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Abstract. Given an integer k > 0, let o} (n) stand for the k-fold iterate

of 0*(n), the sum of the unitary divisors of n. We show that Z?t E;E; tends
1

to 1 for almost all primes p.

1. Introduction and notation

Let 0*(n) be the sum of the unitary divisors of n, that is,

o*(n) = Z d.

d|n
(d,n/d)=1

Given an integer k > 0, let o (n) stand for the k-fold iterate of o*(n), that is,
os(n) =n, o5(n) =oc*(n), o5(n) = c*(o5(n)), and so on. The function o*(n)
is easily checked to be multiplicative with o*(p®) = p® + 1 for each prime p
and integer o > 1.

Key words and phrases: Sum of unitary divisors, shifted primes.
2010 Mathematics Subject Classification: 11N37.
1Research supported in part by a grant from NSERC.

https://doi.org/10.71352/ac.45.101


https://doi.org/10.71352/ac.45.101

102 J.-M. De Koninck and I. K4tai

In 1971, Erdés and Subbarao [3] proved that

(1.1) Uz(n) -1 for almost all n .
o1(n)

This is quite a contrast with the easily proven estimate

oa(n)
o1(n)

— 00 for almost all n .
In 1991, Kétai and Wisjmuller [6] proved that

— 1 for almost all n

and conjectured that, given an arbitrary integer k > 0,

Oht1 (n)

> —1 for almost all n .
g k(n)

This remains unproven.

Here, we consider similar quotients, namely those where the arguments of
the functions o, and o} are running over shifted primes.

2. Main result

Theorem 1. We have

o3(p+1)

> —1 for almost all primes p .
oi(p+1)

Of course, the above statement is equivalent to the following one.

Given any € > 0, we have

1 o5(p+1)
lim —— <g:22 " Vs {4e5=0.
M”#{p ot +1) }

In the following, we denote by p(n) and P(n) the smallest and largest prime
factors of n, respectively. We let p(n) stand for the Moebius function and ¢(n)
for the Euler totient function. For each integer n > 2, we let w(n) stand for the
number of distinct prime factors of n and set w(1) = 0. The letters p, ¢, 7 and
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@, with or without subscript, will stand exclusively for primes. On the other

hand, the letters ¢ and C, with or without subscript, will stand for absolute

constants but not necessarily the same at each occurrence. We will let g stand

for the set of all primes. Moreover, we shall at times use the abbreviations

z1 = logz, xo = loglogx, and so on. We denote the logarithmic integral
*odt

/ ot by li(z). Finally, we let 7(x) stand for the number of primes p < x
2 l0g

and we write 7(z; k, £) for #{p <z :p=¢ (mod k)}.

3. Preliminary results

For the proof of our main result, we will need the following lemmas.
Our first lemma is a classical result.

Lemma 1. (BRUN-TITCHMARSH THEOREM) For every positive integer k < x,

we have
2

= Gk log(/k)’

A proof of the following result follows from Theorem 3.12 in the book of
Halberstam and Richert [4].

mw(x; k, l)

Lemma 2. There exists a positive constant C1 such that

¢(a) log*(x/a)’

The following can be obtained from Theorem 4.2 in the book of Halberstam
and Richert [4].

#pagcp:p+l=ag<z}<C

Lemma 3. Given an arbitrary positive number § < 1, there exists an absolute
constant Cy > 0 such that

lim #{p<z:P(p+1) <2’ or P(p+1) >z} < Cydli(z).

It was proved by the first author [5] that the distribution of the numbers

w(o(p+1)) — 3(loglog p)?

75 (loglog p)*/

as p runs through the primes obeys the Gaussian Law. It is easy to show that
the same statement holds if o(p + 1) is replaced by o*(p + 1). The following
result is an immediate consequence of this observation.
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Lemma 4. We have
1

7(x)

#{p<z:wo(p+1)>23} =0 asz— oo

4. Proof of the main result

First let

1
t(n) = Z prt
q*|lo*(n)

It is clear that, for each integer n > 2,

J*T(L”):H(l—s—;):e)cp Zlog(l‘*‘qla) < exp Zqia

q*|ln q%|ln q%|ln

and therefore that

= < exp .

o3(n) _ o*(c*(n)) L QETES
1(n) o*(n) 2 .

q%|lo*(n)

From this observation, it follows that the claim in Theorem 1 is equivalent to
the assertion that

(4.1) tp+1)—0 for almost all primes p.

