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Abstract. Let «y(n) stand for the product of the prime factors of
n. The index of composition A(n) of an integer n > 2 is defined as
A(n) = logn/logy(n) with A(1) = 1. Given an arbitrary integer k > 0
and letting ¢ (n) stand for the k-fold iterate of the Euler totient function,
we show that, given any real number & > 0, A(¢r(p—1)) < 1+¢ for almost
all prime numbers p.

1. Introduction and notation

Let v(n) stand for the product of all the prime factors of the positive integer
n. The index of composition of an integer, defined by A(1) = 1 and for n > 2 by
A(n) := logn/log~y(n) was studied by De Koninck and Doyon [2] and thereafter
by many more (see [3], [6], [9]). In 2007, De Koninck and Luca [7] showed that
the normal order of A(c(n)), where o(n) stands for the sum of the divisors
function, is equal to 1. Let ox(n) stand for the k-fold iterate of the o(n)
function, that is, let og(n) = n, o1(n) = o(n), o2(n) = o(o(n)), and so on.
Recently, the authors [4] proved that, for every € > 0,

(1.1) %#{nﬁx: Mog(n)) > 14}t —0 (x — 00).
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They also showed that (1.1) holds if ox(n) is replaced by ¢r(n), the k-fold
iterate of the Euler ¢ function.

Here, we prove an analogous result for the shifted primes, namely the fol-
lowing.
Theorem 1. Given any ¢ > 0 and letting w(x) stand for the number of primes

not exceeding x, then

(1.2) %#{pgx:)\((ﬁk(p—l)) S14e) =0 (¢ o)

In the following, we denote by p(n) and P(n) the smallest and largest prime
factors of n, respectively. We let p(n) stand for the Moebius function. For each
integer n > 2, we let w(n) stand for the number of distinct prime factors of n
and Q(n) for the total number of prime factors of n counting multiplicity and
we set w(1) = Q(1) = 0. The letters p, ¢, 7, p and @, with or without subscript,
will stand exclusively for primes. On the other hand, the letters ¢ and C, with
or without subscript, will stand for absolute constants but not necessarily the
same at each occurrence. Moreover, we shall use the abbreviations z; = log x,

vodt
o = loglog x, and so on. We denote the logarithmic integral / @ by li(z).
2
Finally, we shall write m(x; k,£) for #{p <z :p=/{ (mod k)}.

2. Preliminary results

Lemma 1. Given an arbitrary positive number 6 < 1/20, then,

(2.1) wll)rr;o ﬁ#{p <z:Pp-1)>2'}<Ci6

for some absolute constant C7 > 0.

Proof. For a proof see Theorem 4.2 in the book of Halberstam and Richert
[8]. |

Let us now set
N = {p <zand P(p—1) < z'7°%}.
Also, for each positive § < 1/20, let us introduce the functions

ws(n) := Z 1 and As(z) = Z 1

pln I5<p<11/5 p
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It is easy to show that

As(x) = log % +0(1) (x — 00).

The following Turdn—Kubilius type inequality can be deduced using the
Bombieri-Vinogradov inequality.

Lemma 2. Given ¢ € (0,1/20), there exists an absolute constant Cy > 0 such

that
1

()

D (ws(p—1) — As(@))? < CoAs(x).

p<z

Letting ALY := {p < z:ws(p—1) <4}, then the following result is easily
established.

Lemma 3. Given 6 € (0,1/20), there exist real numbers C3 and xo = xo(9)
such that, for all x > xq, we have

b
()

Given positive integers k and D, set Uy(z; D) := #{n < x : D | ¢x(n)}.
The following result was established by Bassily, Katai and Wijsmuller [1].

#AD < Cy0.

Lemma 4. Given positive integers k and D, there exists a constant Cy =
= Cy(k,Q(D)) such that

kQ(D
2 240

Ur(z; D) < Cy D

Letting (x(x) = x5 if K = 0 and xy22* if kK > 1. Then, for each integer
k > 0, setting
B = {p < x: there exists ¢ > £ () such that ¢ | ¢(p — 1)},
the following result follows from Lemma 4.

Lemma 5. There exists an absolute constant Cs > 0 such that

1
—)#Bgf) < G (k=0,1,...).

m(x To

For each integer k > 0, let a, = 1/(k + 1)! and, given a real number x > 0,
set
D = {p < w:w(dp(p 1) > (1+ w)agas™ ).
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In Bassily, Katai and Wijsmuller [1], it was proved that, for each integer
k > 0 and for every real number z,

lim —— { T w(dnlp = 1) = aka:’;“ < z} = ®(2),

xT— 00 ’]T( ) bk$’;+1/2

where by, = 1/(k!v2k + 1) and where

D(2) e /2 dy

stands for the standard Gaussian law.

It then follows from this result that the following is true.

Lemma 6. For each integer k > 0,

7(x)

We will also need the following, which is a particular case of Lemma 2.5 in
Bassily, Katai and Wisjmuller [1].

