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Abstract. In this paper, we give some theorems on uniqueness problem
of differential polynomials of meromorphic functions. Let a,b be non-zero
constants and let n,m, [, k be positive integers satisfying n > 3l(k + 1) +
+3m +9 and m > I(k 4+ 1) + 1. If f* + af™(f®)" and g" + ag™(g™)’
share the value b CM, then f and g are closely related. We also consider
the case sharing the value IM.

1. Introduction and main results

Let C denote the complex plane and f(z) be a non-constant meromorphic
function in C. It is assumed that the reader is familiar with the standard notion
used in Nevanlinna value distribution theory such as T'(r, f), m(r, f), N(r, f), ...
(see [9, 24]), and S(r, f) denotes any quantity that satisfies the condition
S(r, f) = o(T(r, f)) as r — o0, outside of a possible exceptional set of finite
linear measure.

In 1959, Hayman considered the problem which was motivated by Picard
exceptional values and proved the following result in [10].

Theorem A (Hayman’s Theorem). For all z € C, each complex meromorphic
function f satisfying
f'(z) +af'(z) #b

Key words and phrases: Shared values, differential polynomials, uniqueness of meromorphic

functions.
2010 Mathematics Subject Classification: 34A20, 30D35.

https://doi.org/10.71352/ac.45.023



https://doi.org/10.71352/ac.45.023

24 P. D. Tuan and N. T. Quang

is constant if n > 5 and a,b € C,a # 0. However, if f is entire, this holds also
forn >3 and formn =2,b=0.

As a consequence, if n > 3 then f™(z)f/(z) assumes all finite values except
possibly zero and infinitely often unless f is a rational function. When f is
an entire function, the remain case is only n = 1, which was proved later by
Cluine in [4]. In 1982, Déringer has shown, Hayman’s theorem remains valid
for f*+af™(f*) instead of f"(2)+af’(z) provided that n > 34 (k+1)l+m
in [5]. These results are related to the value sharing problem of meromorphic
functions and their derivatives. Let us first recall some basic definitions.

For f be a non-constant meromorphic function and S C CU{oc}, we define

E¢(S) = U {(z,m) | f(z) = a with multiplicity m},
acS

Ep(S)=f71(8) = [J{=1 f(z) = a}.

a€S

Let F be a non-empty set of meromorphic functions. Two functions f and g
of F are said to share S, counting multiplicity (share S CM), if E¢(S) = E4(S5).
Similarly, two functions f and g are said to share S, ignoring multiplicity (share
S IM), if E(S) = E4(9).

In 1997, Yang-Hua studied the unicity problem for meromorphic functions
and the differential monomials of the form u™w’, when they share only one
value, and obtained the following result in [22].

Theorem B. Let f and g be two non-constant meromorphic functions, n > 11
be an integer and a € C\{0}. If f™f' and g™g" share the value a CM, then either
f =dg for some (n+ 1)-th root of unity d or g(z) = c1e®* and f(z) = cae™*
where ¢, ¢y and co are constants and satisfy (clcg)"+102 = —a?.

Since then, several authors study the uniqueness of meromorphic functions
by considering differential polynomials like (u™)®), u™(u—1)u’, u™(u—1)%u/, . ..
(see [6, 7, 15, 16, 17, 18]).

In 2011, Grahl-Nevo studied the unicity problem for meromorphic functions
and the differential polynomial of the form u"+au®) and obtained the following
theorems in [8].

Theorem C. Let f and g be non-constant meromorphic functions on C,a,b €
€ C\ {0} and let n and k be positive integers satisfying n > 5k + 17. Assume
that the functions

(1.1) vyi=f"4+ af® and g i=g" + ag®
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share the value b CM. Then
br=b [ af® b

1.2 -4 = -
( ) ,(/}g —-b gn ag(k) —b
or
_ n (k) _

3 v=b_ St _af® b

g —b ag® —b g"
or

b

(1.4) fmg =g ="

Theorem D. Let f and g be two non-constant entire functions on C, a,b €
€ C\ {0} and let n,k be positive integers satisfying n > 11 and n > k + 2.
Assume that the functions ¢y and 1y defined as in (1.1) share the value b CM.
Then (1.2) or (1.4) holds.

