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Abstract. Given an arithmetic function f : N — N, let the k-fold iterate
of f be defined by fo(n) = n and fi(n) = f(fx—1(n)) for each integer
kE > 1. Let w(1) = 0 and, for each integer n > 2, let w(n) stand for the
number of distinct prime factors of n. Here, we examine the distribution
of the functions w(fx(n)) for various arithmetic functions f.

Introduction and notation

Given an arithmetic function f : N — N; let us consider the k-fold iterate
of the function f by setting fo(n) = n and fr(n) = f(fr—1(n)) for each integer
k > 1. Let o(n) stand for the sum of the positive divisors of n, let ¢ stand
for the Euler totient function, let ¥ (n) stand for the Dedekind function defined

by ¥(n) := nH

1
(1 + p) and, for each fixed integer ¢ # 0, let () (n) =

pln

= n[],,(p+ ). Moreover, let w(n) stand for the number of distinct prime
factors of the integer n > 2 with w(1) = 0.
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We denote by p(n) and P(n) the smallest and largest prime factors of n,
respectively. The letters p, ¢, 7, Q, with or without subscript, will stand exclu-
sively for primes. In fact, we let g stand for the set of all primes. On the other
hand, the letters ¢ and C, with or without subscript, will stand for absolute
constants but not necessarily the same at each occurrence. Moreover, we shall
use the abbreviations z; = logz, o = loglogz, and so on. Also, given any
real number z > 1, we let N, = {1,2,..., |x]}. The set M denotes the set of
multiplicative functions, while M* stands for the set of strongly multiplicative
functions. Finally, we let

(1.1) B(z) :z\/%/e_“Q/Qdu

stand for the standard Gaussian law.
We further set, for each integer k > 0,

1 1 w(n) — apzh ™!
“EGrnr T aveegr 4 sl bzh /2

In [2], we proved the following.

Theorem A. For each k € N and every z € R,

lim 1#{n <x:sp(dr(n)|x) <z} = O(2).

T—00 I

Let 8 € M* be defined on primes p by (p) = p — 1 and, for each integer
k > 0, consider the strongly additive function 7x(n) defined recursively by
7o(p) = 1 and 73(p) = >_,,—1 Th—1(g) for each integer k > 1.

Our proof of Theorem A was essentially based on the inequalities
w(0k(n)) < w(Pr(n)) < w(n) +w(0(n)) + - + w(bk(n))

and the fact that w(fx(n)) can be approximated by 7x(n). In fact, Theorem A
was deduced by the following result.

Theorem B. For each k € N and every z € R,

1 me(n) — apah ™
lim — <z ——— = P(z).
v x# {n =7 bkx§+1/2 <z (2)
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Given a non zero integer ¢ such that —¢ ¢ @, let 80 € M* be defined
on the primes p by ) (p) = p + ¢ and let Hl(f)(n) be the k-fold iterate of
6 (n). Moreover, let T,ie) be the strongly additive function defined recursively
on primes p by Téz) (p) =1 and T,ie) (p) = >_4p+e Th—1(q) for each integer k > 1.

Here, we examine how the above theorems can be generalized to the distri-
bution of the functions w(@,(f) (n)), w(Tlgz) (n)), w( ,(f)(n)) and w(og(n)).

2. Main results

Theorem 1. For each k € N, £ € Z\ {0} such that —¢ & p and every z € R,

.1 w(@,(f)(n)) — apahtt
- <z =
Jim. x# {n <uz: T <z D(z).
Theorem 2. For each k € N, £ € Z\ {0} such that —{ & p and every z € R,
(&) k+1
1 w(r, ' (n)) — apxs
lim — <uz: k = ®&(2).
= x# {n - bk$§+1/2 = )

Theorem 3. For each k € N, ¢ € Z\ {0} such that —{ & p and every z € R,

() k+1
lim 174)9 {ngx: Wity (1) — axrs" <z} = P(z2).

T—00 T bkx§+1/2

Theorem 4. For each k € N and every z € R,

lim 1# {n <z: w(on(n) —aprs™! < z} = P(z2).

