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Abstract. We determine all solutions of those f : N — C for which
f(n® 4+ Dm?) = f3(n) + Df*(m) is satisfied for all positive integers n,m,
where D is a given positive integer. This solves a problem of Katai and
Phong.

1. Introduction

Let, as usual, P, N, Z, C be the set of primes, positive integers, integers
and complex numbers, respectively.

In 1992, C. Spiro [15] proved that if a multiplicative function f : N — C
satisfies the relations

f(po) #0 for some py € P

and
flp+q) = fp)+ f(g) forevery p,qeP,
then f(n) =n for all n € N.

In 1997 J.-M. De Koninck, I. Katai and B. M. Phong [5] proved that if a
multiplicative function f : N — C satisfies the relation

flp+n?) = f(p) + f(n?) forevery peP, neN,
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then f is the identity function. K.-H. Indlekofer and B. M. Phong [6] proved
that if & € N, f € M satisfy f(2)f(5) # 0 and f(n2+m2+k‘—|—1) =
= f(n?>4+1)+ f(m?+k) for all n,m € N, then f(n) =n foralln € N, (n,2) = 1.

For some generalizations of the above results, we refer the other works of
P. V. Chung [2], B. M. Phong [10],[11], [12].

In 2014 B. Bojan determined all solutions of those f : N — C for which

f(n? +m?) = f2(n) + f(m) for every n,m € N.

Our purpose in this paper is to prove a conjecture of Kdtai and Phong [3].

Theorem. Assume that the number D € N and the arithmetical function
f N — C satisfy the equation

(1.1) f(n? + Dm?) = f*(n) + Df*(m) for every n,m € N.
Then one of the following assertions holds:

a)  f(n)=0 forevery neN,

b g = o

T D+1
c) f(n)=¢€en)n forevery neN,

for every mneN,

where E := {n? + Dm? | n,m € N}, €(n) = 1 ifn € E and e(n) € {-1,1} if
neN\E.

It is proved earlier for the case D = 2,3 in [4] and for D = 4,5 in [14] (see
also [16]).

Corollary 1. Assume that the number D € N and a multiplicative function
f: N — C satisfy the equation (1.1). Then

f(n)=e(n)n for every m €N,

where E := {n? + Dm? | n,m € N}, €(n) = 1 ifn € E and e(n) € {-1,1} if
neN\E.

Corollary 2. Assume that the number k € N, k > 2 and an arithmetic function
f N — C satisfy the relation

fi+n3 4+ +nf) = f2(n1) + fP(n2) + - + 2 ()
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for all my,ng,...,ng € N. Then one of the following assertions holds:
a) f(n)=0 forevery neN,

b) f(n)= % for every n €N,
c) f(n)=¢€n)n forevery neN,

where F := {n? +n3 +---+n? | ni,na,--+ ,ni, € N}, e(n) =1 ifn € F and
e(n) e {-1,1} if n e N\ F.

We note that Corollary 2 is proved by Park in [8] and [9] for multiplicative
function and recently by Lee in [7] for general arithmetic functions.

2. Lemmas

In this section we assume that the function F,G : N — C and the numbers
D e N, U € C, U # 0 satisfy the relation

(2.1) F(n?+ Dm?) = G(n) +UG(m) for every n,m € N.

Lemma 1. Assume that the function F,G : N — C and the numbers D € N,
U eC, U #0 satisfy (2.1). Then

Gl +12m) =G+ 9Im)+ Gl +8m) + G + Tm)—
—GU+5m)—G(l+4m) — G+ 3m) + G(¢)
holds for every £,m € N and

(2.2)

G(7) 2G(5) — G(1)
G(8) 2G(5) + G(4) — 2G(1)
(2.3) G(9) =G(6)+2G(5)-G2)—-G(1)
' G(10) = G(6)+3G(5) — G(3) —2G(1)
G(11) =G(6)+4G(5) — G(3) — G(2) —2G(1)
G(12) =G(6)+4G(B)+G4) - G(2) -4G(1
Proof. We note from (2.1) that
(2.4) F(2* + Dy*) = G(|z|]) + UG(ly|) for every =,y € Z\ {0}.
First we prove the following assertion:
(2.5) G(n+2m)—G(ln—2m|) = G2n +m) — G(|2n — m|)

for every n,m € N,n # 2m,m/2.
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Assume that the numbers n, m € N satisfy the conditions n # 2m,n # m/2.
If Dn —2m # 0, then we infer from (2.4) and the next relations

(Dn +2m)? + D(n — 2m)? = (Dn — 2m)? + D(n + 2m)?

and
(Dn +2m)? + D(2n — m)* = (Dn — 2m)? + D(2n + m)?
that
G(Dn +2m) + UG(\n - 2m|> = G(|Dn —2m|) + UG(n + Qm)
and

G(Dn +2m) + UG(|2n - m|) = G(|Dn —2m|) + UG(Qn + m).

