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Abstract. We prove that if f is a completely multiplicative function and

Z |f(n+ 17)1_ f(n)| _ O(logm),

then either

S UL 0goga) or fln)=n"t" 0<o<1teR.

1. Introduction

Let, as usual, N, R, C be the set of positive integers, real and complex
numbers, respectively. Let M, M* be the set of complex-valued multiplicative
(completely multiplicative) functions. We say that f € M (resp. M7), if
f €M (resp. M*) and |f(n)] =1 for every n € N. Let A, A* be the set of
real-valued additive (completely additive) functions.
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Let E be the set of those arithmetical function e(n) (n € N), for which

1
(1.1) sup —— E le()] < 0.
z>1 logx — n
n<x

Our purpose in this short paper is to prove the next assertion.

Theorem 1. Let f € M*, §(n) = f(n+1)—f(n) (n € N). Assume thatd € E
and that f € E. Then

fn)=n"T  0<o<1,tecR.

The proof is based upon an important theorem due to O. Klurman which
is cited now as

Lemma 1. (O. Klurman [4]) If f € M; and

—_— [f(n+1) = fn)] _
(1.2) mlgrgo Tog 7 Z p =0,

n<z

then .
f(n)y=n" (neN), TeR.

A weaker assertion has been proved in [3], namely that, if f € M and
. 1
Jim = [f(n+1) = f(n)| =0,
n<x
then either

1 )
lim — =0 =nt" 0 <1l,teR
Jim — Z|f(n)| or f(n)=mn <o<lte

n<z

Remark 1. O. Klurman proved Lemma 1 for f € M7, but using the
method of Mauclaire and Murata [5] one can prove that if (1.2) holds for

f € My, then f e Mj.

Remark 2. In [1] and [6] the following assertion has been proved. Assume
that f,g € M, for which

> lgln+ K) — f(n)] = O(a),

n<z
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where K is an arbitrary positive integer. Then, either

Y lgtn)|=0(x) and Y |f(n)|=O(x),

n<z n<zx

or

f(n) =n°U(n),g(n) =n°V(n) 0<Res<1,

furthermore
V(in+ K)=U(n) forevery necN.

Lemma 2. If f € M* and (1.2) holds, then either
Lo 1 [f(n)l

lim —— — =0

o log 72 n ’

or
f(n)=n"T" (neN), 0<o<1,teR.

Proof. Let
Agf(n) = max [f(n+Ek) = f(n)].

From (1.2) we have that

o1 [Axf(n)] _
(1.3) lim oz 7 1;5 " =0

r—00

for every fixed K.

Assume first that there exists such a prime power Q = ¢* for which |f(Q)| =
=p<l

Let
n=Qni+a, if 0<ay<Q,qtm
and
n=(ap+Q)+Q(n—1), if 0<as<Q,q|ni.
Then

[f(n)| <Ak f(n)] + plf(n1)]

in the first case, and

lf()l < 1Ak f(n)| + plf(n1)| + |Ak f(na)]
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in the second case. Thus

s(z) ::Z |f§ln)| <) Z |f(n7111)| +p Z |f§Zl)|

+ e(x) log x,
qtny qlnq

where e(z) \, 0 as © — oo.
Thus

(1.4) s(x) < ps(i) + e(x) log

Q

for every x > Q. This implies that |f(n)| > 1 for every n € N.

If Q" <2 < Q"t!, then

r—1
s(z) < p" 8@+ Y ple(=s) log ==,
Z; o7 o8 o

consequently
s@ 4

log (x — 00).

Let us assume now that F(n) = |f(n)| > 1 (n € N). Let u(n) = log F(n).
Then u(n) > 0, u € A*,

fu(n + 1) — u(n)| < [F(n+1) = F(n)] < |f(n+1) - f(n),

consequently

. 1 lu(n 4+ 1) — u(n)| B
lim logz Z =0.

e n<zx n
Hence, applying a theorem of Kétai [2] we obtain that u(n) = ologn. Then
F(n)=n’,F(n+1)—F(n) =on’ '+ 0(n°?)

and

log x)

Z |F(n+171—F(n)| o

implies that ¢ < 1. Let f(n) =n%g(n), g € Mj;. If g € M3, then

and Lemma 1 implies Lemma 2. |
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2. Proof of Theorem 1

Let

Assume first that there exists a prime ¢ such that |f(¢q)] = p < 1. From (1.1)

we obtain that A
Z L (m)] Kf = O(log z),

if K is fixed, and so

n<zx

Then .
h(w) < ph(%) + Blogz (x> 20).

whence we obtain that h(z) = O(logz), f € E.

We can assume that |f(¢)| > 1 holds for every prime q.

Let F(n) := |f(n)]. Then F(n + 1) — F(n) € E. Let q1,q2 be primes,
F(q1) = qi\l, F(g) = q2’\2. We shall prove that A\ = As.

Assume indirectly that A1 < As.

It is clear that

h(z) = qllh( ) + Bylogz, B; is bounded,

h(z) = ¢ h( )+BQ logxz, By is bounded.

Hence
h(z) = qll)\lh(qT) +0(gy" log )
1

and
h(z) = kQ’\Qh( = )+ O(q§2>‘2 log ).
a°

If k1, ko are appropriately chosen, then

1 ka2

k
2+1 4q ,

k A
QQ2<(I1 < g3 vQ111<
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S0
x _
h(=) = h(z)g; ™™ + O(log z)
4
and .
h(=) = h(x)g; ™2 + Olog z),
P
consequently
0 < h(-5) —h(2) = (s — s ) h(@) + Ollog 2)
Tt gt et gt ’
whence

—%h(a:) +0(¢" logz) > 0.

Thus h(z) = O(log x), which contradicts to our assumption.

Hence we have F(n) = n*. If A = 0, then f € E. Since F(n+1)—F(n) € E,
we obtain that 0 < A < 1. Let

f(n) =n U(n),U € Mj.

Then
U(n+1) — Un)| = {15”:1)13 _ {SM . |f(n+2);f(n)| Peas by
Thus v . . ; b o 1
n+1)-Un n+1)— f(n
3 ( T)L ()|§Z|( nA)—i-l ()JFCZﬁ

the right hand side is bounded as £ — oo. The conditions of Lemma 1 hold for
U, thus U(n) = n' t € R.

This completes the proof of Theorem 1. |
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