In 2014, Zhang-Yang added an assumption that "the b-point of 1 are not
the zeros of f and g” and proved the following theorems in [27].

Theorem E. Let f and g be two non-constant meromorphic functions on C,
a,b € C\ {0} and let n,k be positive integers satisfying n > 3k + 12. Assume
that ¢y and 4 defined as in (1.1) share the value b CM and the b-point of 1y
are not the zeros of f and g. Then (1.2) or (1.3) holds.

Theorem F. Let f and g be two non-constant entire functions on C, a,b €
€ C\ {0} and let n, k be positive integers satisfying n > 8. Assume that ¢y and
g defined as in (1.1) share the value b CM and the b-point of ¢y are not the
zeros of f and g. Then (1.2) holds.

In this paper, we study the unicity problem for f" + af™(f®*))!, where
n,m, k,l > 1, which is related to this kind of differential polynomial. Namely,
we prove the following theorems.

Theorem 1.1. Let f and g be non-constant meromorphic functions on C,
a,b € C\{0} and let n,m, k,l be positive integers satisfying n > 3l(k+1)+3m+9
and m > l(k+ 1) + 1. Assume that the functions ¢y := f™ + af™(fN and
g =g" + ag™ (g share the value b CM. Then

(bf_b_fl afm(f(k))l—b

(5) 96 " agn(g®)y b
or
(16) o= AR il )

g —b  agm(gP) —b 9"
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Theorem 1.2. Let ¢ and ¢4 be given as in Theorem 1.1, where f and g be
non-constant entire functions. Assume that ¢y and ¢, share the value b CM.
Ifn>3l+3m+5 and m > 1+ 3, then (1.5) holds.

Theorem 1.3. Let ¢y and ¢4 be given as in Theorem 1.1. Assume that ¢y
and ¢4 share the value b IM. If n > 6l(k+ 1) +6m + 15 and m > l(k+ 1) + 1,
then (1.5) or (1.6) holds.

Theorem 1.4. Let ¢ and ¢4 be given as in Theorem 1.1, where f and g be
non-constant entire functions. Assume that ¢y and ¢, share the value b IM. If
n > 6l+6m+8 and m > 1+ 4, then (1.5) holds.

2. Some basic lemmas

Let us recall a few classical lemmas.

Lemma 2.1. [9] Let f, g be non-constant meromorphic functions on C, a € C.
Then

T(r,f+g) <T(r,f)+T(r,g) +0(),
T(r,fg) <T(r,f)+T(r,9) +O(1),
T(Tv f - a’) = T(Tv f) + 0(1)7
T(r.5) = T(r. 1) + O(1).
Lemma 2.2. [9] Let f be a non-constant meromorphic function on C and let
P(z) € C[z] be a polynomial of degree q. Then
T (r,P(z)) = qT'(r, f) + O(1).

Lemma 2.3. [9] Let f be a non-constant meromorphic function on C. Then
for any positive integer k, we have

T(r, f®) <T(r, f) + kN(r, f) + S(r, f) < (k+ 1DT(r, f) + S(r, f).
Moreover, if f be a non-constant entire function, then
T(r, f®) <T(r.f) + S(r, f).

Lemma 2.4 (Lemma of Logarithmic Derivative). [9] Let f be a non-constant
meromorphic function on C. Then for any positive integer k, we have

(k)
f7> = S(r. ).

m(r,
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Lemma 2.5 (First Main Theorem). [9] Let f be a non-constant meromorphic
function on C. Then for a € C, we have

T(r, +—) = T(, f) + O(1).

f_

Lemma 2.6 (Second Main Theorem). [9] Let aq, .. € Cwithn > 2,n €N,
and let f be a non-constant meromorphic function on (C. Then for r > 0, we
have

(n—1T(r, f) < Z o) TS0

Suppose that fi,..., fi be meromorphic functions on C. Let n;; (0 <i </,
1 < j <k;) be non-negative integers. We denote by

Mlfr,.o il = [ - (fF)ymse . o (lymn . (fE) Y

the differential monomial in f1,..., f;.
Let fi1,...,fi be meromorphic functions on C, M[f1,...,fi],---,
My[f1, ..., fi] be differential monomials in f1,..., fi and aq,...,ar € C\ {0}.

