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Abstract. We formulate some results, open problems and conjectures in
probabilistic number theory.

1. Introduction

Notation. Let, as usual, P, N, Ny, Z, R, C be the set of primes, posi-
tive integers, non-negative integers, integers, real and complex numbers, re-
spectively. We say that f : N — R is an additive function, if f(1) = 0
and f(mn) = f(m) + f(n) for all (m,n) = 1. Let A denote set of all ad-
ditive functions. A function g : N — C is multiplicative, if g(1) = 1 and
g(mn) = g(m) - g(n) for all (m,n) = 1. We denote by M the set of all multi-
plicative functions.

Key words and phrases: multiplicative functions, additive functions, continuous homomor-
phism.
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Let ¢ > 2, integer, A, = {0,...,¢ — 1}. Every n € Ny can be written as

n= Zsj(n)qj7 €k(n) # 0, €j(7l) € Aqa

and this expansion is unique.

In the following let A, denote the set of g-additive functions, i.e. a function

f:Nog — R belongs to Ay, if f(0) =0, and f(n) = if(ej(n)qj) (Vn € Np).
=0

Similarly, we say that g : Ng — C is q-multiplicafjive, if g(0) =1, and g(n) =
ﬁ g(ej(n)¢’) (¥n € N). Let M, be the set of g-multiplicative functions.
§=0

Let 7(z) be the number of the primes up to z, and 7 (x, k,1) be the number
of the primes p < z satisfying p =1 (mod k).

Examples.

e w(n)= number of prime factors of n, w(n) € A,

e 7(n) = number of divisors of n, 7(n) € M,

e lem f(n) =logn € A,

e lem ¢(n) = Euler’s totient function, ¢(n) € M,

lem o(n) = sum of divisors of n, o(n) € M.

If f(n)e€ A, g(n) =2/ 2cC,then gec M.

k
e If a(n) = )" ¢;(n) = sum of digits functions, then a(n) € A,.
=0
e f(n)=n €A,

e g(n)=2" €M,

The following wellknown results can be found in [8].

Definition 1. We say that f € A has a limit distribution (on the set N) if

Fu(y) i= 3 #{n < N | f(n) <)

has a limit Nlim Fn(y) = F(y) for almost all y (or in all continuity points of
—00
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Theorem 1 (Erdds-Wintner). f € A has a limit distribution if and only if the
next three series converge

(L1) S

1Fp>1 P

(12) > 1
[f(p)|<1

(1.3) > Fp)

i<t P

Theorem 2. f € A has a limit distribution with a suitable centralization c¢(N),

i.e.
. 1
(1.4) Jim {n < N | f(n) — e(N) < g} = F)
hde el
exists for almost all y, if and only if (1.1), (1.3) converge.
Let a(N Z f . If (1.4) holds, then lim(a(N) —c¢(N)) = « ewists,
I7(p)|s1

and « 1is finite.

Theorem 3 (Erdés-Kac). Let f € A,

(1.5) Zf 7 szvzzf(]?)
p*<N

p<N

Assume that f(p) = O(1) (p € P). Then

lim Jb#{nsN’M<y}=®(y),

N—o00 By

® = Gaussian law.

Turdn-Kubilius inequality. Let f € A. Then

> (f(n) — Ay)* < cNBY,

n<N

Ay, By are defined in (1.5).
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2. Distribution of additive functions on some subsets of
integers

Let BCN, B(z)=#{n<z,neB}.
We say that f € A is distributed in limit with centralization ay and nor-
malization by on the set B, if

1
lim #{nﬁN, nebB
N

‘ f(n)
NSeo B(N)

b_aN<y}=F(y)

exists a.a.

Results:

1. B=Py1 = {p+1|p e P} = set of shifted primes, ay =0, by =0. f € A
has a limit distribution on P44 if the 3 series (in Erdés-Wintner theorem)
are convergent ([6]).

The proof is based on the method of characteristic functions: g(n) =
eitf(n),

To prove (2.1), the Siegel-Walfisz theorem was used, namely that

7T($L‘,k7l): ; 1:%(1_’_0(6—&/@))

P
p=l (mod k)

uniformly as (I,k) =1, k < (logz)“, where

x

. / du
liz= ,
log u

2

and the A. I. Vinogradov - E. Bombieri inequality, according to it

ﬂ-(yv ka l) -

i
Z max max Zy‘SC . B>
o (Lk)=1 y<z (k) (log )

= (log z)A4
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B=2A+5, C isasuitable (non-effective) constant.