Let § > 0 be any small number, let p, := {p € p : p < 2} and consider the
set
M ={p<z:P(p+1)<az®or P(p+1) >z}

In light of Lemma 3,
(4.2) #oll) < Oy 8li(z).
This is why we only need to work with the set

(2)

PP = o, \ plV.

So, let us assume that p € p;(f), let T' be a large integer and consider the set

D7 made up of all those primes p such that 72 | p + 1 for some prime 7 > 7.
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Using Lemma 1, for some constant C's > 0, we then have

#{p<z:ipeDr} < N o= Y a@at-1n<

T<m<\z p+1501’5(:”nod 2 T<n<\T
. 1 . 1
S 0311(1‘) Z Q§(7T2) = Cgh(.’l?) Z m <
T<n<\/x T<n<\T
li(z) 3
4.3 O(z3/4).
(4.3) < Tigr TOE

Hence, in light of (4.3), we may now discard those primes p < z for which
p € Dr, since their number is O(li(x)/(T logT)). This is why, for each prime
number ¢, we now focus our attention on the set

(4.4) Eyz):={pep? :pgDrand ¢" {o*(p+1)}
and the sum

Sr(x) =Y #E,().

q<T

Moreover, for each prime g, we let B, be the semigroup generated by those
primes @ such that ¢t Q + 1.

Let us now consider a fixed prime ¢ < T and those integers

K =7{" @} > 2 for which ¢ | 757 41
(4.5)
forj=1,...,r with o =1 if m; > T.

In order to estimate #E,(x), we first introduce the set

Hg p:={p:p+1=KRmP,P(R) <T, p(mP) > T,

p?(m) =1, (m,B,) =1, P(p+1) = P}.

Writing each prime p € Hg r as p +1 = KRmP = aP, then, since P was
assumed to be such that P > 2, it follows that a < ', and therefore, using
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Lemma 2, that

w(
H < Cy6C <
i < G 110“2 .
S e I “ ) <
IOg 1‘¢ m<z/KR
(m,Bg)=1
< C1Cy6 . 1T <1+ : ><
- log log”w p(KR) 1% m=1/ "
7+120 (mod q)

T 1 . {q2 }
X To p =
log?w o(KR) + \g—1""
x 1 To
= C1C0————"1 . — <
07w G(KR) BT exp{ q }—
1 . X9
C1Cy0——1 . - .
102 ¢(KR) l(l‘) exp{ q—l}

On the one hand, observe that

IN

C1C56

(4.6)

Z):wl) = pE[T(”qxlmW(;)*”')
N pl;IT(leril p(ivl—l)Jr ):
- I(+5-0())
(4.7) = exp Zl+0(1) < CylogT

for some positive constant Cj.

On the other hand, writing each K as K = K; Ko, where P(K;) < T and
p(K3) > T. Then, by the nature of K (see (4.5)), it is clear that K5 is square-
free and that w(K3) <r < T — 1. From this, it follows that, for some constant
C5 >0,

(4.8)

DPRCED I ED R 1 D DY e

Il oy I 57 aNg

> O(K) 2 qs( 2| & w-d (T 1)
m4+1=0 (mod q)
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Recalling that for all K, R € N, we have ¢(KR) > ¢(K)¢(R), and combin-
ing (4.7) and (4.8) in (4.6), it follows that

21 -
. < < i(p)—2 . — .
(4.9) #E,(x) < KgRHKR < Cg dli(z) T -1 exp{ p 1} logT

for some constant Cg > 0, from which it follows that
(4.10) St(z) = o(li(x)) (z — 00).

