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Abstract. Starting from discrete Fourier series we construct approxima-
tion processes on the roots of four kinds of Chebyshev polynomials gener-
ated by suitable summation functions ¢. We prove a general result stating
that if the Fourier transform of ¢ is integrable then these processes are
uniformly convergent on the whole interval [—1, 1] in some weighted spaces
of continuous functions. We also examine necessary and sufficient condi-
tions for the interpolation. As applications, we obtain various new results
for the arithmetic means of the Lagrange interpolation, the Griinwald, the
de la Vallée Poussin and the Hermite—Fejér interpolation.

1. Introduction

Let C(I) represent the linear space of continuous functions defined on an
interval I C R,

wy 5(x) == (1 —2)’(1+z)° (ze[-1,1], 7,6 > 0)
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be a weight function and define the weighted function space

Coo, ;= {f € C(=1,1) | lim(fw,s) = 0},

if 4,6 > 0. Otherwise, if v = 0 (respectively 0 = 0) let C,, , consists of all
continuous functions on (—1, 1] (respectively on [—1,1)) and
) =

0).

Finally, if y =0 = 0 (i.e. wy,s = 1) then let C,,_; = C[-1,1].
Then

[ f 1wy s 2= 1| f0y 6llo0 := L [(fwys)@)]  (f €Cu,,)

li_I{l(wa;) =0 (resp. lnn(fw,y 5

is a norm on C,, , and (Cy_ s, || - [Jw, ;) is @ Banach space.
If Xpr := {zgm} C (-1,1) (M € Nt := {1,2,...}) is an interpolatory
matrix, that is
1 <rzmm<rm-am < - <Tom<zim<l
and f:[—1,1] = R is a given function then we denote the Lagrange interpola-
tion polynomial of f on X by L (f, X, -)-
Using [25, Theorem 2.2] we have a Faber type result for the weighted approx-

imation of the Lagrange interpolation, namely if 7,0 > 0 then for the matrix
of nodes X s there exists a function f € C’w% s for which the relation

(1.1) If = Lae(f, Xasy)w, s =0 as n— +oo

does not hold.

Therefore we can ask how to construct such discrete processes which are
uniformly convergent in suitable spaces of continuous functions.

One possibility to achieve this aim is to loosen the strict condition on the
degree of interpolating polynomials (see [15, Chapter 11|, [18], [24], [7]). The
success of a construction like this strongly depends on the matrix of nodes.

Another way to obtain uniformly convergent processes is to consider suitable
means of the Lagrange interpolation polynomials (see [20], [21]).

In this paper we use a mixture of the above techniques to obtain wide classes
of uniformly convergent weighted processes on the roots of the four kinds of
Chebyshev polynomials using a summation function ¢.

Let wq (7) == (1 — 2)*(1 + 2)” be a Jacobi weight (a, 3 > —1) and con-
sider the sequence of orthonormal polynomials p( ol )( ) having positive main
coefficients (j € N:={0,1,...}) with respect to the weight we, g:

1
(1.2) / P @)pl P (@)wa () de =65 (1.5 € N).
-1
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Let us denote by
X7 = e =2 k=1,2,...,M} (M eNY)

the M different roots of pg\?ﬁ), indexed in decreasing order.

The Lagrange interpolation polynomial of a function f on Xl(\?’ﬂ )

(M € N*) will be denoted by La(f, X](\?’ﬁ), -) and can be expressed (see [16,
Theorem 3.2.2 and 3.4.6]) as

M—

—

(1.3) La(f, X377 ) = Z Cj,M(f)p;aﬁ)(l') (x e [-1,1]),
=0
where
M
(1.4) cim(f) = c‘E?J(f)(f) = Z f(ffk,M)P;a’ﬁ)(th)/\;(ffi\ﬁ)

for j=0,1,...,M —1, and )\,(5‘1’\5) denote the Christoffel numbers with respect
to the weight wq,g.

The definition of the coefficients CSO‘MB )( f) may be extended for all j € N by
the above formula (1.4), and the series

a,f3
(15) > (D
JEN
can be considered as a discrete Fourier series of f.

Section 2. contains the construction of ¢p-summations for the parameters
la| = |B] = 1. We discuss the convergence and the interpolation property of
these processes in general.

In Section 3. we consider some well-known methods, i.e. the arithmetic
means of Lagrange interpolation; the Griinwald, de la Vallée Poussin and
Hermite—Fejér interpolations.

