4n + 1 nonzero terms of Pell numbers.
They proved that an41 = 6a, — a,—1 for n > 1, where ap = 1,a; = 7. Since

P, = O‘;:gn fora=1++v2and f=1— \/i, the Binet formula for a,, numbers
is

a2n+1 + B2n+1

(2.2) ap, = 5

for n > 0. For the sums of a,, numbers, we can give the following result.
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Theorem 2.1. Let a,, denote the n'™ number. Then

- An41 — Qp — 2
Zai: Tfornz 1,
i=0

= 33a2p—1 — G2p—3 — 8
Zazz‘—l = forn > 2,
— 32

33a2n, — G2p—2 — 8
Zam: = 3a22 2 forn > 1.

Proof. Since a, = =———=——, we easily get

Zai:a0+al+"'+an:
=0
3 3 2n+1 2n+1
a4B BB g

2 2 2

a2n+2 + 52n+2 -9

= 1 =
042"“[2(1+\/§)};ﬂ2"+1[2(1*\/§)] -2

4
a2t (a2 1) B2+ (52 1) _ 9
2

= 4 =
a2n+3+ﬁ2n+3 . a2n+1+ﬁ2n+1 . 2
2 2

4
pt1 — Gp — 2

4

The others can be proved similarly. |

For the relationship with Pell, Pell-Lucas and balancing numbers, we can
give the following result.

Theorem 2.2. Let a,, denote the n'™ number. Then forn > 1, we have

1. The sum of (n+1)** and n'* balancing numbers is equal to the n™ a,, number,
that is,
Bn+1 + Bn = Qp.-

2. The half of the difference of (n+2)"* and n** cobalancing numbers is equal
to the n** a, number, that is,

bn - bn
P2,
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3. The half of the difference of (n + 1)t and n* Lucas-balancing numbers is
equal to the n* a,, number, that is,

C(n+1 - Cn —a
2 n-
4. The (n+1)*" Lucas—cobalancing number is equal to the nt" a, number, that
18,
Cn+1 = Anp.

5. The half of (2n+ 1)t Pell-Lucas number is equal to the n'* a,, number, that
18,
Q2;+1 = a,.

2n ﬁ2n

Proof. 1. Since B, = %7 we easily get

O[2n+2 _ 52n+2 a2n _ 5271 B

B + B, = +
n+1 n 4\/5 4\/5

a?(a? + 1)+ g2 (—p% - 1)
4v2
0214 V) + 41— VD

2
O[2n+1 +52n+1 B

2

= Qnp

since a2 4+ 1 = 2\/5(1 + \/ﬁ) and -2 —1= 2\/5(1 — \/5)

The other cases can be proved similarly. |

We have already Pa,, + Papt1 = a, by (2.1). Also we can give the following
theorem.

Theorem 2.3. Let a, denote the n'™ number. Then for n >0,

1. The sum of (2n+ 1)t balancing and cobalancing numbers is a perfect square
and is
Bani1 + bapi1 = al.

2. The sum of (2n + 1)** Lucas—balancing and Lucas—cobalancing numbers is
equal to product of four times of n** a,, number and (2n +1)* Pell number,
that is,

Cont1 + cont1 = 4anPopya-
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2n 2n 2n—1 2n—1
Proof. 1. Recall that B,, = > —=2" and b, = &< —8"

42 42 - So

N|—=

a4n+2 _ ﬁ4n+2 a4n+1 _ 6417,—}-1 1
Bopi1+bopy1 = + -z =

4v/2 44/2 2
a4n(a2+a)—ﬂ4n(ﬂ2+ﬂ)—2\/§_
14/2 B

a4n+2 +2(a6)27z+1 _|_64n+2

4
B a2ntl 4 g2ntl 2 B
—\——) =
= ai
since aff = —1.
The other case can be proved similarly. |

Panda and Ray ([10]) considered the sums of Pell numbers and proved that
the sum of first 2n—1 Pell numbers is equal to the sum of n'® balancing number

and its balancer, that is,
2n—1

Z P, = B, + by,.
i=1

Later Gozeri, Ozkog and Tekcan ([4]) proved that the sum of Pell-Lucas num-
bers from 0 to 2n — 1 is equal to the sum of n'" Lucas-balancing and Lucas—
cobalancing number, that is,

2n—1

Z Qi = Cn + cn.
=0

Similarly, we can give the following result.