J. Kubilius and P. Erdés asked on the necessity of the convergence of
the 3 series (1.1), (1.2), (1.3). Partial results were obtained by P.D.T.A.
Elliott, I. Katai, and N. Timofeev. Finally more than 20 years later it
was proved by A. Hidebrand that they are necessary ([4]).

2. L. German proved the analog of Erdés-Wintner theorem on the set

B={n+1|w(n) <e(n)y/loglogn},

where ¢(n) — 0. (See [2].)
3. On g-additive functions

Let f € Ag, & be independent random variables,
j 1
P& = flag’)) = p (a €Ay,

v =% +& +... FENv-1,

m; = E(§;) = Zfaq 0 Zanq

aEA aEA

By using the standard method of probability theory one can prove
Theorem 4. Let f € A,. Then

IILrgO %#{n <zl f(n)<y}=Fy)

for almost all y exists, if and only if (3.1), (3.2) are convergent:

(3.1) > fad),

j=0a€A,

(32) > Plag)

7=0 a,EAq
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What is happening if we consider the distribution of f over a subset B in
Ng?

Let 1 <j1 <...<jn <N, by,...,bpb € Ay

By [ F1 I —{m<qV|meB, e;(m)=0b,l=1,...h}
bi,.... by

By (th’zh> =#{m < gV |meB, e(m)="b,l=1,...h},
1y bn

B(z) =#{m <z |m € B}.

Let P(u) € Zlu] be a polynomial r = deg P, P(u) = a,u” + ...+ aju +
ag, ar > 0.
Let

L.l
bi,... bn

) :#{n§x|€lj(P(n)):bjaj:L"-ah}a

Loy
by,

) =#{p<zl|e,(P(p) =0b5j=1,...,h}

ey

N+1

Lemma 1. Let ¢V <z <q . Let h be fixed, \ be an arbitrary constant,

§l1<...<lh§7~N—N%.

¥ ?*O(aong)

uniformly as l,..., 1l in (3.3), b1,...,by € A,.

Wl

(3.3) N
Then

The proof depends on the next Lemmas 2 and 3. Let e(u) := 2™,
Lemma 2 (Hua Loo Keng). Let 0 < Q < c¢1(k)(logz)™ and
S= Y elf®)
p<x
p=t (mod Q)

in which L
fly) = Ey’“ +ony* o tak,  (hyg) =1
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Suppose that (logz)” < q < z¥(logz)~". For arbitrary 7o > 0, when 7 >
26K (19 + 11 + 1), we always have

|S] < ea(k)x - (loga)™™ - QL

co(k) depends only on k.

Lemma 3 (I. M. Vinogradov). Let f be as in Lemma 2,
S1="Y_e(f(n)).
n<zc
Let 19, T3, T4 be arbitrary positive numbers,
T> 2]“(70 +73) + 2kTy + 23(k=2)

Suppose
(logz)™ < q < z*(logz)".

Then
S1 < z(logx)™".

The constant standing implicitly in < may depend on T3, T.
Theorem 5. ([1]) Let f € A;, [f(bg’) = O(1) as j — 0o, b€ E. Further-

D
(x)l — o0. Here
log x)3

more let

N
D) =07 (" <w<q't).

Let P(u) € Z[u], degP =r, P(u)— o0 (u— o0). Then

(3.4) lim %# {n <z f(P(né)(;.)M(x’") < y} = d(y),
L [ SR - MEr) Y
(3.5) 1 @) { < D) < y} D(y),

From Lemma 1 one can deduce that

lim ag(x) = lim by (z) = lim cx ().
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It is clear that (3.4) is true if P(u) = u, furthermore

k
Jim cu(a) = [ uFdotu) = .
Consequently limay(z) = pg, limbg(z) = pg, and the Frechet-Shohat theo-

rem implies the fulfilment of (3.4) and (3.5).

How to prove Lemma 17

op(z) = {1 it e [b bzl)’

Let

0 otherwise in [0, 1).

Let pp(z +n) = @p(z) (n € Z).
Let b1,...,bp € Ay, (1 <)l1 < ... <, be arbitrary integers. Then

F(x1,...,20) = op, (21) - . . p, (1),

n b b+1

_ Y Y
Let t(y) _F<ql1+1""’qlh+1)'

Then
A

Let 0 < A < 5 . Jolz) = i/g@b(x—ku)du,
A

t(y) = fb1(11+1> fbh<ql,%/+1>~

> lp (P(n))]

n<zx

We can prove that

is small, furthermore

:ZTMe(MVy),
1 1
M = [ml,...,mh], V= [qll-l—l”qlh"rl ’

> [ Tw < oo
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Thus
D_HP ZTM; (HMP( )>
S UPE) = Tu 26 (A;Vi P(p ))

VM =4 (Hy, Ay) = 1.
We can apply Lemma 1 and 2. This completes the proof.