The summation

P[fl,...,fl] :alMl[fl,...,fl]+"'+akMk[f1,...,fl]

is said to be a differential polynomial in fi,..., fi.

Lemma 2.7. Let f be a meromorphic function on C. Suppose that f = £+
where f1 and fo be entire functions that have no common zeros and let k be a
positive integer number. Then there exists a differential polynomial wi[f1, f2]
n f1, fo such that

wk(f17f2)_

k) _
f()_ k+1
2

Proof. We prove by induction. With k£ = 1, we have

fife—faft Wl[fl;fQ].

F=""m =5

Assume

wk[f17f2].

k) _
f()_ k+1
2
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We have
FED 5 Tlwplf o] = (k4 D) fF frwnlfo, fa]
- 2(k+1 -
2( +1)
wilf1, fol fo — (K + 1) fowk[f1, fo]
- k+2 -
2
_ Weqalfy, fol
- k+2 :
2
This completes the proof of Lemma 2.7. |

Lemma 2.8. Let f be an entire function on C, a,b € C\ {0} and m,l,k be
positive integers. Suppose that fm(f(’“))l is a mon-constant function. Then we
have

- 1\ — 1
T (r fm(0)) < N ( f) o (W»_b) T (1 f0) + 501,

Proof. By Lemma 2.6 and the assumption that f is a non-constant entire
function, we have

T(r, f7 (YY) < N(r, W) + N(r, fm(f(kl))l — g) +S(r, f) <
_ 1 — 1 — 1
< N(r, f—m) + N(r, (f(k))l) + N(r, (O = b) +S(r, f) <
1 _ 1 — 1
gN(r,?)JrN(r,f(k)) N(TaW)JFS(T’f),
which implies,
. - 1
Tlr. " (F0)) < N ) + N omyyr—y) + T S9) + S(r. ).
Lemma 2.8 is proved. n

Lemma 2.9 ([22], Lemma 3). Let f and g be non-constant meromorphic func-
tions on C. If f and g share 1 CM, then one of the following three cases holds:

1) T(r, f)+T(r,g) < 2{Na(r, f)+ No(r, g) + Nao(r, )+ No(r, 5) } +5(r, f)+
+ 5(r, 9);

2) f=g;

3) fg=1.
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Lemma 2.10 ([24], Theorem 1). Let f and g be non-constant meromorphic
functions on C. If f and g share 1 IM, then one of the following three cases
holds:

1) T(r, f) +T(r,g) < 2No(r, f) + 3N (r, f) + 2Na(r,g) + 3N (r, g)+
+2No(r, %) +3N(r, %) + 2Ny (r, é) + 3N(r, é) + S(r, f)+ S(r,9);

2) f=g;
3) fg=1.

3. Proof of the Theorems

Proof. [Proof of Theorem 1.1]

We claim that af™(f*)" — b # 0. Suppose that af™(f*)) —b = 0, we
have f(*®) # 0 and

mT(r,f) = T(r, f"’)+ o(1) =
= IT(r,fM)+001) <
< Wk+DT(r, f)+5(r, f).

Hence
(m—=U(k+1))T(r, f) < S(r, f),
which contradlcts the assumption that m > I(k + 1) 4+ 1. Similarly, we have
ag™(g™)' b #£0.
Setting

o ¢
(3.1) F= afm(f(k))l—VG_ ag™ (g — b

By Lemma 2.1 and Lemma 2.3, we have

TLT(’I“, f) = T(T’ _fn) + 0(1) <

< T(r J‘W(;(J;))l—b) +T(raf™ (™) —b) +0(1) <
< T(r F)+mT( £ +I1Tr Py +00) <
< T(rF)+ m+Uk+1)T(r )+ S, f) <
< T F)+ m+1Uk+1)T(r f)+S(r, f)

Hence

(n=—m-=Uk+1)T(r f)<T(rF)+S(rf).
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From this and the assumption that n > 3i(k + 1) + 3m + 9, we have F is
non-constant. Similarly, we have G is non-constant.