These prove (2.5) in the case Dn — 2m # 0.

If Dn —2m = 0, then 2Dn — m # 0. In this case, we infer from (2.4) and
the next relations

(2Dn 4+ m)? + D(n — 2m)? = (2Dn — m)? + D(n + 2m)?

and
(2Dn +m)? + D(2n —m)? = (2Dn —m)? + D(2n + m)?
that
G(2Dn +m) + UG(\n - 2m|) = G(|2Dn —m]) + UG(n + zm)
and

G(2Dn+m) + UG(|2n — m|) = G(|2Dn — m|) + UG(Zn + m).

These prove (2.5) in the case Dn — 2m = 0, and so (2.5) is proved.

Applications of (2.5) in the cases (n,m) € {(1,3);(2,3);(1,4);(1,5);
(3,4); (2,5)} prove that (2.3) holds for G(7), G(8), G(9), G(11), G(10) and G(12).
Thus, (2.3) is proved.

Now we prove (2.2).
By applying (2.5) with n = £+ 2m, we have

G(20+5m) — G20+ 3m) = G(L +4m) — G(¢) for every {£,m € N.
This shows that

G+ 12m) — G(¢) = G(20 4+ 15m) — G(2¢ + 9m)
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and
G20+ 15m) — G(20 + 9m) = [G(Q (€ + 5m) +5m) G(2 £+5m)+3m)}+
+ [G 200+ 4m) + 5m) — G206+ 4m) + 3m) |+
+o( )| -
- [G(£+9m) —G(€+5m>}
+ G (e+8m) - G(¢+4am)]
(e+7m)) = G(e+3m)],

2(0 + 3m) + 5m) - G(2(€ +3m) + 3m

+
+

which prove (2.2).
Lemma 1 is proved. |

In the proof of the next lemma we shall follow a method in part similar to
the one used in the proof of Lemma 2 of the paper [13].

Lemma 2. Assume that the function F,G : N — C and the numbers D € N,
U € C, U # 0 satisfy (2.1). Let

A=t (G(G) +4G(5) - G(3) = G(2) - 3G(1)),

Ty = 1_:10(0(6) —AG(5) + 4G(4) — G(3) + 3G(2) — 3G(1)>7
T, ;:%1 (G(6) - 26(5) +26(3) - G(2)).

T, i( ~2G(1) - G(3) +G(2) + G(1)),

Ts = %( — G(3) —G(2)+2G(1)),

r. 3( (6) ~ 4G(5) +2G(4) +3G(3) + G(2) + G(1)),

By :=I'ax2(k) + Isxs(k) + Taxa(k — 1) + Isxs (k) + T,
where x2(k) (mod 2), x3(k) (mod 3) are the principal Dirichlet characters and
x4(k) (mod 4), x5(k) (mod 5) are the real, non-principal Dirichlet characters,
x2(0) = 0, x2(1) = 1, x5(0) = 0, xs(1) = x5(2) = 1.
xa(0) = x4(2) = 0, xa(1) = 1,x4(3) = —1,
X5(2) = X5(3) =—-Lxs(1) =xs(4) =1
Then we have

(2.6) G) = A? + B, for every {¢&N.
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Proof. By computation, we proved that (2.6) holds for 1 < k < 12.

Assume that G(k) = Ak? + By, holds for £ < k < £+ 11, where £ > 1. By
applying (2.2) with m = 1, we have

GUl+12) = G(t+9)+ Gl +8) + Gl +T)—
—G(l+5) = Gl+4)— G +3)+G(l) =
:A{(€+9)2+(6+8)2+(€+7)27
— (0452 = (0+4)?—(L+3)*+ 22|+
+ [Bug + Biys + Bei7 — Boys — Boya — Beys + Be| =
= A(0 +12)* + Byi1o,

which proves that (2.6) holds for £ + 12 and so it is true for all ¢. In the last
relation we have used

Byyg + Byys + Beyr — Boys — Boga — Bygs + By =

049 0+6
—Do[ 3 e - Y k) +xe®)]+
k=0+6 k=(+3
049 045
+T5[ 30 xak) = 3 xalk) + xa(0)] +
s k=0+3
49 046
+F4[ Z Xa(k—1) — Z xa(k —1) 4+ xa(€ — 1)}+
k=+6 k=013
£+10 046
+ F5[ Z x5 (k) — Z X5(k) = x5(€+10) + x5(£ +2) + X5(€)} +I' =
k=(+6 k=t+2

=Tax2(€) + Taxa(€) + Taxa(€ — 1) + Tsxs(0 +2) +T' =
= F2X2(£ + 12) + F3X3(€ + 12) + F4X4(£ + 11) + P5X5(£ + 12) + I = Bg+12.