Theorem 2.4. Let a,, denote the n'™ number.

1. The sum of a,, numbers from 0 to n is equal to sum of the (n+1)*" balancing
number and its balancer, that is,

n

Zai = Bpt1 + bpga.
i=0

2. The sum of even a, numbers from 1 to n is equal to the product of (n+1)%*
a, number and n™ balancing number, that is,

n
E a2 = an+1Bn~
i=1
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3. The sum of odd a, numbers from 1 to n is equal to the product of n'* a,
number and n™ balancing number, that is,

n
E a2i—1 = apBy.
i=1

4. The sum of even a,, numbers from 1 to 2n+ 1 is equal to the product of n**
and (2n + 2)"? a,, numbers and (2n + 1)t Pell number, that is,

2n+1
E ag; = ana2n+2p2n+1~

=1

5. The sum of odd a,, numbers from 1 to 2n + 1 is equal to the product of n'*
and (2n + 1)%t a,, numbers and (2n + 1)* Pell number, that is,

2n+1
E a2i—1 = Ap2pnt+1Pony1.

i=1

6. The sum of odd balancing numbers from 0 to 2n is equal to the product of
(2n41)%t Pell number, n'* a,, number and (2n+1)%* balancing number, that
18,
2n

E BQi+1 = P2n+1an32n+1-
i=0

7. The sum of even balancing numbers from 1 to 2n is equal to the product
of two times of n™ a,, number, n'" balancing number, n'* Lucas-balancing
number and (2n + 1)%t Pell number, that is,

2n

Z B2i = 2aanOnP2n+l~

i=1

8. The sum of even Pell numbers from 1 to 2n is equal to the product of two
times of n' balancing and n' a,, number, that is,

2n
Z P2i = ZBnan
i=1

9. The sum of odd Pell numbers from 0 to 2n is equal to the product of (2n+1)%
Pell number and n™ a,, number, that is,

2n

g P2i+1 = P2n+1an~
i=0
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10. The sum of Pell-Lucas numbers from 0 to 2n is equal to the quotient of two
times of (2n + 1)t balancing number by the n'* a,, number, that is,

an

2n

2B,
S Q= 2Pt
=0

11. The sum of even Pell-Lucas numbers from 0 to 2n is equal to the product of
™ a,, number and the difference of n™* and (n — 1)%* a,, numbers, that is,

2n
ZQQi = an(an - an—l)-
=0

Proof. 1. Sinceag+ai+ - -+an = a”“%w by Theorem 2.1, we easily
get

n
Z An+41 — Qp — 2
a/i:i:

- 4
=0
Q273 g2nts B Q2ntly g2ntl _9
4
B a2n+1(a2 _ 1) + ﬁQn—‘,—l(ﬁQ _ 1) 1 _
= 3 5 =
B a2n+1(1 4 \/i) +62n+1(1 _ \/5) 1 -
= 1 — 5 =

aZn+2(1 + Oé_l) + ﬁ2n+2(_1 _ ﬂ_l) 1
4v/2 2

O[2n—&-2 _ 52n+2

Oé2n+1 _ BQn—l—l 1
= _|_ I —
42 44/2 2
- BnJrl + bn+1
as we claimed.
The other cases can be proved similarly. |

For the perfect squares, we can give the following result.

Theorem 2.5. Let a,, denote the n' a,, number. Then

1. 1+8B2, is a perfect square and is /1 + 8B2, | = 2a, + C,,.