T—00 T bkxg-H/Q

3. Preliminary lemmas

Lemma 1. For all integers k > 1 and £, let

Sz, kl) = > ]13.

p<x
p=£ (mod k)



30 J.-M. De Koninck and I. K4tai

Then, for{ =1 or —1, k < x, and z > 3, we have

Crao
0z, k, l) <
(k)
where C1 > 0 is an absolute constant.
Proof. This is Lemma 2.5 in Bassily, Katai and Wijsmuller [1]. [ |

We say that a k+ 1-tuple of primes (qo, q1, - - -, qx) is a k-chainif ¢;_1 | ¢;+1
for i = 1,2,...,k, in which case we write g9 — g1 — -+ — qx. We then have
the following obvious result.

Lemma 2. For any fized prime qo and integer k > 1, there exist absolute
constants c1,ca,...,c such that

Z 7_011’2 Z iSCQI%’ ’ Z igckxg.

a0 —4q1 @ 404142 42 4o q0—rq1—> g qx 9o
a1 <z q2<z qp <z

4. Proof of the Theorems

Using essentially the same techniques as those we used in [2] to establish
Theorems A and B, it is somewhat easy to prove Theorems 1, 2 and 3. However,
Theorem 4 needs more attention. Hence, here we shall provide a detailed proof
of Theorem 4.

The general idea is to write, for all n < x (except possibly for at most o(x)
integers n < x which we can ignore),

(4.1) ox(n) = Ax(n)Bg(n),
where (A (n), Br(n)) = 1, Bi(n) is squarefree and p(By(n)) > z3*.

We first consider the cases £k =1 and k = 2.

Let NV :={1,2,...,|z]}. Let Y, be a function which tends to infinity with
x but slowly enough to satisfy Y, < x5, say.

We then write each positive integer n < = as
(4.2) n = Ao(n)Bo(n),
where P(Ag(n)) <Y, and p(Bo(n)) > Y,. Setting
UL = {ne N, : Ag(n) > Y.Y* or u(By(n)) = 0},
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it is clear #Z/IJEO) = o(x) as x — oo. This is why we set
N o= N\ U0

and from here on we work only with Ay o8

In light of (4.2), we then have

(4.3) o(n) = o(Ao(n))o(Bo(n)).

To each prime number ¢, we associate the strongly additive function f; defined

on primes p by
_ [k i dFlp+1,
fq(p)_{ 0 if qfp+1l.

Using this definition of f,, we can write

(4.4) U(BQ(TL)) = H qfq(Bo(n)) . H g = 5 Bl( )

q<a3 a>w3
a7l (n)

say.
Observe that, in light of Lemma 1,

T
Y D (oga)fy(Bo(n) < Y (loga) D Y ~ <
neNit a<z3 q<z3 q*<w gF|p+1 p
(4.5) lo
< Czxxq Z gq
k<'£
and that, from Lemma 2,
1 <
Z(1) 2\;71) 22 m;m \‘plp2J
neNs qq>m2 = s
P17#P2
1 x
4.6 < — < =
(4.6) < Cuzal Z cxxz .133 a:3
q>:r2
Hence, letting
U = {neNW:sn) >z},
U? = {neNW:q¢ | on) for some ¢ > 22},

it follows from (4.5) and (4.6) that

# (US) U M£2)> = o(x) (x — 00)
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and this why we set

N@ = N\ (uﬁ” U uf))
and from here on we work only with Nég).

Now, for n € N2, in light of (4.3) and (4.4), we may write

(4.7) o(n) = Ai(n)Bi(n),
where (A1(n), Bi1(n)) =1, A1(n) = 0(Ap(n))s(n) and Bi(n) is squarefree.
Observe that, for n € N, we have

(4.8) w(Ai(n)) <logo(Ao(n)) +logs(n) < zazszy,
say. Thus it follows from (4.7) and (4.8) that
(4.9) w(o(n)) — w(Bi(n)) = w(A1(n)) = O(zaz3zs)  (n € N).