Theorem 6. Let f € A,. Assume thatlim M (x) exists and is finite, lim D?(x) <
00. Then there exist suitable distribution functions Fi(y), Fa(y) such that

(3.6) liml# {n <m
x

F(P(n)) < y} ~Fi(y) aay,

(3.7) 1im$# {p< z

f(P(p) < y} =(y) aa y.

Theorem 7. If P(n) = n, and (3.7) holds true, then lim M (z) exists and is
finite, furthermore lim D(x) is finite.
Tr—r00

4. Linear combinations of g - additive functions

Here we mention some theorems without proof.

In this section A is the Lebesgue measure defined in R.
Let

fi,oonfieAy 1<am <...<ar(<q), (a;,q) =1, (a,a;)=1if i#j,
Z(TL) = fl(aln) + ...+ fk(akn).
Definition 2. We say that l(n) is a tight sequence if 3 An such that

C(K) := limsup qiN#{n <¢V ||in) —An|> K} —0

as K — oo.

Theorem 8. (K.-H. Indlekofer and I. Katai, [5])
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1. l(n) s tight if and only if 3 v1,...,vk for which ayy1 + ...+ arye =0
and for y(n) := fi(n) —y(n) we have

(4.1) i

j=0a

] Mﬁ’
/\
3

2. If the conditions of 1) hold, then

hmf#{n<qN|l( )= En <y}=F(y) aay,

where F is a suitable distribution function,

Zszaq

_7 =0a€A,

k
Ey =Y AY.
=1

3. l(n) has a limit distribution, if and only if the conditions of 1) are satis-
fied, and if En has a finite limit.

Theorem 9. 1. The sequence l(p) (p € P) is tight if it is tight on the
whole set N.

2. If ((4.1);) hold, then

ngnw(l o <a¥ |10) = Bx <9} = F') 0.y,

3. U(p) has a limit distribution if and only if l(p) is tight and if Ex has a
finite limit.

k
Let gy (u Z fileg"), p(u) = Z#l(u)
=1

CEA

NZ

Wu(Cl,...,Ck): unrl {n<qu+ |€u(a’] )_cj}’
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w(cl,...,ck):)\<{x€[0,1}{ajx}e {2?);:1

We have m,(c1,...,ck) =7(cr,...,c6) + O (qi) (u — 00).
Let

rui= Y (fled”) + o+ filerg") — p(w)*muler, -

C1,..,CLEA,

N-1
A=Y
u=0
Theorem 10. Assume that
| fi(eq™)|

oM

—0 as M — oo

forl=1,... k. Then
. 1 N l(n)—FN o
]&i&(ﬂ#{“q ‘<y = oly).

Theorem 11. Assume that
M
Sx})gggfmlaﬂfz(cq )| < o0,
and that
Okn/0n =0, (o8 — 0X—ky) /&N =0

as Ky = [logN], N — oco. Then

. 1 l(p)— F

lim ———# {p <qV ‘ ) Iy y} = o(y).

N-oo m(g) ON

5. On a theorem of G. Harman and I. Katai ([3])

Let 0<j1 <jo<...<jin <N—-1, z>exp(¢?), ¢V 1 <a<dV -1

Let b= (b1>~--7br)7 l: (jla"'>jT)7

|-

A<x

) = #{p§x|€l](p) :bjmj:]-w"?r}v

IS .

) = #{n§x|5lj(n) :bj,j:].,.--ﬂ"}-

IS 1%



264 Kaétai, I., Bui Minh Phong and Le Manh Thanh

Theorem 12. Suppose that 1 <r < C\/N/logN. Then

AN AICY) J zloglogx
11 (x’b> = Togz (‘r‘b> o <<p(q)q“(10gx)2) ’
where

qa” if 1>0,
f(b?]): 0 Zf j1:07(b17Q)>17

1—r

' "o(q)™t if j1=0,(b1,q) = 1.

A similar theorem is claimed in the paper ([7]) of I. Kétai, but there were
some mistakes in the proof.

Our guess: Theorem 12 remains valid up to r < %N )
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