2. PZQnJr1 + Py, Popyo is a perfect square and is \/P22n+1 + PopPonio = an.
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3. B3, +4a2B, By is a perfect square and is \/B§n+1 +4a2 B, B 11 = a?.

Proof. 1. Applying Binet formulas, we get

Q2n+2 _ gent2 2
\/1+8B2 , = 1+8<> =
n+1 \/ 4\/5

\/a4n+4 + ﬁ4n+4 _|_ 2
= 5 =
a2n+2 + B2n+2
2
® 20+ 1)+ B (28+1)

2
2n+1 2n+1 2n 2n
-9 (a ;‘B ) i o ;—ﬂ _

= 2a, +C,
since 2a+1 = o2 and 28+ 1 = 32. The other cases can be proved similarly. H

In [13], Santana and Diaz—Barrero proved that the sum of first nonzero
4n + 1 terms of Pell numbers is a perfect square and is

4n+1 n 2
S (x(0)e)
i=1 i=0

In fact, this sum is equals to a2, that is,

4dn+1

2 : _ 2
P,' =Aa,.
i=1

Tekcan and Tayat ([14]) proved that the sum of first nonzero 2n + 1 terms of
Pell numbers is

2
n+1 n+1
2n41 % , forevenn >0
E Pz = (an+1_3n+1 )2
i=1 V2 foroddn >1

2 ?

where @ = 1+ /2 and 8 = 1 — v/2. By considering this result, they set two

L\kﬁnﬂ and proved that the

sum of first nonzero 4n + 1 terms of Pell numbers is

. n+1 n+1
integer sequences X, = % and Y,, =

4An+1
> Pi=(2X7 - 2X, Y, 1 + (-1
=1

Similarly we can give the following result.
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Theorem 2.6. Let a,, denote the n' a,, number. Then

1. The sum of a, numbers from 0 to 2n is a perfect square and is

2n
E a; = CL%
=0

forn > 1.

2. The half of the sum of odd Pell-Lucas numbers from 0 to 2n is a perfect
square and is

2n

> Q21

i=0 _ 2

= =a
forn > 1.

3. The sum of a, numbers from 1 to n and adding 2 is a perfect square and is

n
i=1

for odd n > 1, or the sum of a, numbers from 1 to n and adding 1 is a

perfect square and is
n
2
1+ E A; = Cny2
2
i=1

for even n > 2.

2

Proof. 1. Since ag+ay+ -+ ap, = “H52—= we deduce that

2n Qdn+3 4 gins aintly gintt

Z A2n+1 — Q2p — 2 b) - D) -2
ai = = =
=0

4 4

adntlig2_ An+1¢p2
( 1)-21-3 B =1 2 B a4n+1(1 + ﬂ) + /@4n+1(1 _ ﬂ) —9

4 4
_ a4n+2 +ﬂ4n+2 —92 _ a4n+2 +2(aﬁ)2n+1 +B4n+2
= 1 = 1 =
<a2n+1 + g2+l 2

2

=a,.

The other cases can be proved similarly. |
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A circulant matrix (see [3]) is a matrix M defined as

mo my ma T Mp—2 Mp-1
Mnp—-1 mo my s Mp—3 Mp_2
Mp—2 Mp-1 Mo ce Mp—4 Mp-3
M = ,
ma ms my co mo mi
| T ma ms3 ce Mp—1 mo |

where m; are constant. In this case, the eigenvalues of M are

n—1
(2.3) N (M) = Zmuw_j“7
u=0

27mi

where w = e , i = +/—1and j = 0,1,--- ,n — 1. The spectral norm of a
matrix @ = [gijlnxn is defined to be

1Qlspee = , max {v/2},

0<j<n—

where )\; are the eigenvalues of Q*@Q) and Q" denotes the conjugate transpose

of Q.
Theorem 2.7. Let a denote the circulant matriz of a, numbers. Then
1. The eigenvalues of a are

