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Abstract. In this short paper I would like to mention such a result which
might be interesting for the people dealing with number theory, and those
working on Walsh, Vilenkin orthogonal systems.

1. Introduction

Notation: We write e(a) := 2™, Let ¢ be an integer, ¢ > 2.

1. P = set of prime numbers.

2. M = set of multiplicative functions, M, = set of g—multiplicative
functions.

We say that f : N — C belongs to M, if f(1) =1 and f(mn) = f(m)- f(n),
whenever GCD (m,n) = 1.

We say that ¢ : No(= NU {0}) — C belongs to M, if g(0) = 1 and
g(n) = szo g (gj(n)¢?), where £;(n) are the g-ary digits of n, i.e.

nzZsj(n)qj, gj(n) € Ay :=A0,...,q—1}.
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3MWB ={feM | |f(n) <1lneN},
MG ={g € My | lg(n)| =1,n € No}.
4. A function f : Ny — C is uniformly summable (= US) if

1
C(K):=sup — Z lf(n)] =0 as K — oo.
@21 T n<x
[f(n)|2K

The set of US functions is denoted as L£*. It was studied by K.-H. In-
dlekofer [3]. Let M) = M L*.

We say that a € R belongs to the Bohr—Fourier spectrum of f, if

(1.1) lim sup l‘z:f(n) e(—na)| > 0.

x
T—00 n<w

Preliminary results.

5. A nice theorem of H. Daboussi [1, 2] asserts that for every irrational a:

sup l‘Zf(n) e(na)‘—)O as x — oo.

x
femu n<x

6. It is a consequence of the following

Theorem A. ([4]) Let t : N — R. Assume that for every K > 0 there exists a
finite set Py of primes p1 < --- < pr such that

and that for the sequences

ni,j(m) = t(pim) — t(p;m)
the relation .
. 1¢

mhjgo - Z e(nij(m)) =0

m=1
holds whenever i # j, i,j € {1,..., R}.

Then, there exists a function o, which tends to zero as x — oo and such
that
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Similar method has been used by some other mathematicians [9-17]. Now
it has the name: Katai-Bourgain—Sarnak—Ziegler orthogonality criterion.

7. In a paper written jointly with K.-H. Indlekofer [5] we proved

Lemma 1. Let 1 <a <b, (a,b) =1, (ab,g) =1, g € Mél)- If

(1.2) lim sup % 3" g(an) g(bn)’ > 0,

—00
n<zx

then there exists such an integer r, for which

(1.3) i Y Re (1 —e <—gc_qja> g(cqj)) < 0.

§=0ceA,

Hence, and from Theorem A we deduced

Theorem B. ([6]) Let us suppose that f € MWVS) g ¢ ./\/lél) and that

(1.4) limxsup%’z f(n)g(n)‘ > 0.

n<z

Then g(n) = e(“52)h(n), (r*,D) =1 with such h € Mél) for which
(1.5) Z Z Re (1 — h(cg’)) < oo
j=0ceA,

holds.
If the Bohr—Fourier spectrum of f is empty, then

Jim = 3™ f(n)g(n) = 0

n<x
for every g € M,S,”.
Remark 1. Assume that Theorem B holds for g € Mgl) for which ¢g%(n) =1

(n € N). Since e(r%") runs over D distinct values, the values of h(n) belong
to a finite set. (1.5) implies that h (cqj) =1if j > jo, c€ A,
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2. On multiplicative functions
Lemma 2. (G. Haldsz [7]) If h € M; and
1
li —
1mzsup . ‘ Z h(n)‘ > 0,
n<lz
then there is a T € R such that
Re(l1—-h —ir
(2.1) > (1= hpp™) < 0.
peEP p
Lemma 3. If f € My and for some k,R, (k,R) =1
1
2.2 I f’ ’ >0,
(22) maw |30 )
n=k (r_nod R)
then there exists a Dirichlet character x mod R for which
. 1
(2.3) lim sup E‘Z f(n)x(n)‘ > 0,
n<x
and a T € R such that
Re (1 — T
(2.4) > e(L-xwp" ) _
p
peEP
Proof. Since
1 _ [ 1, ifn=1I(modR);
o(R Z X(Dx(n) = { 0, otherwise,
x (mod R)
(2.3) clearly holds. (2.4) follows from Lemma 2. |

Remark 2. The Mobius function p(n) and the Liouville function A(n) are

defined on prime powers p® such that

o[ -1, ifa=1 o (e

They are multiplicative. It is easy to observe that (2.4) does not hold if f = p,

or A for any y.
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3. The Vilenkin—Chrestenson systems

Let the g-ary expansion of = in [0,1) be

1
x:E o x; € Ag.
i—0 4

Let Tk(ﬂf) = 6(%’“), and for n = ng +niqg+--- +ntqt let
t 1 +
¢n(1') = H 'r;;“c (x) = e(f anxk)
k=0 o

Then g(n) := 9, (z) belongs to ./\/lél) for every x, furthermore g%(n) = 1
(n € N). From Theorem B and Remark 1 we obtain

Theorem 1. Let f € MWD If

(3.1) timsup 1| 3 £} (a)]| > 0,

n<N

then there exists a j for which 1, () = thny(x) if n = ng (mod¢/*'). Conse-
quently j4q1 = Tjq4o =---=0.

Proof. Since for g(n) = 1, (x) we have 1 = g(n)?, and h(mg¢’) = 1 if j is

large enough, we obtain that 1 = ¢g¢(n¢’) = e(%ﬁl), and so Yy 4git1m ()

= P, (7). ;

Lemma 4. Let f € MW, g € MS,”, for some j € N let g(mg’™) =1
(m € N), furthermore g(n)? =1 and

(3.2) limsup% ’ Z f(n)g(n)‘ > 0.
n<N

Then there exists at least one k mod ¢/t such that (k,q) = 1 and

(3.3) lim sup% Z f(n)’ > 0.

N—o0 n<N

n=k (mod¢’t?!)
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Proof. Since g(n) is periodic mod ¢/ 1, therefore (3.3) holds for some [, i.e.

1
34 limsup — fln ‘ > 0.
3.9 ey X o
n=l (mod ¢’ 1)

Let B, be the multiplicative semigroup generated by the prime factors of ¢,
and D, = {m | (m,q) = 1}.

Let us write the integers n in (3.4) as n = vm = [ (mod ¢/ *1), where v € B,
m € Dy. From (3.4), and from

1
> Len
v
veB,
we obtain that there exists such a v = vy for which
. 1
(3.5) lim sup N Z f(n)‘ > 0.

N—oo vom<N

vom=l (mod¢’*1)

Let k1,...,kr be those residues mod ¢/t for which vok;, = [ (mod¢’*1)
occurs. Due to (3.5) T > 1. Furthermore (kp,q) = 1, and

1

lim su — ‘ ’ > 0,
p max, x| D, fm)
m<N/vg
m=ky, (modq¢?)
and so the assertion is true. [ |

Theorem 2. Let f € MY and assume that

N—o0

(3.6) hmsup‘% Z f(n)wn(x)‘ > 0.
n<N

Then there exists a jo such that ¥(z) = ¥, (z) if n = ng (mod ¢?o*!), and
x:%‘)—&““—i—qif%, and $0 T, = 0 if m > jo.

Furthermore, there exists a Dirichlet character mod ¢?°*! and a real T for

which

< 00.

> Re (1 —x(p)p™ f(p))

peEP p

Proof. This follows from Theorem 1, Lemma 3 and Lemma 4. |
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