Suppose that f = f L where f1, fo are entire functions which have no com-
mon zeros and g = g L Where g1, g2 are entire functions which have no common

zeros. By Lemma 2. 7 there exists a differential polynomial wg[f1, f2] such that
f(lc _ kafl:fZ] and g(lc) _ wk[grlgz]. So

92

£+ (af T (wilfr, fo))! — b tikdL)y pnmm=t(kt1)

_p=
os I3

and +i(k+1) 1(k+1)
b b= 91" + (agi" (wklg1, 92))" — bgy" )gs "
s~ b=
g3

In the following we prove that the functions

I+ (af™(welfr, f2))! — bf;’l*l(kJrl))f;*mfl(kJrl)

and f5 have no common zeros. Suppose that there exists a constant -y such that

()" + (@l )™ @l 1) = L)) RV ) (o)) 4D = 0

and

f2(v) =0.

This implies fi(y) = 0 and f3(y) = 0, which contradicts to the assump-
tion that f; and f, have no common zeros. Hence f* + (afi™(wi([f1, f2])! —

—bf;"H(kH))f;_m_l(kH) and f, have no common zeros. Therefore

(3.2) Ey,(b)=E 0).

@ (o fo]) —bgg ) gy

Similarly, we have

(3.3) Ey,(b)=FE

m n—m— 0
g7 +(agi (wilg1.g2])t—bgy THFT)gr i+ (0).

On the other hand, we have

T

3.4 F = .
. —(af (wr(fr, f2))! — by DY ppom D

Hence

I7 4 (@f{ rlfr f2))! = bfg" D) 7t

F — 1 =
—(af™(wi(f1, f2))t — bfm+l(k+1))f271—m—l(k+1)
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We will show that the functions f'+(af* (wr(f1, f2)) — fm+l (k1) )fzn_m_l(kH)

and afl"(wi(f1, f2))! — bf;nH(kH) have no common zeros. Suppose that there
exists a constant a € C such that

(F(@))" + (@i (@)™ @n (1, ) (@) = b(fa(a) D)
(fafa))" 1D <

a(f1(a))™(wr(f1, f2)(a))" = b(fa(a)) " HEFD = 0.

From this and the assumption that m > 1, we have fi(a) = fa(a) = 0. This
contradicts to the assumption that fi, fo have no common zeros. Therefore

1+ (af(wr(fis f2)b = bfy D) prmm =00 and afr(wr(fis f2)b —

=bf, D Have no common zeros. Combining this with the previous fact that
P+ (afm(welfi, f2)) = fm+l(k+1))f;_m_l(k+l) and f> have no common zeros,

we have f{+(aff" (wi(fi. f2))'=bf" ) D and (afp (. f2)' -
fbfgnﬂ(kﬂ))f;_m_l(k"rl) have no common zeros. So we have

(3.5) Ep(l) = 0).

Byt afpr @l palyi—bgg+ ) gyt

Similarly, we get

(36) EG(l) =F m+l(k+1)) n—m— l(k+1)(0)

g7+ (ag (wrg1,92])t —bg

From (3.2) to (3.6) and the assumption that Ey, (b) = Ey,(b), we have
Ep(1) = Ec(1).

Applying Lemma 2.9 to F' and G with the following cases:

Case 1.

1 1
(3.7) T(r,F)+T(r,G) < 2{Na(r,F) 4+ Na(r, f) + Na(r,G) + No(r, 5)}+
+S(r, F)+ S(r,G).

By (3.4), we obtain

Ny(r, %) < 2N(r, %)
Hence
(3.8) No(r, ) < 2T, f)
Similarly, we get
(3.9) No(r, é) <2T(r,9)
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On the other hand, we have

r I

R vy
1 n

T, af’”(f(k))l — b) + NQ(Tyf ) <

) 4N ) <

NQ(T‘,F) NQ( ) S

IN

No(

IA

Ne(r, o oy =

T(r, f"(f*)Y) +2T(r, f) <
mT(r, f) + 1T (r, f*) +2T(r, f) + O(1) <
mT(r, f) + 1k +1)T(r, f) +2T(r, f) + S(r, f),

IAIAIA

which implies

(3.10) No(r, F) < (m+2+1Uk+1)T(r,f)+ S(r, f).
Similarly, we get

(3.11) No(r,G) < (m+2+1U(k+1))T(r,g) + S(r, g).
From (3.7) to (3.11), we have

Tr, Y+ TG <2{(l(k+ 1) 4+m+)T(r, )+ (U(k+1)+m+4)T(r,g)}+
+S(r, f)+ S(r,9).

