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Abstract. Let fix(n) be the k-th iterates of a function f(n), i.e. fo(n):=
n, fin):= f(n),..., fex1(n) := f(fu(n)) (k=1,2,---). We prove that if
n € N and the function f is defined by f(p) = p and f(p*) = p + p*> for
all primes p, a > 2, then for some k € N there are an

we{l, 2, 3, 2.3, 2°.3%,2°.3,2.3% 2.3}

and a square-free D € N, (D, 6) = 1 such that fx(n) = u.D.

1. Let, as usual, P, N, Ny, Z, R, C be the set of primes, positive integers,
non-negative integers, integers, real and complex numbers, respectively. (n,m)
denotes the greatest common divisor of n and m. We say that f: N — R is an
additive function, if f(mn) = f(m)+ f(n) for all (m,n) = 1. Let A denote the
set of all additive functions. A function ¢ : N — C is multiplicative, if g(1) =1
and g(mn) = g(m) - g(n) for all (m,n) = 1. We denote by M the set of all
multiplicative functions.
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For some n let n = p{* -+ p2 be its prime decomposition. We say that n
is square-free, if oy = --- = o, = 1, and n is square-full if mina; > 2. The
Mbobius function p(n) is defined as follows:

1 if =1,
u(n) =<0 if maxa; > 2,
- f g=-=a,=1

It is clear that € M, |p(n)| =1 if and only if n is square free.

We are interested in such multiplicative functions f for which f(n) € N (n €

N), and f(p*) = Qa(p) for all primes p, Q,(z) € Z[z], Qu(z) > 0 for every
z € N. Many of interesting multiplicative functions is of that type, e.g.

o(n) = sum of divisors function,
0*(n) = sum of unitary divisors function,
o(©)(n) = sum of exponential divisors function,

©(n) = Euler’s totient function.

‘We have
a a—1 a pa+1 -1
@) =p*"(p-1), o) =——
p—1
o) =1+p% oY) =3 .
Bla

The corresponding Q,(0) € {—1,1} in the cases f = ¢, 0,0*, while in the
case f = o(®) we have Q,(0) = 0.

Let
fO(n) =n, fl(n) = f(n)7 RS fk+l(n) = f(fk(n))7 (k = 1327 e )
Some functions of fi(n), especially w(fx(n)),w(fx(p+ 1)) have been inves-

tigated in several papers. Here w(n) is the number of prime factors of n. For
the function f(n) = 0(®)(n) is was proved that

1 .
lim fh{ngx M<aj,j:1,2,---,k;}:
T—0o T fi—1(n)
= Fy(o,- -+, o)
exists, F} is strictly monotonic in each variables in (aq,---,a) € (1,00)*.

(See [1] and the previous papers [2], [3], [4]).
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If f =0, then f(n) > n holds for every non square-free n, and f(n) =n
if n is square-free (n = 1 is included).

Conjecture 1. For every n € N there exists a constant K,, such that

P fen) (k=0,1-) if p>K,.

Conjecture 2. There exists an absolute constant R such that for every n
there is a ko(n) such that

P’ 1 fu(n) if p>R, k> ko(n).

We are unable to prove our conjectures. We shall prove such theorem in

the case when
ay )P if a=1,
f(p)_{p+p2 if a>2.

2. Let Q4(z) € Z[z] be such a sequence of polynomials (o« =1,2,---) for
which

t(a)
Qi1(2) = 2, Qal2) =2+ ) aa),
=2
where
t(a) < Cay |lag()| <C (=2, t(a),a > 2),
C' is a suitable constant, Q4 (n) > n.
Let f € M be defined by
f%) =Qalp) (peP).
Let h be a fixed positive number. Let n = fy(n), n; = fj(n) (j=1,---,h).
We can write n as n = K'm, where K is square-full, m is square-free, (K, m) =

1. Let my be the largest divisor of m which is coprime to f(K). Let m = mjvy.
Then v | f(K). Write K; := f(K)v1. We have

ny = f(n) = f(Km) = f(K)m = f(K)mlz/l = Klml.

Then clearly (K7,m;) = 1 and m; is square-free.

We can continue this procedure. We have

ng = f(K1)my = f(K1)vama,
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where
vo| f(K1), (ma, f(K1)) =1, mp =r1amg, K= f(K1)vs.