1
Lemma 7. Letting 6(x, k) := Z —, there exists an absolute constant
p

p<az
p=1 (mod k)

Cg > 0 such that
ngg

¢(k)

oz, k) <
provided k < x and x > 3.

We say that a k+ 1-tuple of primes (qo, q1, - .., qx) is a k-chainif ¢;_1 | ¢;+1
fori =1,2,...,k, in which case we write ¢qg — q1 — -+ — qx. We then have
the following result, whose proof can be deduced from Lemma 2 established in
our earlier paper [5].

Lemma 8. For any fized prime qo and integer k > 1, there exist absolute
constants ¢y, ca, . .., cr such that

k
Z 1 cle Z igczxg’ L Z igckm.
q0—4q1 ql 90 —41—492 a2 do q0—q1— " —4q dk 4o
q1 <z g2 <@ qp <z
Moreover, summing over those k + 1 chains for which go = 1 (mod D), then
there exists a constant C; > 0 such that
Z 1 C7$k+1
wod o = D)
qp <z
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Now, let
k k
e =neon (U ) U Use)
j=0 j=0

Defining Ly (x) = x5 if k = 0 and 23 if k > 1, let us introduce the function

(2.2) Sk(n) = H q“,

a% ¢ (n)
q> Ly (@)

We then have the following result.

Lemma 9. For each integer j =0,1,....k,

%#{p END (S (p—1) =0} =0 (2 — o).

Proof. The result is almost obvious if k¥ = 0. Indeed, first observe that

(2.3) #{p<z:¢*|p—1 for some prime q¢ > Lo(x)} < Z (22, 1).
q>L0(£E)

Recall that according to the Brun-Titchmarsh theorem, given § € (0,1), there

exists a constant ¢; = ¢1(d) > 0 such that

li(z) : 1-§
2.4 w(x;k,0) < c rovided k <z °.
(2.4) ( ) 1¢(k) p

Thus, using (2.4), we may write that, for some absolute constant Cg > 0,

25) > w(wigd1) < Clifw) > S > %:o(n(x)),

2
q>Lo(x) Lo(z)<q<z'/5 (’b(q ) q>al/5

so that the result follows by combining (2.3) and (2.5).

So, let us assume that & > 1. Let us first count the number of primes
pE N such that S;(p—1) is square-free for j = 0,1,...,k — 1 and for which
there exists some prime ¢ > L (x) such that ¢* | ¢x(p — 1). Since p & Bék), it
follows that ¢ < ¢x(z). On the other hand, since ¢? | ¢x(p — 1), then

e cither there exist two primes m; # p; such that ¢ — 7 and ¢ — py
(meaning that 73 =1 (mod ¢) and p; =1 (mod q)), with
mip1 | dr—1(p — 1),
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e or there exists a prime 7 such that 7 = 1 (mod ¢?) and 7 | ¢5_1(p — 1).
In other words, one of the following two situations (1) and (2) will occur.

(1) There exist two k + 1-chains
q—m == (—p),
q—p1— - —pp (—Dp),

where m,,p, (v=1,...,k) are distinct primes and mpx | p — 1.
(2) There exists a positive integer h such that
TPy | Gp—r(p—1) for v =0,... h,

Qns1 | Gk—n-1(p—1), Quy1 =1 (mod mhpp),
Qnht1 — Qny2 — - = Qr  (—p).

It follows from the above that if we set

My :=#{p e NP : | éu(p—1)},

then
(2.6)

k—1
M, < Z (@ Tepr, 1) + Z Z 7(z; Qp, 1).

g — Ty h=0 a—m1— —mp—=Qpy1——Qf
a—=p1— =P g—p1— == Q1 ——Qk

But since p € NQEQ) implies that ws(p—1) > 4, we obtain that mpr < 217 and
Qr < x'79. Hence, in light of Lemmas 1, 2 and 3, we may use (2.4) in (2.6)
and obtain that, for some constant Cy > 0,

1 1
. < i —_— i —_—.
(2.7) M, < Coli(x) ﬂZﬂ e Coli(z) > o

g T = Q= Qy
a—p1— Pk

g e ) S e
using Lemma 8, inequality (2.7) yields

L2k
(2.8) M, < Cloli(f)q%

for some positive constant C1g. Since, for some C7; > 0,

1 Ci
Z ? = Ly(z)log Li(x)’
q>Lk(w)
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it follows from (2.8) that

C
N M, < Culi(e)ad it < =
1 2 22k okx x
4> Ly () 2
thus completing the proof of Lemma 9. |

Recalling the definition of Si(n) provided in (2.2), we now introduce the
function

(2.9) Tiw(n) = (k=0,1,...)

and prove the following result.
Lemma 10. For each j =0,1,...,k, we have

logTy(p—1) _ 1
log x 2

b @ . - 7 — o0
(2.10) W(m)#{pENz. } 0 ).

Proof. Consider the set
N ={pe NP 12(S;(p—1)) =1for j =0,1,...,k}.

Since #(NQEZ) \N£3)) = o(w(x)) as * — oo, in order to prove Lemma 9, we need
to find an adequate upper bound for the number of primes p € ./\/353).