We now move to estimate ¢(p+1) when the primes g such that ¢® | o*(p+1)
satisfy ¢ > T.
We first consider the case where a = 1, and for this we introduce the sum

1
8(]) + 1) = Z 67
1—¢

T<q<zy
qlle* (p+1)

where € > ( is an arbitrarily small number. We then have, using Lemmas 1, 2
and 3,

1
> s+ = 3 #peet’ p+1=QHMP P(H) <T,p(m) > T,
peps”) T<q<z,™*
P>2°,Q+1=0 (modq),(m,B,) =1} +

1
+ > “#{pe o ip+1=HmP P(H) <T,p(m)>T,

T<q<zy~°

P>2°, P+1=0 (modq)}<
T 1 1
<Cyd— - — <
= V2 a2 Zl%q Z d(HmQ) —

=1 (mod
T<q<az, (m‘Bq():OI ”

P(H)<T, p(m)>T

T 1 1 1
ik LT 4 S

L rcqzat—s T Q=—1" (mod o) ¥ PUDST, p(m)>T

1 1
11 1+ + +o ) <
T—1 7(r—-1)
nZ—1 (mod q)
1
SCQ(S% Z 2-210gT-x2~eXp{— 2 },
i

T .4 q—1
T<q<z,

from which it follows that

(4.11) Y s+ 1) < 5;%105%2 =o(liz))  (z — o).

pepl?
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To account for those ¢ € [z57¢, 251], we will consider the sum

rp+1):= Z 1

a2y Te<q<alte 4
allo* (p+1)
Proceeding as above, we obtain that

Sp+ < Y 1Y @<

q
peps? PANNST

A
3
=
&

g

In
S
>
&
|
2

IA
3
(o2
S
&
N
()
IA

S CQ 1) 0611(1') Xo ——F—
X

from which it clearly follows that

(4.12) > rp+1) = o(li(x)).

pepl

We now split ¢(p + 1) into five sums as follows.
(413) tlp+1)=ti(p+1)+talp+1)+ts(p+1) +talp+1) +ts5(p+ 1),

where )
tilp+)= >  —  (j=1...,5),

q%|le* (p+1) q
QGIj

with the five intervals I; being defined as
L = [2’T]’ I, = (T’ m%—s]’ I3 = (x%_57$%+6)7
Iy = [x5+6’x§+6]7 Is = ($§+Ev OO)

We will show that the next five inequalities hold for almost all primes

pepd.
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First of all, in light of (4.10), we have
1
(4.14) ulp+)<5m  (p— o),

I
with the exception of at most O (12(?> primes p € p(xz).

In light of (4.11), we have that

1 1

415) ta(p+1) <s(p+1 ~ <ol .

(4.15)  t2(p+1) < s(p+ )+T ;l_ F<oWtmr (=)
<q<m,” ©

Clearly,

1 1
(4.16) tsp+1)< > q§10g< +‘€) < 2.

) § 1-¢
2y <g<zyTe

In light of (4.12), we have

@D ) <0+ Y <o +0(—) oo
x5 Cx

q>z;+5

Finally, using Lemma 4, it follows that
(4.18) tsp+1)<zy"  (p—o0).

Gathering inequalities (4.14) through (4.18) in (4.13), we have thus estab-

lished that )

) {pr:t(p+1)>;}S5

and since this is true for every ¢ > 0 and for every large number 7', our claim
(4.1) is established and the proof of Theorem 1 is complete. |

5. Final remark

The unitary analog of ¢(n) denoted by ¢*(n) and introduced by Cohen [1]
is defined by
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Denote by ¢} (n) the k-fold iterate of ¢*(n). Erdds and Subbarao [3] claimed

that .
¢3(n)
¢1(n)

except on a set of integers n of zero density. In fact, they mentioned that they
could prove this result by using the same methods as those used to prove (1.1).

—1 (n — o)

With the approach we used to prove Theorem 1, we can also prove the
following.

Theorem 2. Given any € > 0,

1 ¢5(p+1)
ﬂm#{@@+n

<1—5}—>0 (x — 00).
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