Therefore

nT(r, f) +nT(r,g) T(r, [*)+T(r,g") +O(1) <

—afm(f(lk)>l - b) +0(1) +
1

= T F)+Tr, fM(f +01) +

+T(r,G) +T(r, g™ (")) + 0(1) <

T(r, F) +T(r, f™) + T(r, (f*Y + O0(1) +

+T(r,G) +T(r,g™) + T(r, (")) + 0(1) <

2{U(k+ 1) +m+)T(r, f) +

+(Uk+1)+4+m)T(r,g)} +

+m+Uk+1)T(r, )+ (m+Uk+1)T(r,g)+

+S(r, f) + S(r, g),

IN

T(r, F) +T(r,

+T(r,G) 4+ T(r, )+0Q1) =

IN

IN
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which implies
n(T(r, f)+T(r,9)) < BU(k+1)+3m+8)(T(r, /) +T(r,9)) +5(r, /) + S(r, 9)-
Thus
(n—=3l(k+1) = 3m = 8)(T(r, f) + T(r,g)) < S(r, f) + S(r,9),
which contradicts to the assumption that n > 3i(k + 1) + 3m + 9.
Case 2. I'=G. Then
—f" —9"

afm(fENE—b " agm(g®) —b’

Therefore

qbf—b_ﬁ: afm(f(k))l_b

dg—b g agm(g®) —b’
Case 3. I'G = 1. Thus

(bf_b_ fn _afm(f(k))l_b
¢g—b  agm(gM) —b g '
This completes the proof of Theorem 1.1. |

Proof. [Proof of Theorem 1.2]

We claim that af™(f®) —b # 0. If af™(f*) —b =0, we have f*) £ 0
and

mT(r,f) = T

= T

= 1T(r

< 1T(r,

which implies
(m =0T(r, f) <S(r, f),
which contradicts to the assumption that m >
—b#0.
We define the functions F' and G as in the proof of Theorem 1.1. Proceeding

as in the proof of Theorem 1.1, we can obtain that F' and G share 1 CM.
Applying Lemma 2.9 to F' and G, we have the following three cases:

14-3. Similarly, we have ag™(g™*))!

Case 1.

T(r,F)+T(r,G) < 2{Na(r, F') + Na(r, %) + Na(r, G) + No(r, é)}+

+S(r, F)+ S(r,G).
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We have

By Lemma 2.3, we get
,fn
"=
—1 <
P afr oy b
T(r, f™(f™)) <
mT(r, f) +1T(r, f*) + O(1),

NQ(’I”,F) N2(

IN

No(

IAINA

which implies )
NQ(Ty f) S (m + Z)T(Ta f) + S(Ta f)

Similarly, we have

No(r, 2) < (m+ DT(r.9) + S(r.9).

Hence
T, F)+T(r,G) <2{(m+14+2)T(r, )+ (m+1+2)T(r,g)} +S(r, )+ S(r, g).
Therefore

nT(r, f) +nT(r, f)

T(r, f*)+T(r, f")+0(1) <

IA

T(r,F)+T(r, Y+ T(r,G) +

1
af " (F) b

. ) +O(1) =

T -
T, afm™(g®)t —b

= T(r,F)+T(r, ) +T(r,G) +

1
fr(f®)!

+T(r, W) +0(1) =
= T(r,F)+T(r fm(f(k))l) +T(r,G) +
+T(r, f™ (g™ + 0(1) <
T(r,F) +T(r, f™) 4+ T(r, (f*)) + T(r,G) +
+T(r,g™) + T(r,(¢"™)") + 0(1) <
2{m+1+2)T(r, )+ (m+1+2)T(r,9)} +
+(m+DT(r, )+ (m+DT(r,g) + S(r, f)+ S(r,9),

IN

IN
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which implies
n(T(r, f)+T(r,g) < Bl+3m+4)(T(r,f)+T(r,9)) +S(r, f) + S(r, 9).