(a1 +Dw7 +1—a,
w2 — 6w +1

Ajla) =
forj=0,1,2,--- 'n—1.
2. The spectral norm of a is

Ap — Qp—1 — 2
llallspee = ————
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Proof. 1. Applying (2.3), we deduce that

I
g

n—1 2u+1 2u+1
o + 5 .
—_— Jw "=

I
I
o

n—1 n—1
a) (aPw ™)+ Z(/ij)“] =
L u=0 u=0

a2n -1 62n -1
_aoﬂw—j -1 +552w_j - 1] N

(0¥ = a)(FPw? — 1)+ (B = B)(aPwd —1)] _
i (w7 = 1)(Pw7 —1) } B

. 2n—1_ g2n—1 _32_p3.2 2n+1_| g2n+41
o [l () ] o s

N~ N~ N

w2l — 6w + 1
~(apr+ w4+ 1—a,
 w ¥ 6w+ 1

since af = —1, le and O“T*'ﬁ:l.

2. For the circulant matrix

ap a1 ag te Gp—2 GQp—1
ap—-1 Qo ai T Qp—-3 (aAp—-2
a - )
a9 as [e7} te ag aq
L @1 az as Tt an—1 ao |

for a,, numbers, we have

ail a2 T a1(n-1) A1n
a1 a2 T a2(n—1) Aa2n
*
(a)"a = ;
An-1)1 A(n-1)2 " CQn-1)(n-1) n-1)n
L an1 an2 te an(n—l) Ann |
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where
2 2 2 2
a1 =ap+a, 1 +---+az+aj,
a12 = apay + an—1a9 + - - + aza3z + ajaz,
G1(n—1) = G00n—2 + Gp—1Gn—3 + -+ + a200 + a10an_1,
QA1p = Q0Gp—1 + Qp—1Gn—2 + - + a2a1 + 4100,
a1 = ai1ag + app_1 + -+ + agaz + asaq,
2 2 2 2
ago = aj +ag+---+az+a;,
A2(n—1) = A10n—2 + A0Ap—3 + -+ + a3ao + azan—1
A2n = G1Gp—1 + ApGp—2 + - -+ + agay + azqao,
Onl = Ap-100 + Gp—20n—1 + -+ + @102 + apaz,
Gp2 = Ap—1061 + Gn—2a9 + - -+ + a1a3 + apaz,
Op(n—1) = On—1an—2 + Qp—20n_-3 + -+ a1a0 + aon-1,
2 2 2 2
Gpn = Qp_1+ 0, o+ -+ aj +ap.
The eigenvalues of a*a are Ag, A1, -+, A\p_1. Here g is maximum and is

Xo=ag+ai+ - tap o +ag g+

ap(ar +as+ -+ apn—2+ an_1)+
tai(ag + -+ ap—2+an_1)+
2 p—

+ an—20n-1
=(ao+ar1+-+an_1)>

Thus the spectral norm of a is hence ||a||spec = VAo =ao+ a1+ +an—1. S0
the result is clear from Theorem 2.1. |

Example 2.8. Let n = 5. Then the circulant matrix is

1 7 41 239 1393

1393 1 7 41 239
a=| 239 1393 1 7 41
41 239 1393 1 7
7 41 239 1393 1
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The eigenvalues of

1999301 344413 68817 68817 344413
344413 1999301 344413 68817 68817
a*a = 68817 344413 1999301 344413 68817
68817 68817 344413 1999301 344413
344413 68817 68817 344413 1999301

are A\g = 2825761, A\ = 1792686—1—137798\/5, Ao = 1792686—137798v/5, A3 = A1
and Ay = Ag. So the spectral norm of a is ||al|spec = VAo = 1681. On the other
hand 2:=94=2 — 1681.

From Theorem 2.7, we can give the following result.

Corollary 2.1. The spectral norm of a is

_ (\/iPn)z7 for even n > 2
llallspee = (a%)Q, for odd n > 1.
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