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Abstract. We apply the van der Corput transform to investigate the sums
of view Y r(n)g(n)e(f(n))), where r(n) is the number of representations
of n as the sum of two squares of integer numbers. Such sums have been
studied by M. Jutila, O. Gunyavy, M. Huxley and etc. Depending on differ-
ential properties of the functions g(n) and f(n) there have been obtained
different kinds of error terms in bounds of the considered sums. In the
special case, O. Gunyavy improved the result of M. Jutila in the problem
on estimate the exponential sum involving the divisor function 7(n). We

obtain the asymptotic formula of the sum Y 7 (a)e (%N(a)), k=23
over the ring of Gaussian integers which is an analogue of the asymptotic
formulas obtained by M. Jutila and O. Gunyavy.

Introduction

In 1985 M. Jutila constructed an asymptotic formula for the sum

= ().

n<N
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which is a special case of more general sum

> atmgtme (£}

n<N q

where a(n) is a multiplicative function, and f(x), g(x) are real-value differen-
tiable functions on [1,00). Such sums were studied in the works of M. Jutila[4]
[5], A. Kritzel[6], M. Haxley[3] etc.

The asymptotic formula of M. Jutila for a(n) = 7(n) is nontrivial for ¢ <
< 237, O. Gunyavy[2] has extended the field of nontriviality for this formula
up to g < z2te.

The primary purpose of our paper is to obtain the analogical asymptotic
formulas for divisor function 73 (c) over the ring of Gaussian integers.

Notations. We will frequently use the Landau and Vinogradov asymptotic
notations.

The big ”O” notation f(x) = O(g(z)) (equivalently, f(z) < g(z)) means
that there exists some constant C' such that |f(z)| < Clg(x)| on the domain in
question.

By f(x) =< g(z), we shall mean that g(z) < f(z) < g(x).

We denote e2™@ as e(z).
2. Main lemma

Consider real-valued functions f(z) and g(x), € [N, N;], N < N; < 2N.
We will suppose that the following conditions

(i) ¢'(x), f"(z) are monotonic;
(i) g(x) < g(N), ¢'(z) < LF, & < |f (V)] < |f'(@)] < [f/(N)];
(i) [£/(N)] < |f/(2) + 22" (@)] < | f/(N)], |fO ()] < LG

are true.

We prove the following statement that allows to study the distribution of
values of the divisor function over the ring of Gaussian integers.

Lemma. Let the functions f(x) and g(z) satisfy the conditions above, and let
r(n) be the number of the representation of n by form n = u? + v?, u,v € Z.
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Then we have

> g

N<n<N;<2N

= wy Z r(n)g(4dp(n)) ‘¢/(n)|62ﬂi(f(4¢(n)),2\/m)+
1X<n<2X
|9

+O<N ()D O(N* |g(N) )+

+O<|( vt min | VT, s >|>>’

where
i if f'(N)>0, f/(N)+2Nf"(N) <0,
—i af fI(N)<O, f/(N)+2Nf"(N) >0,

X = 2Nf?(N), € > 0 is an arbitrary small, and constatnts in symbols "O”
depend only on €.

{ =1 af  f(N)(f'(n) + 2N f"(N)) >0,
wy =

Proof. Applying the asymptotic representation of summatory function r(n)
(see, [6], Ch. VIII, formula (685))

Z ()—mc—i—\fz 31277\/7%)

n<zc

where J,(u), v =0,1,2,... is the Bessel function of kind one and v-th order,
we can write for arbitrary X > 1

Y. rgn)e(f(n) =

N<N2<N;<2N
Ny
~ [getsie >>di (m+\r2 RON, 1%@))
N n<X
(1) Ny
(f Z )g(w)e(f(w)) +
n>X N
N, d
+ [ — (g ) VT 3 (2m
e

First we consider the case 4 < f/(N) < 1. Put X = 2N f"?(N). Estimat-
ing the trigonometrical integral with respect to first derivation, we have

g(N)
@) [ s@etr@ymar < £
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From the estimate

R(z):=vz Y T\(/%) 31 (2mv/nz) < X° (1 + \/§>

we obtain
Xeg(N)
fI(N) -

Next, since ¢g’(z) is monotone function, then

N1 Nl
g (@)e(f(@))R(x)dz < N° [ |g'(@)| | dz <

3) N
Ne Neg(N)
<fww¥W(”d< POV

Taking into account that - ( B (27r\/m:)) = my/nJo(27/nx) we have

N, Ny
> r)gm)e(f(n)) =7 Y r(n) /’Jo(%\/ﬁ)g(x)e(f(fﬂ))dwr
N

Ny
W am Yy \(r / F@)Wa0 (2m/nm) da+
n>X N
Ne¢g

2

+O<ﬂ69>:&+&+0<$%?)’
ay.

Select X = max {N f"2(N), N1 f"?(Ny)}.