Lemma 2 is proved. |

3. Proof of the Theorem

Assume that the numbers D € N and the arithmetical function f: N — C
satisfy the equation (1.1), that is

f(n? 4+ Dm?) = f2(n) + Df*(m) for every n,m € N.



On conjecture concerning the functional equation 129

Let G(n) := f?(n) for every n € N and U = D. We shall use the notations of
Lemmas 1-2. From (2.6) we have

G() = f2(£) = A + B, for every (€N,

where
By :=Tax2(f) + Tax3(f) + Taxa(f — 1) + Tsxs(0) + T
Consequently, we obtain from (1.1) that
2
G(n® + Dm?) = f2(n? + Dm?) = (G(n) v DG(m)) ,
and so (2.6) implies
2
(3.1) A%+ Dm?)? + By pme = (A(n2 + Dm?) + B, + DBm)
for every n,m € N. Since
|Be| < |Ta| + |Ts| + |Ta| +|Ts5] +|T| for every £€N
and
n?+Dm? - o00 as n,m — oo,

we infer from (3.1) that

A= lim [A+M} _

n,Mm— 00 (n2 —+ Dm2)2
. B, + DBy \2
= w4+ ) =4

Therefore, we have A € {0,1}.

Case I. A = 1. From (3.1) we obtain that

2
(n? + Dm?)* + B2y pm2 — ((n2 + Dm?) + B,, + DBm> =
= (=2B,, — 2DB,,)n* + W (n,m) = 0,

(3.2)

holds for every n,m € N, where

W(n,m) := Bp2ypm> — B2 — D*B? —

3.3
(3:3) —92D?*m?2B,, — 2Dm?B,, — 2D B,, B,y,.

Now let m € N be fixed, n € N, n = a (mod 60) with some a € N,
0 <a < 60. Then B, = B, and

|[W(n,m)| < oo
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and so we obtain from (3.2) that

B, + DB,, = ,le Ln;m):o?
n=a " (n:jd 60) 2n
consequently
-B,
(3.4) B, = D = ¢ for every m € N,

where ¢ € C is some fixed constant. This shows that
(3.5) ¢(D+1)=0 and c¢=0.
This proves
Bn,=c=0 and G(m)=m? forevery méeN
and in the case A = 1, we proved that
fm)=m? and  f(n?+ Dm?) = f3(n) + Df3(m) = n + Dm?

for every n,m € N.

The part (c) of the theorem is proved.
Case II. A = 0. In this case, we have
2
(3.6)  T(n,m) := Bpoypms — (Bn n DBm) =0 forevery n,meN.
We prove now that
(3.7) ry=0.
Assume that T'y # 0. By applying (3.6) with 7'(2,2) and T'(30, 30), we obtain

that
Biup=T3+4+T4—T5+T 4+ D(I54+Ty —T5+T1))>

and
By = (T4 +T+ Dy + 1))
Consequently
T(8,8) = 4(D + 1)°Ty(~T5+T +T3) =0
and

T(60,60) = 4T4I'(D +1)* = 0,
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which with (D + 1)?T'y # 0 imply that
'=0 and T'5s—-T3=0.
Finally, we obtain (3.6) that
2 2
0="T(2,8) = Byz pgz — (32 + DBS> = Byiap — (B2 T DBS) -

- (F3+F47F5+F+D(F3+F47F5+F))2—

- (r3+r4—r5+r+p(r3 —1“4—1“5+1“))2

- (F4(D + 1))2 - (F4(D - 1))2 — 4DT2.
This is impossible, because I'y # 0. Thus, (3.4) is proved.

In the next part, we assume that I'y = 0, and so

(3.8) By :=T9x2(k) + T'sxs(k) + Tsxs(k) + T' for every k€N,
furthermore

(3.9) By, = Byyso for every ke N.