Now, by the definition of Bj(n), we may write that

(4.10) o(Bi(n) = [ (¢+1)=U(n)-V(n),
a>x3
q|B1(n)
where
(n) = H pfr(@(Bi(n) Vi(n) = H s
<zl 7V o (B (n))
n>z}

Using Lemma 2, we have

x
S ¥ nemmnisr < Xl S i) |7 <
n€N§,2) m<w) m<wj T—p1—P2
< ar )y 10g7T prl)
7'l'<.L'2
T—p]
lo
(4.11) < chang gw§63xx§x3
<z} T
and
)OND D S D
nenN® 7r2\a(31(n)) i Tines p2Q2
m>eg T—'2Q12§12
x x
4.12 < cx e
(4.12) Z w2 T s
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It follows from (4.11) and (4.12) that by dropping no more than o(z) integers
n € J\/'g£2), say belonging to a set Z/IQES) of size o(x), we may now work with the
new set j\/f) = NgEQ) \Z/{m(3). In other words, we may now assume that

U(n) < exp{az2zszs}, V(n)is squarefree and (U(n),V(n)) =1 (ne N®).

Introducing the function

V*(n):= H T,

>z
w|o(By(n))
nto (A1 (n))
we can now set
As(n) = o(A1(n))U(n) 11 m,  Ba(n)=V"(n)
7T>w%

7| (o (B1(n)),o(Aq(n))
and have

0'2(77,) = Ag(n)Bg(n)7
with (Ag(n), Ba(n)) = 1, By(n) squarefree (n € N().

From this it follows that

w(o2(n)) — w(Bz2(n)) =

(4.13) )
=w(Az(n)) <2log A1(n) +1logU(n) = O(z5x324).

Continuing in this manner, we then write

o(By(N)) = H gla(@(B2(n))) . H g1 B2M)) = [(n)T(n),

q<z} 7>3

say, with clearly (L(n),T(n)) = 1. Hence, proceeding as above, we observe
that

Z Z fq(o(Bz(n)))logq < Z (log q) Z Ja(p1) LZJ < cxadrs

n<z g<z§ q<z§ q—p1—p2—D3

and that f,(c(B2(n)) = 1 or 0 for every prime ¢ > 5 and therefore that
log L(n) < z3xsws with the possible exception of some positive integers n
belonging to a set Z/{S’) of size at most o(x). Hence, from here on we only need
to consider those integers n € /\/'354) = J\/ﬁ‘) \Z/[Q(CS). Therefore, for n € ./\/}g4), we
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let

B3(n) = H q,
q>a§

q|lo(Ba(n))
qto(Az(n))

o(Az(n))L(n) 11 q.
a>x§
ql(e(Bz(n)),0(Az(n)))

i

w

G
[

Again, with this set up, we have
o3(n) = Az(n)Bs(n),
with (As(n), Bs(n)) =1, Bs(n) squarefree (n e NW)
and similarly as before

(4.14) w(o3(n))—w(Bs(n)) = w(As(n)) < 3log As(n)+log L(n) = O(z3x324).

Pursuing in this matter, one is able to show that for every positive integer
k, we have

ox(n) = A(n)Bp(n), with (Ag(n),Be(n)) =1  (n e NFHD)

where

Bim)= J[

n>x3k
m|o(Bp_1(n))
mto(Ap_1(n))

is squarefree and, as with (4.9), (4.13) and (4.14),

(4.15) w(ok(n)) — w(Br(n)) = w(Ar(n)) = O(xhaszy).

From estimate (4.15), it follows that w(og(n)) will be of the same order
as w(Bg(n)) and therefore that in order to prove Theorem 4, we only need to
prove the following.

Theorem 4a. For every fixed k € N and real z,

1 B _ k+1
lim —#<n<x: wl k(n))kﬂjl:% <zp = ®(2).
T—00 I bk.');‘2
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5. Proof of Theorem 4a

We will be using the same arguments as in [2] along with the same lemmas,
but by modifying the strongly multiplicative functions #(n) and 7 (n) intro-
duced in Section 1, namely by defining them on prime numbers p by 6(p) = p+1
and 7o(p) = 1 and thereafter by 74x(p) = >_ 11 Tk—1(¢). In the same spirit,
we now define a k-chain as a k + 1-tuple of primes qq, q1, . - ., & which is such
that ¢;—1 | ¢; + 1 for i = 1,2,..., k. A general k-chain is denoted by Q. On
the other hand, a k-chain with the property that gx | n is denoted by Qg (n),
while Q(n, go) denotes those k-chains where ¢q is fixed and ¢ | n.

With these adapted concepts, we can use the same techniques that we
developed in [2] to obtain the following.