Thus
(n—=3l=3m—4)(T(r, f)+T(r,g)) <S(r, f)+S(r,9),

which contradicts to the assumption that n > 3l 4+ 3m + 5.
Case 2. ' = (G. Then
-/ —g"

af Y =b " af (g = b

Therefore (1.5) holds.

Case 3. FG = 1. Then

—b n m( p(k)\l _ b

5.12) or=b_ " amy)-b
bg—b agm(g™) —b g"
We will prove that (3.12) cannot occur. Since ¢, ¢4 share the value b CM and
f, g are entire functions, i;:g has no zero or pole at all. From this and (3.12),
we have
1 1 1 1 1 1
(3.13)  N(r, }) = ﬁN(Ta W%N(ﬂ 5) = EN(ﬂ W)’
— 1 — 1 — 1 — 1

(3.14) N(ﬂ?):N(TaW%N(T’?:N(T,W)-

We will show that f(*) # 0. Suppose for contradiction that f*) = 0. Then f
is a non-constant polynomial. Combining this and (3.13), we have g has no zero
at all. This implies fg is a non-constant function and ¢g*) # 0. From (3.12),
we have

(3.15) (fg)" = —blag™ (g™ - b).
From this and Lemma 2.6, we have

nT(r.fg) < W(r,@wmmwsmmg

1 — 1
r?E)+N(ruﬁ)+S(Tafg) S

T(r, fg) + T(r,g"®) + S(r, fg),

IN

N(

IN
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which implies
On the other hand, by Lemma 2.6 and (3.15), we have

mT(Tvg) = T(r?gm)+0(1)§
W¢%6+ﬂn@@ywuxns

IA
N

=

kS

IA
=

1 ~ 1
W) +N(T, W) +lT(7’,g) —|—S(7"g) <
T(r,fg) +T(r,g) +1T(r,g) + S(r,9),

IN

which yields
(3.17) (m—=1=1)T(r,g) <T(r, fg) + 5(r,9)-
From (3.16) and (3.17), we have
(n=1)T(r, fg) + (m =1 =2)T(r,g) < S(r, fg) + S(r, 9),

which contradicts to the assumptions that n > 3l +3m +5 and m > [ + 3.
Hence f(®) # 0 and similarly, we have g(®) # 0.

By Lemma 2.8, we have

mT(rf) = T(rf™)+0(1) <
< TP + T )+ O(1) <
1 — 1
S N(T’,f)‘i‘N(ﬁW)"‘

+T(r, f®) + T(r, (fP)) + S(r, f) <

1, = 1
< N(r,?)+N(r7W)+
+T(r, f®) +1T(r, f V) + S(r, f) <
1, = 1
< N(r, ?) +N(r, W) + (U +1)T(r, )+ S(r, f),
which implies
1, = 1
(m_l_ 1)T(T?f) < N(Tu?)+N(T,W)+S(T7f)
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From this and (3.13), (3.14), we have
(m—1-1T(rf) < =N : )+ N(r,5) + (0, f) <
m—1l— T — vy r,— r
s N gy ) T TR )=

1 1 1
< EN(TaW)‘FN(ﬂg)‘FS(ﬂf):

_ %N(r, m) + %N(ﬂ W>
+5(r, f) <

T (r,ag™ (g M)~ )+ L T(raf (9~ 8) +
+S(r, f)+ S(r,9) =

= T g™ (¢ ) + Tl RN +
+S(r, )+ S(r.g) <

% (mT(r, 9) +1T(r, g(k))) +

+

IA

IA

2 (mT (e, ) 1T, £9)) + 80r,9) <

IN

% (mT(r, ) +IT(r, g)) + % (mT(r, f) +1T(r, f)) +
+S(r, f) +S(r,9),

which implies

(m+1)

(m—1—1T(r, f) < T(r,g) + mTHT(T, )+ S8 f)+S(r,g).