By the formulas for the Bessel functions

2 W 1
jy(x)—\/%cos(x—7—z) <l—|—0<x>>7 z>1, v=0,1,...,

we at once derive that the critical points of subintegral functions in .S; and S,
lie beyond interval of integration if n ¢ [£X, X]. Thus for such values of n an
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integration by parts gives

Ny
S vw) [ sa(eevangaes@)de <
n<lX N
< N%(N)N)
5 I

N)\/Nf'(N)log N,

Ny
(n)
> N/ 2rVAD)g () (@)e( (@) do <

Ngg( )
f'(N)

<

+ N°g(N)V/Nf'(N).

For the other values of n we have

g(z)e(f(2))To(2my/nx)der =

]
=
S

1X<n<X
(6) B (n) T (z)f'(z) —
- _6 4 r(n g\x X e ) — ) da
V2 Lx<n<X ni JZ x4 e e

The integral on the right-hand side in (6) will be calculated by the van der
Corput method (see, [8], Ch. 4. Lemma 3 or [9]).

‘We have
b et ()
I(n) = N/ v g@)e(f( ))dm_iN P 4, -
" - g%n));f(%? "o (Niw(N)g—(]jv)) ﬁ(w(n))> "
+o(ivgm)

where f,(z) = f(4z) — 2¢/nx, ¢(n) is the solution of the equality f/ (z) =0,
ie. 16zf%(z) = n.
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Simple calculations show that for n € [%X , X ]

" — 'y \/E:i 2 (2 n -
N i) = 1)+ 25 = 1 (40r" @+ %)
)

= LNy = T s g
So, from (1)-(8) we find
Ny
2 rmlg(n)e(f(n) =
=wr > r(m)gle(n)VI]e' (n)le(f(p(n)) — v/np(n))+

where

i if f/(N)>0, f/(N)+2Nf"(N) <0,
—i if fI(N) <0, f/(N)+2Nf"(N) >0,

In the case f/(N) > 1 we consider the expression

@y = r(mglpm) VI (n)le(=f(p(n))),

{ Loif f/(N)(f(n) +2Nf"(N)) >0,
Wy =

where bar denotes the complex conjugate value, and

f(n) = =f(e(n)) + o(n)f'(¢(n)).

Its clear that the following relations

fll@) = 5—— <L,

Fl(@) + 20f" () = 4[f (e(@)) + 20(2) f" ()]}, 42f?(z) = p(2).
are true.
Hence, for %X <n<X

glp(m) V¢ (n) < g(N)(f'(N) ™.

So, we have
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For f/(N) < 0 we instead of sum Y r(n)g(n)e(f(n)) consider the complex
conjugate sum Y r(n)g(n)e(—f(n)).
So, lemma is proved. |

This lemma allows to prove the following statements.
3. Main results

By an analogy with the work of M. Jutila[5] it can be shown that for (a,q) =
= 1. We have

(9) Az, g) =3 r(n)e = wg +R (x Z) :

The following theorem is an analogue of the Jutila theorem for divisor func-
tion 7(n). For that we will use Main lemma proved above.

Theorem 1. Let a, q be the positive integers, 1 < a < q, (a,2q) = 1. Then
for an arbitrary 0 < e < % we have

Az g) =3 r(n)e <Zn) - % +0 (4.

n<z
(This asymptotic formula is nontrivial for ¢ < x%*E),

Proof. We have

A(z; g) = Z > Z Z r(n)e™ " +

(11) q n<x k=02F<n<2k+1
+ 2 : 271'2ﬂ
2K <n<zx

where K is such that 25 < ¢ < 2K+1,
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The function f(z) = g suffices the conditions of Main lemma. In sums
over n on the right side of the expression above we apply the Main lemma, and
then sum over all k.

We deduce

(12) Ala; g) =wr Z T(n)gezm_(_%") +0 (J:E%) +0 (xs 1;) .

n<4sx
7(12

(Here we take into account that in the Main lemma for our case p(n) = Z—zn)
Note that in this case wy = 1 (because f'(N)- (f'(N)+ 2N f"(N)) > 0).
So, we obtain

2

Ay (e g <4 - [za
A(a:,q)_aA(qu, a>+o(xa)+o(x,/q).

Define ag, 1 < ap < a, from the congruence ag = —4q (mod a).

Therefore, we can write

2
A%y = 14 ( ao) 10 (1) 40 ( /M) |
q a q a a q
By proceeding this reasoning we infer the sequence of equalities

sa (s ) = pa(hce) 10 (/&) + 07

2 2
q Ta;_q a; _ q ra; —aj—1 e /49 € za;
ai—lA( q? ’ai—l)_aiA(q27 a; )+O($ \ ai)+0($ ail)'

By virtue of the fact that a; € N, a9 > a1 > ..., and a;41 = —4a;
(mod a;_1), we draw a conclusion that for the some index iy will have a;, = 1.

