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Abstract. We prove that if f is a multiplicative function satisfying the

relations
i S I RN W o (GRS o (O]
n—oo log ~ n n—oo log x ~ n

then there are real numbers o, ¢ with (0 < ¢ < 1) and a Dirichlet character
x (mod K) such that f(n) =n""*x(n).

1. Introduction

Let, as usual, P, N, R, C be the set of primes, positive integers, real
and complex numbers, respectively. Let M, M* be the set of complex-valued
multiplicative (completely multiplicative) functions. We say that f € M;
(resp. M7),if f e M (resp. M*) and |f(n)| =1 for every n € N. For an
arithmetical function f, f: N — C let

Agf(n):=f(n+K)— f(n), KEN,

where K € N.
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In [1] we proved the following assertion.

Theorem A. Let f € M, assume that

(1.1) > 1Ak f(n)] = O(x),

n<x

then, either
(1.2) > If(m)] = O(a),
or
f(n) =ntx(n) for every neN,(n,K)=1,

where 0 < o < 1,t € R and x is a Dirichlet character (mod K).
In [1] and [7] the following result is proved.

Theorem B. Assume that the functions f,g € M and a number K € N
satisfy

> lgtn+ K) = f(n)| = O(x).

n<x
Then, either

Yo lgm) =0(), Y 1f(n)]=0()

n<x n<x

or there are functions F,G € M and a complex number s such that
fn)=n’F(n), gn)=n°Gn),0<RNs<1
and G(n+ K) — F(n) =0 for every n € N.

Let Mg be the set of those multiplicative functions f, for which f(n) =0
if (n, K) > 1.

Our purpose in this paper is to investigate those f € Mg for which

1 )
(13) T o T =

n<x

n—oo

= 1 Ak f(n)]
(1.4) lim g 7 ; " < 00.
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Theorem 1. Let f € Mg be such a function for which (1.3), (1.4) hold. Then
f(n) =n"Ty(n), 0<o<1,teR

and x is a Dirichlet character (mod K).

Remark 1. This theorem for K = 1 was proved in [3].

Remark 2. The proof is based upon a theorem of O. Klurman [5] which is
referred here as

1 if (n,K)=1
L 1. Let f € M*, =
emma ct f F(m)] {O if (n,K)>1
and
1 |Ak f(n)]
(1.5) log%nz;; =0 (w—00).
Then

f(n) =n""x(n) for every neN,7€R,

where x is a Dirichlet character (mod K). If f is such a function, then (1.5)
holds true.

Remark 3. By using the method of J.-L. Mauclaire and L. Murata [6], we have
Lemma 2. If f €¢ M,

[f(n)] =

and (1.5) holds, then f € M*, consequently
f(n) =n"x(n) for every neN,T€R

where x is a Dirichlet character (mod K).

2. Proof of Lemma 2

Let ¢ be a prime, ¢ { K. It is enough to prove that f(¢*) = f(q)* for every
qgand k=1,2,....
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Let
Se(@)=q¢" "+ +q+1 (=1,2,..).

Thus
Se(q) =qSe—1(q)+1 (£=2,3,...).

Since | f(m)| =1 if (m, ¢K) = 1, therefore

1 [f(m)]
21 lim —— E = .
(2.1) ey log = — m €q >0
(anKT;)C:1

Let A € N. Since

Aarf(n)] < AZ A fm+ K],
=
therefore
02 Jm o ; |f(g"m + Kskig;) — @) _
W
Furthermore,
F(a'm+ KSia) - f(a'm+ K(Sula) — 1)) =
= fla'm+ KSi(@) - F@)f (¢ m+ KSea(a)).
Applying this for £ = 1,..., k, we obtain that
Loy [ (a"m + KSi(g)) — S@" ()]

mq

= O(logx),

and this by (2.1) implies that f(¢*) = f(q)* for every k € N.
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3. Proof of Theorem 1

If f is a solution , then F'(n) :=|f(n)]| is a solution also.

Let p € P,(p,K) = 1,Q = p*. For some n € N, let n = ¢, K (mod Q),
£, €40,...,Q—1} and let ny be defined by the relation n = Qni + ¢, K. Then

(3.1) [F(n) — F(Qni)| = [Ake, F(Qny)|.
If p|nq, then (p,n; — K) =1, and so
F(Qn)) = F(Q(nm — K)) + Aqr F(Q(n1 — K)) =

(Q)F(n1 — K) + Aqr F(Q(m1 — K)) =
(Q)F(n1) — F(Q)AxF(n1 — K) + Agr F(Q(n1 — K)),

(
(
s0, hence and from (3.1), we get
|F(n) = F(Q)F(m)| < F(Q)|AxF(ny — K)|+
+[Aqr F(Q(nm — K))| + |Ake, F(Qna)]-

Let us assume that @ is fixed. ny = m at the mapping n — n; occurs for @
distinct n, furthermore ny < n/Q and ny > 1if n > QK.

(3.2)

Since
s—1
A F(m)| <Y |AgF(m + jK)|,
=0
from (3.2) we obtain that
1 1
(33) > —IF(n) = F(Q)F(n)| < C

logx n
g n<z

if x > 2. C may depend on Q.

Let Fe) = 3" \F;n)|

From (3.3) we obtain that =

(3.4) Er(r) < FQFr(g) + o
and

(35) FQEr(“52) - 0 < Brla)
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If F(Q) < 1, then from (3.4) we obtain that limsup Fr(z) < oo, which contra-
dicts our assumption. Thus F'(n) > 1 for every n coprime to K.

Let F(Q) =Q", n > 0. If n =0, then Er(z) = O(logz) easily follows from
(3.4).
Assume that n > 0. Let A > C + 1, x¢ be so large that Ep(xg) > A. Let
Tyr1 =Qx, + QK (v=1,2,...).
Thus from (3.5)
EF(xl/—i-l) > QUEF(xu) - EF(xl/—i-l) > QUEF('IV) -C (V = la 27 B -)7

and this implies that
Ep(zy41) > Q@00

where ¢, is a positive constant, and so
Er(z) > cza”

with some positive constant cg if x is large.
On the other hand, from (3.4) we obtain that

Er(z) < cqa”
with some positive constant ¢4 if x is large. Hence we obtain that
F@Q)=Q" neRn=0,

consequently 7 is a constant,

If n =0, from (3.4) we obtain that Ef(z) = O(logz).
Since A f(n) < n" !, therefore n < 1.
Let us write g(n) = f(n) - n~". Then g(n) is multiplicative, |g(n)| = 1 if
(n,K)=1and g(n)=0,if (n,K) > 1
We have
Arf(n) = (n+ K)"g(n+ K) —n'g(n) =

= n"Akg(n) + [(n+ K)" = n"|g(n + K),

and so

—1
Z ”"|AK9 Z |Ak f(n)] Kf Z C’n; — O(log ).

n<zx n<lzx n<z
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Consequently we obtain that

1 Z |Akg(n)|
logz <~ n
(nR)=1

-0 (z— o).

From Lemma 1, 2 we obtain that

T

g(n) =n""x(n), 7E€R,

where x is a Dirichlet character (mod K).

1]
2]
3]

Theorem 1 is proved. |
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