Similarly, we get

(m+1) m+ 1

(milil)T(ng) < T(Ta f)+TT(7’,g)+S(7",g)

Hence

2(m+1)

(m—=1=1)(T(r, f) +T(r,g)) < (T(r, f) +T(r,9)) +5(r, f) +5(r, 9)-

Therefore
(n(m —1l- 1) - 2(m + l))(T(T7 f) + T(T7 g)) < S(T’ f) + S(’I‘,g),

which contradicts to the assumptions that m > [+ 3 and n > 31+ 3m + 5. This
proves Theorem 1.2. [ ]
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Proof. [Proof of Theorem 1.3]

We define the functions F' and G as in the proof of Theorem 1.1. Proceeding
as in the proof of Theorem 1.1, we obtain that F' and G share 1 IM. Applying
Lemma 2.10 to F' and G, we have the following three cases:

Case 1.

T(r,F)+T(r,G) < 2Na(r,F)+3N(r,F)+2Ny(r,G) + 3N(r,G) +

Ly ong(r, 1) 1 3

1 _
N- — N
+2 g(r,F)+3 (r,F e

+S(r, )+ S(r,G).

T,a)‘i‘

Proceeding as in the proof of Theorem 1.1, we have

Na(r, 1) < 270, )

1
NQ(T? 6) S 2T(Ta g)a

1

N(T, f)

S T(T’, f)?
N 2) < 7(9),
No(r, ) < (m+2+1U(k+1)T(r,f)+ S(r, f),

Na(r,G) < (m+2+1(k+1))T(r,g) + S(r, g).

By Lemma 2.3, we have

() s
afm(f®) —b

(Lt
afm(f®) —b

T(raf™(f*) —b) + N(r, f) <

T(r, f™(f*NY) + N(r, f) <

mT(r, f) +1T(r, f*) + T(r, f) <

mT(r, )+ Uk+1D)T(r,f)+T(r, f)+ SO, f).

N(r, F)

I
=

) <

IN
=

)+ N(r, f) <

VAN VAN VAN VA

which implies

N(r, ) < ((k+ 1)+ m+ DT, )+ S(r, ).
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Similarly, we have

N(r, ={Uk+1)+m+1)T(r,g)+ S(r,g).
Hence

Tr,F)+T(r,G) < OGUE+1)+5m+14)T(r, f) +
+(5l(k + 1) +5m + 14)T(r,g) + S(r, f) + S(r, 9).

Therefore

nT(r, f) +nT(r,g) T(r, ")+ T(r;9") +0(1) <

1
aF (T b

1
T T(r,———Fn—

(51(k +1) +5m + 14)T(r, f) +
+(6l(k+1) +5m+ 14)T(r, g) +
+Uk+1)+m)T(r, f)+ Uk+1)+m)T(r,g) +
+8(r, f) +5(r,9),

IN

T(r,F)+T(r )+

)+0(1) <

IN

which implies
n(T(r, f)+T(r,g9)) < (6L(k+1)+6m~+14)(T(r, f)+T(r,g)) +S(r, f)+S(r, g).
Thus
(n = 6l(k+1) = 6m —14)(T(r, f) + T(r,9)) < S(r, f) + 5(r, 9),
which contradicts to the assumption that n > 61(k 4 1) + 6m + 15.
Case 2. I'=G. Then

Qf)f*b 7 fn B afm(f(k))l*b

bg—b g*  agm(g®) —b’
Case 3. FFG = 1. Then

¢y —b m Cafm(f™) —b
bg—b agm(gP)—b g" '

This completes the proof of Theorem 1.3. |
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Proof. [Proof of Theorem 1.4]

Proceeding as the proof of Theorem 1.2, we have af™(f*))! —b # 0 and
ag™(g®))! —b # 0. We define the functions F and G as in the proof of Theorem
1.1. Proceeding as in the proof of Theorem 1.1, we have F' and G share 1 IM.
Applying Lemma 2.10 to F' and G, we have the following three cases:

Case 1.