In general we have
n; = f(Kj—1)mj—1 = Kym;, K; = f(K;-1)v;

mj_1 = vimy, vi|f(K;j-1), (my, K;) =1

and
<o Ky, vy are

forj=1,--- k.
Assume now that K is a fixed square-full integer, K1, vq,

defined as follows:
(1) (v1,K) =1, vy is square-free, v |f(K), K1 = f(K)v1,
(2) (v, KK7) =1, 19 is square-free, vo| f(K1), Ko = f(K1)va,

(h) (vp, KKy -+ Kp—1) = 1, vy, is square-free, vy | f(Kp—1), Kp = f(Kp—1)vp

Let us consider those integers n which can be written as n = KT M, where

_ m_fK) K
nl_f<K)TMa n - K - I/1K7

ny = f(K)vnve---vpM,

T=vy-vp, ((M,KK;---Ky) =1, M is square-free.

For such an n we have

n=KTM,

ny = f(f(K)v)va-- vnM,

thus
ny _ f(Ky) K
ni Ky oKy’
and in general
. K.
Rj+1 _ Bj+1 (j=1,---,h—1).
nj  VitK;
Let A be an arbitrary positive integer and
M(zlA) = 3 |un)].
(nT,LE)z:l

L (p € P), k be strongly multiplicative.

Let x(p) = I
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It can be proved easily that
6

Consequently

h{n = KTM <z, M issquare-free, (M, KT)= 1} =
6 x(KT)

= (Ut ou(1) "

T

for every fixed K and T.

Hence we obtain easily

Theorem 1. There exists a sequence

(ygm)vvy}(Lm)> 6(0700)}1 (m:1,2)

such that
1 fi(n) m
- < ARSI —1..---.h d.
xﬂ{n—x ‘ fjfl(n) yj ) j ) I } — J (:C*)OO)ﬂ
and -
> di=1
j=1
Let
(*) R(z|lA) = > |ulp+1).
(p+pl,S:):1

By using the prime number theorem for the arithmetical progression, we obtain
that

R(z|A) = (1+ ogc(l))%D(A)lix,

where

and
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Hence we can deduce

Theorem 2. There exists a sequence
<Z§n)7"'72f(tn))€(07oo)h (n:1,2~-~)
such that

xlggomh{pﬁx ‘ m—zj , J=1 7h}_>DJ (z — o)

and

ZD]»:L

j=1

Remark. The relation (x) is even uniform as 1 < A < C;(log z)“?, where
C, (5 are arbitrary constants. This easily follows from the Siegel-Walfisz

theorem.

3. Let

p+p? if a>2.

f*) = {p o=l

Theorem 3. Let n € N. Then for some k € N there are an
uwe{l, 2,3, 2.3, 25.32 223, 2.32 233}
and a square-free D € N, (D, 6) = 1 such that
fr(n) =u.D.
Furthermore, the following possibilities can be occur:
a) Ifue{l, 2, 3, 2.3, 23.3%}, then

feren) =uwD forall £=0,1,2,---.

b) Ifue {223, 2.3% 23.3}, then

fere(n) € {22.3.D, 2.32.D, 23D} forall £=0,1,2,---.
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Proof of Theorem 3. For eachn € N,n > 1 let

k(n) == rgﬁxx{ peP}.
a>2

Let us observe that if k(n) > 5, then k(f(n)) < x(n). This is obvious. Let
n=pi - pypjs1 Py

where py < --- <pj, aq >2,--- ,;j > 2 and (p1---pj, pj+1---pr) = 1. Since
k(n) =p; > 5, a; > 2, therefore f(p?j) = p;(1+p;), 1L+ p; is even, thus the
largest prime factor of 14p; is less than p;. Consequently x(f(n)) < p; = x(n).

Hence it follows that for every n in the sequence fo(n), f1(n),:- -, there is
a k for which p? | fx(n) implies that p = 2 or p = 3. Then fi(n) = 2%3°D,
(D,6) =1, D is square-free. It is clear that

F(2937) € {1, £(2), £(3), £(2%), £(3%), £(2:3), £(2°.3), f(2.3%), f(22.3%)} =
={1, 2, 3, 2.3, 22.3, 2.3%, 23.3, 253, 23.3%} .= UL.

Let
U ={1, 2, 3, 2.3, 2.3} and U, = {2%.3,2.3%,23.3}.

Let us consider the graph
2038 201 30 if  f(2%.3°) =21 3P,

It is clear that
a—a forall aeclf.

Furthermore
223 2325 233 232

Theorem 3 is proved.
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