The proofs of our statements can be found in Section 4.
2. General results

We shall consider only the special cases

1
1) ol = 181 = 5,
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i.e. the node systems X](\?ﬁ ) contains the roots of one of the four kinds of

Chebyshev polynomials. With the notations z = cosd, z € [-1,1], J €
€ [0, w] we recall the orthonormal first, second, third and fourth kind Chebyshev
polynomials, respectively:

1
(2.2) pn ~44) \/7T \/7(zosm9
if n € Nt and D)
p “H-d) \/7T0 \/7

171 sin(n + 1)9
2.3 2 ) Un( \/>7
(23) \/7 7 sing

-1.1) 1 cos(2n +1)Y
2.4 53) Viu( \/727
24) \/7 cos 2

(1.-1) 1 sin(2n+1)2

2.5 2’ ) Wh( \/72
(2:5) \/7 sing

For these o and S, let us define the values

B,
5"

MH

1
(2.6) 7::%4—1 and §:=
Fix a summation function ¢ : [0,400) — R with supp ¢ C [0,1]. For a

function f € Cy ; we define the p-means of the discrete Fourier series (1.5)

on the node system X(O‘ A a

ap U °“”> S (i) e

where the coefficients ¢; a(f) are given by (1.4). The degree of this polynomial
is < n. Note that the above polynomials have simple explicit, easily computable
forms (the exact roots are known).

Remark. We remark that the "usual” way to define ¢ summation polynomials
would be by the formula (cf. e.g. [19], [17])

> v <l> (NP @) (r€[-L1], f€Cu . neN).

n
Jj=0
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From the two-parameter operator family (S:f

7M,n,M S N) we can choose

a one-parameter family using two arbitrary index sequences (n,,, m € N) for
the degree, and (M,,, m € N) for the number of nodes. Thus we obtain a
sequence of bounded linear operators

(2.8) 5%

N, Mm,

:Cu. s = P, (m € N),

where P,,, denotes the linear space of algebraic polynomials of degree < m.

Denote by L*(RT) (R* := [0, +00)) the linear space of measurable functions
g : R™ — R for which the Lebesgue integral fR+ |g| is finite. The function

ol = / g (g€ L'RY)
R+

is a norm on L*(RT) and (L*(R™T),|| - [|11(z+)) is a Banach space.
The (cosine) Fourier transform of g € L'(RT) is defined by

+oo
(@) = l/O g(t)cos(tz)dt  (z € RY).

™

The following theorem shows that if the Fourier transform of a suitable sum-
mation function ¢ is Lebesgue integrable on R* then a sequence of polynomials
(2.7) tends to f uniformly for any f from the weighted space C,, -

Theorem 2.1. Let |a| = |B] = 3 and (v,0) is given by (2.6). Suppose that
¢ : [0,4+00) = R is a continuous function with supp ¢ C [0,1] and ¢(0) =1,
moreover

Ny — +00 (M — 4+00)  and ny, < 2M,,.

If ¢ € L'(RY) then for any f € Cy._ 5 we have
(29) 1 =82 it (B X007 s =0 (m = +00),
where the polynomials Sy, , —are defined by (2.7).

The direct verification of ¢ € L*(R™) is generally not easy, but the following
sufficient condition is known.

Theorem A. ([12, p. 176]) If g : RT — R is a continuous function supported
in [0,1], and g € Lipn (n > 1/2) on [0,1] then § € L*(RT).

Using these results one can easily choose the summation function ¢ such
that the conditions of Theorem A hold, and construct many uniformly conver-
gent discrete processes with simple computable explicit forms.
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Remarks. 1. G.M. Natanson and V.V. Zuk [12, p. 168] proved that -
summation of trigonometric Fourier series is uniformly convergent if and only
if the Fourier transform of ¢ is Lebesgue integrable. The order of convergence
was investigated by L. Szili and P. Vértesi [19)].

2. The first results with respect to the general gp-summability of discrete
trigonometric Fourier series are due to F. Schipp and J. Bokor [13]. Their
results are sharpened by L. Szili and P. Vértesi [19]. F. Schipp and F. Weisz
[14]. investigated the multi-dimensional case. In [3] J. Bokor and F. Schipp
studied another type discrete series.

3. In algebraic interpolation, a similar result was presented in [17] for the
unweighted case.

We also investigate the interpolatory properties of the polynomials (2.7).
The following theorem states that these polynomials interpolate the function
f € Cy. s at the points X](;’ﬁ), ie.

V7,6

flerar) =87 o (f, Xj(\?’ﬂ), Th,0) (zrnm € X](\?7ﬂ))

if and only if some values of the summation function ¢ are symmetrical to the
center (xg,1/2), where
M+~y+0

n+2vy+26°
This property is displayed on Figure 1.

o =

© (220 — @)

Figure 1.
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Theorem 2.2. Let |a| = || = § and~,8 > 0 arbitrary real numbers, moreover
suppose that M > 2, M <n < 2M (n,M € NT) and ¢ : [0,+00) — R. The
polynomial Sy ,,(f, Xj(\?”g),a:) interpolates the function [ € C,,

X](\;’B) if and only if

JH+o+y 2M —j+d+7y
ol |t — | =1
n+ 25 + 2 n+ 20 + 2~

for every j =0,1,...,n, j# M.

at the points

v,0

Remark. Similar necessary and sufficient condition is known in the cases of
trigonometric interpolation [19] and unweighted (algebraic) interpolation [17].