It is clear that iy < ng, where ng is an integer of Fibonacci number nearest
to ¢. Hence, i + 0 < log g < x°. Now we obtain after log q steps the following
relation

q " log ¢ q log ¢ s 1
2a(=21)+o 2SN L +0 |2 s ] =
1 (q’)+ xza- " xZ( a;

j=0 J =0

S
TN
&
SIS
N—
I

% + 0 (qz)+ A (x%+5> . u

The result of this theorem has larger region of nontriviality of the asymp-
totic formula than region of nontriviality which can be obtained from (9)—(10).
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With help of Theorem 1 we can study the distribution of the values of the
divisor function 7(a) over the ring of Gaussian integers, where

oL

al,aQEZ[i]
o=

(@)

Theorem 2. Let ag, B be the Gaussian integers, (ap, ) = 1, and T(a) be the
divisor function over the ring of Gaussian numbers.

Then for N(f) < xi~¢
the following asymptotic formula
2mi N (292 _ xlogx X %+5 %Jrs
N(az)qf(a)e )= ) 0 3 +O (#3+9)+0 (N (B))
where C;(B) are computable constants, N ()~
holds.

K CZ(B) < N(/B)E7 i = 1a27
Proof. Denote N(ag) = a, N(f) = gq. Then, we have

pmial(e)N(ay)

S r(m)r(n)e?™ T =
o, €Z[1) mn<xz
N(ajaz)<z

2 X r(m) T or(n)e?™

dlq(mﬂ):ld n<& e pcad p<as
m<z? (mg)=1
=2 21 - 227
say.
For (m,q) =

d let us suppose m = myd, ¢ = ¢1d, (m1,q1) = 1. Then, from
the Theorem 1, we get

=Y Y rmd) Y ()

3 <TE
>7q
I+e €
T 7"( 1d) €T 2 xT _
%z meeo( = () ()] -
dla 7’nl<m§ my<E-

(m1,q1)=1
{[qu res (C(s)L(s,x4)) > xa(d1) I1 (1_ M) g1
dlq

ps s—1
d1|d Pl%

L\ 3te
+0 ((mj) ) + O(x%+8d_1_€) + O(qa:éﬁ)}

= A1(q) 8L + Ay(q)2 + O(22+2g) + O(ai+e),

8 to\»—-

+
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where A;(q), A2(q) be the computable constants, ¢7¢ < A;(q) < ¢°, 1 =1,2.
As before, we obtain

Yoo = dzlq E:L% r(m) (”512 +0 (m%"'s) —i—O(qla:E)) =

(14) (m1,q1)=1

=B(q)7 +0 (z%“) + O (q12°),

where ¢7° <« B(q) < ¢°.
Collecting out estimates(13)—(14) together, we obtain the desired result of
theorem. m

Let 73(a) be the number of representations of Gaussian integer « in form
a = asas, o € Z[j]. We proved the following statement.

Theorem 3. Let a and q be the positive integers, (a,q) = 1. Then for x — oo

5 i (22) - o)

N(a)<z q
where Py(u) is a polynomial of two degree with the fized coefficients 0y = %,
f = 192
3615

Proof. For 1 < X < x we have

Ty(zia,q) = Y mla)e (Wm)): T e(‘W):

e T e, ‘
N(arazaz)<z
- Y 1 ¥ e(cwww):
alhi2a as€[i] q
N(Oé71a2)§w N(o‘3)§m
aN (o) )
= T(( r(m)e | ———=m | +
> @ Y rtme (N
N(a)<X mSN(Q)
N
+ Y @ S r(me (a@m>:
X<N(a)<z X<m< iy q
aN (o) )
= T X r(m)e| ————=m | +
()<X m< ;e

+ r(m) Z T(a)e (aN(a)) :

‘ . q
m< & X<N(a)<Z
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Now the application of theorems 1 and 2 gives

aN(a)\ _ P T T %+E
(a)e | =H ) = ()< T - +O< )}+
Ng):sf ) ( ! ) N(az):gx ( ){q e <N(a))

m m
m< 4

+0((2))+o(2)a)}-

In the right side of the first sum above, we will use the following asymptotic
formula (see, [1])

Skl

w2 T, 2y w2 0
Z T(a)—mxloga:+(2L(1,X4)+8+16>x—|—0(x),
N(a)<z
1792
§=-2 0,4
( e <0, 96),

where L(s, x4) is the Dirichlet L-function with non-principal character mod4,
7 is the Euler constant.

Then after simple calculation we deduce

Z T3(a)e <M> — %Pg(logx) +0 (l‘%+€) +

N(a)<z q

+0 (m%“X%) +0 (z2Xx71).
Putting X = xﬁ, we obtain

Z T3()e <aN(a)) = %PQ(IOg )+ 0 (9390) +0 <$%+a) ’

N(a)<z q

2-0 p _ 1792

3—-20° 3615°

Because, 0.88 < 6y < 0.89, 6y > % 4+, 0 < e <0.01, the theorem is proved. l

where 6y =
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