T(r,F)+T(r,G) < 2N3(r,F)+3N(r,F)+2Nsy(r,G)+ 3N(r,G) +

1 — 1 1 — 1
+2N2(T', F) + 3N(7‘, F) + 2]\]-2(”’7 E) + 3N(7"7 5) +

+S(r, F) + S(r,G).
Proceeding as the proof of Theorem 1.2, we have

No(r, ) < 2T, f),

W(ra =) < T(ﬁg),

No(r, F) < (m+O)T(r, f) + S(r, f),

Ny(r,G) < (m +1)T(r, 9) + 5(r, 9),

N(r,F) < (m+DT(r, f) + S(r, ),

N(r,G) < (m+1)T(r,g) +S(r, ).
Hence

T(r, F)+T(r,G) < (5l+5m~+T7)T(r, f)+ (5l+5m+7)T(r,g)+S(r, )+ S(r, 9).
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Therefore

nT(r, f)+nT(r,g) T(r, f")+T(r,g") 4+ O(1) <

1
7W)+T(T7G)+

10 =g 00~

= T(rF)+T(r f"(f*)) +T(r,G) +
+T(r,g™(g™)) +0(1) <

T(r, F) +mT(r, f) + 1T, (f%) + T(r,G) +

+mT(r, g) +1T(r, (¢")) + O(1) <

BL+5m+ 7T (r, f)+ (Bl+5m+7)T(r,g) +

+(m+0T(r, f)+ (m+D)T(r,g) + S(r, f) + S(r,9).

IN

T(r,F)+T(r

IN

IN

Thus
(n— 6l —6m —7)(T(r, f) + T(r,g)) < S(r, f) + S(r, 9),

which contradicts to the assumption that n > 61 4+ 6m + 8.
Case 2. F'=G. Then

_fn - _gn
af MO = " af (g b

Therefore (1.5) holds.

Case 3. FG = 1. Then

¢pr—=b _ f" a(f®) —b

(3.18) og—b algMy—b g

We will prove that (3.18) cannot occur. Since ¢y, ¢4 share the value b IM
and f, g are entire functions, we have

1 1 1

)7N(T7 =)= N(T,

_ 1 —
(3.19) N(r,?)=N(T7W g W)'

We will show that f(*) # 0. Suppose for contradiction that f*) = 0. This
implies f is a non-constant polynomial. Combining this and (3.19), we have fg
is non-constant and g*) # 0. From (3.18), we have

(3.20) (fg)" = —blag™(g™)" —b).
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From this and Lemma 2.6, we have
_ 1 — 1

nT(ra fg) S N(T’W)+N(T7W

1, = 1. — 1
N(Taﬁ)J'_N(T?gim)—i_N(r’ﬁ)—’—S(T’fg)S

< T(r,fg) +T(r,g) +T(r,g"™) + S(r, fg),

)+ 8(r, fg) <

IN

which implies

(3.21) (n—1DT(r, fg) < 2T(r,g) + S(r, fg) + S(r, 9).
On the other hand, by (3.20) we have
mT(r,g) = T(r,g™)+0(1) <
1
< Tl (6™))+ Tl ) +O(1) <
< N(r, ! )+ N(r ! +1T(r,g) +S(r,g) <

(form ( ’gm(g““))l)
< T(r,fg)+2T(r,g) +1T(r,g) + S(r,9),

which yields
(3.22) (m—1-=2)T(r,g) <T(r,fg)+S(r,g).
From (3.21) and (3.22), we have
(n=1)T(r, fg) + (m —1=3)T(r,g) < S(r, fg) + 5(r, 9),

which contradicts to the assumptions that n > 61 + 6m + 5 and m > [ + 4.
Hence f*) # 0 and similarly we have g(*) # 0.

By Lemma 2.8, we have

Tl fm0)) < N )+ fm(f(,i)l_w +T(r, f) + S(r, f) =
= N, %> + N, ? +T(r, )+ 8(r, f) <
< 201+ T(rg)+ S0 )
Hence
mT(r,f) = T(r, f")+0(1) <
< T(r fm(f(/c))l) +T(r, (f(lk))l) +0(1) <
< 2T(r, f) + T(r,g) + T(r, (F*)) + S(r, f) <
< 2T(r, f)+T(r,g) +1T(r, f) + S(r, f) + S(r, 9),
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which implies

mT(r, f) < (L +2)T(r, f) + T(r,g9) + 5(r, f) + 5(r, 9)-

Similarly, we have

mT(r,g) < (1+2)T(r,g) + T(r, f) + S(r, f) + S(r, 9).

Hence

(m—l—3)(T(r,f) +T(T’,g)) < S(T‘, f) +S(T7g)7

which contradicts to the assumption that m > 1+ 4.

1]

This proves Theorem 1.4. |
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