Since

7(30,30) =T — (I' + DI")? = 0,

consequently

1
(3.10) I e {0, m}.

Lemma 3. Assume that (3.6) and (3.8) hold. IfT' =0, then B, =0 for every
n € N.

Proof. We deduce from I" = 0, (3.6) and (3.8) that
Bsp =T'2x2(30) + I'3x3(30) + I'sx5(30) + ' =0
and
Bz — B2 = By poags — (Bn + DB30>2 = T(n,30) =0 for every n & N.
Since

B2 =Tax2(n?) 4+ sxs(n?) + [sxs(n?) = Lax3(n) + Tsx3(n) 4+ Dsxz(n),



132 B.M.M. Khanh

we have

Cax3(m) + Toxd) + Toxd(n) = (Taxa(n) + Coxs(n) + Toxs(n))

holds for every n € N. This with n = 2,3,5,6, 10,15 gives the following equa-
tions

L3 +D5=(T3—T5)?

[y +T5 = (T2 —I5)?

I'o+1T5= (FQ + 1—‘3)2

I'2=T;
I2=Ty
I2=T,.

Solve this systems of equations, the solutions (I'y, '3, T'5) are
(FQa F3a FS) € {(Ov 07 0)’ (17 Oa 0)3 (07 ]-7 0)3 (07 07 1)}

Now we prove that (I'y,T's,I's) = (0,0,0). Assume that (T'2,T'3,T'5) # (0,0, 0).
Then
By = Xl(k) (7’ = 27 37 5)7

and by applying (3.6) for the case n = m = 1, we have
Bp+1 = (Bi+ DBy)?,

which implies
xi(D+1)=(D+1)2
This is impossible, because 1 > |x;(D +1)| = (D + 1)? > 4.
Lemma 3 is proved.

Thus we proved the part (a) of the theorem. |

Lemma 4. Assume that (3.6) and (3.8) hold. If

1
r= ———
(D +1)2’

then B, =T = ﬁ for every n € N.

Proof. We shall prove that I's =T'3 =T'5 = 0.
We infer from (3.6) that

2 D 2
T(6,30) = Bg2yp.302 — (36 + D-B30) = Bs — (86 + m> =0
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and
2 D 2
T(12,30) = B1224 p.302 — <312 + D.B30> = Boy — <Blz + m) =0.
Since
Bgs = Bay,
1 D 1
Bg = F5 7,3 — =T -
¢ Tor Pty T T D
and ) D .
Big=-T5+ - ——-,B — = 5+ ——
12 5+(D+1)2’ 12+(D+1)2 5+D+1a

we obtain that
(DTs =D +T5+1)'5s =0, (DI's—D+T5—3)'5=0.

These relations show that I's = 0. Thus, we have

1
By =T k)4 Tsxs(k) + ——
k= Laxa2(k) + Taxs( )+(D+1)2
and
Byi6 = By
hold for k¥ € N. By using (3.6) for (n,m) = (1,6),(2,6), (3,6), we have
2 D 2
T(1,6) = B2y pe2 — (Bl + DBG) =B — (Bl + m) =
B _(F2+F3)(DF2+DF3 —D+4+Ty+T5+1) —0
N D+1 -
2 D 2
(2, 6) = Bay2ype2 — (BQ + DBG) =By — (Bz + m) =
77(DF37D+F3+1)F370
B D+1 B
and
2 D 2
T(3,6) = B3z ypg2 — <B3 + DBG> = B; — (Bl + m) =

_ (DI =D+ + 1)
o D+1 e

Solving the above system of equations, we obtain

02,15) € {00, (57:0). (0. 51)
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Let H == Z71. 1f (I2,T'3) # (0,0), then By, = Hxi(k) + g (i = 2,3).
Therefore

2
T(1,1) = Bizyprz — (B1 + DBl)

1 2
7)) =

ZHXZ-(D—FI)“F m

ﬁ—(D—&-lf(H—i—
1 D*
= AP+ DY 5w T e

= H(x(D+1) = (D* + 1)) =0,

This is impossible, because H # 0 and |y;(D+1)| <1< D? +1.

Lemma 4 is proved. |

Thus we proved the part (b) of the theorem, and so the proof of the theorem
is completes.

4. Proof of Corollaries

Corollary 1 follows from the theorem, because if f is multiplicative, then
f(n) # 0 for some n € N and f%(m) # 5+ for some m € N.

(D+1)?
Corollary 2 is a consequence of the theorem by applying zo = --- =z} and
D=Fk—-1.
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