Proposition 1. For each k € N and every z € R,

1 _ k+1
lim ~# Te(n) — azy <z}

n<x: = P(z).
T—00 I { bk$§+1/2

Then, repeating the same argument that we used in Section 4, we obtain the
following.

Proposition 2. For each k € N and every z € R,

lim l# {n <z: w(B4(m) — axzy™ < z} = P(z2).

T—00 T bkx§+1/2

Now, letting y = 2% and proceeding as in Lemma 5.1 of [1], we have that

Yo Y lQna)l < xzzmzqik«

n<z 4=y 0=y a1
q010p (n)

(5.1) < z(Cxy)*(loglogy) < z(Cxy)Fxs),

where we made repetitive use of Lemma 2.

Let ) be the strongly multiplicative function defined on primes p by

p+1 if p>y,
Q(y)(p):{l if p<uy.

As usual the function 9?’) stands for the ¢-fold iterate of the function 6(%).



36 J.-M. De Koninck and I. K4tai

It follows from (5.1) that
(5.2) 0 <w(br(n)) — w(@,(cy)(n)) < zkasay

for all but at most o(z) integers n < x.

The following result then follows from (5.2).

Proposition 3. For each k € N and every z € R, for y = y(z) = 22, we have

(y) k+1
lim l# {n <z: w0 () — axzy” < z} = P(z2).

T—00 I bkx§+1/2

Now, it is obvious that if n € N (z), we have Bj(n) | 0;(n) for j =
=0,1,...,k, from which it follows that

0 <w(Bj(n)) <w(®;(n))  (n € Ni(x)).

Setting kF)(n) := #{p € p : p | 9,(51) (n) and p t Br(n)}, it is enough to
prove that

(5.3) % Z kF(n) =o (a:g+1/2) (z — 00).

nE./\/;k)

Before moving on, we introduce a new concept. Given a k-chain of primes
(90,41, - - -, qx), we shall say that qq is a bad prime if qq | 9,(51)(71) while g 1 Bi(n),
that ¢; is a bad prime if q; | Gl(f’_)l(n) while ¢; 1 Bi—1(n), and so on for the other
primes ga, ..., qx of the k-chain. Moreover, we will say that Q(n,qo) is a bad
chain if at least one of the ¢;’s in ¢ — ¢1 — - -+ — qx is a bad prime.

Now, it is obvious that

(5.4) L=>" M) <> 3 Qi(n.q),

n<x n<z qo2y

where Q7 (n,qo) runs over the bad k-chains. We then have

k k
(5.5) L<Y Y Qilna)=) Ty
IO oS =0

say, where in T}, ¢; stands for the smallest prime which is a bad prime.
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Observe that, by Lemma 2,

(5.6) Ty < Z *<$$22*

‘10;;‘;;;‘119 4k q0 bd,d

Since the number of such ¢y < x is less than Cxbxy, it follows that,
p1 < p2 < --- stand for the primes in increasing order,
1
> o< L,
qo bad do j<Caxkxy Pi

Using this estimate in (5.6), we obtain that

(57) To < l'{EIQCZL'4.

On the other hand, we have

(5.8) 11 < Z —<a:x 1Z—<xx 1<Z7—1q;+1)
1

q0—91 4 qk 9091 q1 <z
g1 bad q1 bad g1 bad

Now, it was shown in [1] that

(5.9) 3 7i(p) _

O(x
p]+1+()

p<z

Using this estimate with j = 1, we obtain that

Z m1(q1+1) _ Z Tl(Q1+1)+ Z 71(Q1+1)<<

q1 <z gl q1<®y gl r1<qi<=z i
q1 bad qq bad q bad
T1(q+1 _
< x3 + max (7) :Cg lry <
z1<q<lx q

< xg + —

if
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More generally, using (5.9), we obtain that

T; < >

q0 491> dg 4k

a5 bad
<
qj bad
<
q<z1
k—j j+1
< xay ot
k+1
< awyth

k—j 7i(g; +1)
zah ™I Z %S

y (q+1 iy
zah ™ Z M—anjg Y2} x3 max

> o<

q0—q1 = —qy q]
aj bad

mila+1) _
>z q -

It follows that (5.3) holds and consequently that

w(0 (n)) — w(ow(n))| < has,

thus completing the proof of Theorem 4a and thereby of Theorem 4 as well.
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