First of all, it is clear that (2.10) is true for j = 0. Indeed, by definition
(2.9) for k = 0, we have

p—1="To(p—1)Se(p—1),

where So(p—1) is square-free, p(So(p—1)) > x5 and p(To(p—1)) < x5. Hence,
(To(p— 1), So(p— 1)) = 1, and therefore

p(p—1) = ¢(To(p — 1)) - #(So(p — 1)),

with
¢Solp—1)=J[ =~ JI =
T ¢(Sp(p—1)) (S (p—1))
7<Ly(z) 7>Ly(x)

since in MY, 72 1 o(So(p— 1)) if m > Ly(x).
It follows from this that
Tilp-1)=¢(Top-1)- J[ =

T $(So(p—1))
w<Lj(x)
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and
(p—1)=Ti(p—1)-Si(p—1),
where P(T1(p — 1)) < Ly(x) and p(S1(p — 1)) > Ly(x), thus implying in par-
ticular that (T (p — 1), S1(p — 1)) = 1, so that
$2(p—1) = ¢(Ti(p— 1)) - ¢(Si(p — 1)).
More generally, if
¢j-1p—1) =Tj1(p —1)Sj-1(p — 1),
then P(Tj_l(p - 1)) < Lj_l(ac) and p(Sj_l(p — 1)) > Lj_1($), Sj_i(p — 1) is
square-free and
¢j(p—1)=T;(p—1)S;(p— 1)
and

-1 = o@ap-1) [ =

T $(S;—1(p—1))

w<L; (=)
Silp—1) = 11 7 (a square-free number).
m#(Sj—1(p—1))
w>L;(x)

Let us now estimate the expression

K= [
7|l 6(S;_1(p—1))
ngj (x)
For this, let us assume that 7' | ¢(S;_1(p — 1)) with # < L;(x). Since
o(Sj—1(p—1)) is a divisor of ¢;(p — 1) and since w(¢;(p—1)) < a;(1+ k)t
it follows that there exists a prime gy such that gy | ¢;—1(p—1) and 7"~ | g —1
with
> b > i
T w(gilp—-1) T a;(1+ k)t
Thus, for fixed 7" and using Lemma 8 along with inequality (2.4), it follows
that the number of possible primes p € N&*) for which rf= | o(Sj—1(p—1)) is
less than

r

Croli(z) - 2]

i

> (73 gj-1,1) <

(7T —)qo—+—q5—1
Letting ¢, be sufficiently large so that
o

_m_
(2.11) meganept 5 it

)
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it follows that

1
ﬁ#{p € N3 . there exists one 7 < L;(z) and ¢, satisfying (2.11)
m(z

(2.12) such that 7 | ¢(S;_1(p — 1))} = o(1) (x — 0).

Hence, if 7™ | ¢(S;—1(p—1)) and it is not counted in the set appearing in

(2.12), then _
< (x%+1)aj(1+n)x%+l

and so
(2.13) K;(p) < H e < (x j+1) (1Rl ey <eXp{x3J+2}’
<Lj(x)

say, provided x is large enough.

Now, since
(2.14) Tj(p = 1) = ¢(Tj-1(p = 1)) K; (p),
and since ¢(n) < n, it follows that, in light of (2.13) and (2.14)

Ti(p—1) <exp{227™*} (1 =0,1,...,k).

when p € N¥ with the possible exception of o(li(z)) primes.
This completes the proof of Lemma 10. |

3. Proof of Theorem 1

We are now in a position to prove our main theorem.
We first write

#{p<z:Morlp—1) >1+e} <

<HpeND Nowlp—1) >1+e} +#{peN: Plp—1) >a'°} <

SHPeND MNowlp—1) > 1+et+#{peNe: Pp—1)>2" "} +
(N(l)\/\f(g)) S1(x) + Sa(z) + S3(x),

say.

Using Lemma 10, we have that Sy(z) = o(li(z)
hand, using Lemma 1, we get that Se(x) < C4dl
S3(x ) = o(li(z)) as © — 0.

) as x — oo. On the other
li(z), while it is clear that
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We have therefore established that, for some constant ¢ > 0,

(3.1) lim sup %#{p <z:Agr(p—1)) 2 1+¢e} <cd

z—oo T(2)

But since 0 can be chosen arbitrarily small, the right hand side of (3.1) is equal
to 0.

The proof of our main theorem is therefore complete. |
4. Final remarks

Let 0* and ¢* be the unitary analogues of o and ¢. These are multiplicative
functions defined on prime powers p® by

ot (p*) =p* +1 and " (p*) = p* — 1.

Using the same methods as those above, we can prove the following.

Theorem 2. For every e > 0 and each k =0,1,..., we have
1
@#{pgz:)\(gﬁ(pfl))21+s}ﬂ0 (z — 00)
and 1
W#{pgx:/\(ag*;(p—l))zl—i-e}HO (z — 0).
0

Perhaps, Theorem 2 is true also for A(ox(p — 1)) for a general k, but we
could only prove the case k = 1.
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