3. Results in special cases

For a function f € C,_ , and M € NT the Lagrange interpolation poly-
nomials Ly (f, Xj(\?’ﬁ), -) can be obtained as special cases of (2.7). Indeed, let

n := M and
1, iftelo,1]
prL(t) = .
0, ifte (1,+00).

Using Theorem 2.2 it is clear that SﬁM(f, X](\?’ﬁ), -) interpolates f at the

points X ](\?’ﬂ ), and the degree of the summation polynomial cannot exceed M —1

(since cpr,m(f) = 0, see Lemma 4.1), so it must be the Lagrange interpolation
polynomial of f.

As we have already mentioned (see (1.1)), the sequence of these polynomials
generally does not tend uniformly to f in (Cw, 4, - [|w, 5)-

3.1. Arithmetic means of Lagrange interpolation

Let M € N* and for m = 0,1,..., M — 1 define the polynomials
La(F, X577 2) =3 (DR (@), (f € Cu o2 € [-1,1)).
=0

Note that Las—1,0(f, X, -) is the Lagrange interpolation polynomial.
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We shall consider the following arithmetic means of Lagrange interpolation:
(a) 1 MZ_I (a)
a,B — a,B
UM(vaM 7') ~_Mm70Lm,M(f7XM 7')~

Theorem 3.1. Let o = |3| = 1 and (v,6) is given by (2.6). Then for any
J € Cy, ; we have

lim | f —om(f, X2 ., = 0.

M—~+oco

Remarks. 1. Theorem 3.1 is a discrete version of Fejér’s theorem about the
(C,1) summability of Fourier series. Analogue results in interpolation theory
are due to S. N. Bernstein [1] and J. Marcinkiewicz [8] in the unweighted case.

2. The same result was already obtained in [21] (for more general param-
eters a, 3,7,0), but our proof differs from the one presented there. A similar
result was proved for the four kinds of Chebyshev nodes in [17], where the
author supplemented the node systems with additional points instead of using
weights.

3. We also note that by Theorem 2.2, ops(f, X](\?’ﬁ), -) does not interpolate
f at the points of X](\?’B).

3.2. Griinwald—Rogosinski type processes

Let us consider the summation function

costm, ifte0,3]
pal(t) == L
0, ift € (§,+OO).

Theorem 3.2. Let |a| = || = 5 and (v,8) is given by (2.6) and suppose that
fe€Cy, -

(i) For pg we have the Rogosinski type average of Lagrange interpolation,
i.e. for f € Cy, , the relation

w%éS;pI\C/;I,M(fa XJ(\?'B)#E) =
1 [} a,
= i{CM)w’y,(i (fv X](w”é))v ,’E+) + £M7w~,,5(f7 X](\/[ B)ax—)}
holds, where

£M7w%6(f’ Xl(\?ﬁﬁ)v ) = W5 LM(fu X](\?ﬁ)u )
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and

s
T4 :=xcosty £ V1 —x2sintyy, ta =

2(M +~v+9)

(ii) For these polynomials we have

: e 7,3 . _
L = S5 X s =0,

Remarks. 1. If o = 8 = —% and v = § = 0, then we obtain Grinwald’s
classical result [6] for first kind Chebyshev roots in the unweighted case.

2. M.S. Webster [28] proved that for & = 3 = } the uniform convergence
(without weight) is true only for closed subintervals of (—1, 1). In [27] P. Vértesi
generalized Webster’s result for arbitrary «, 8 > —1. Theorem 3.2 shows that
for || = || = § the uniform convergence holds on the whole interval [—1, 1],
if we use suitable weight function. If &« = 8 = & then A. Chripké [4] proved
that the convergence is true if 1 <~y < 2.

3. We also note that by Theorem 2.2, S5¥ M(f,X(a -£) ,-) does not inter-

polate f at the points of Xz(w 2

3.3. De la Vallée Poussin type interpolation

Fix a number x € (0,1) and let

1, if t € [0, 15%)
pui= =L (= 14) e 15515
0, if t € (142, +00).

Theorem 3.3. Let |a| = || = 3 and (v,0) is given by (2.6) and suppose that
F€Cu, ;-
(i) For any fized x € (0,1) and M € N7T, the degree of the polynomial

Sgia (X570

is < M(1+4 k) and it interpolates f at the points of X](\?”B)

(i) For any f € C,, , we have

v.8

I SEi (£ X557 M, = 0.
M_l)eroo If— 2MM(f= ol v,5

Remarks. 1. For the values Kk = 1 and x = 0, we would obtain the Lagrange
interpolation and the weighted Hermite-Fejér type interpolation (see in the
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next subsection), respectively. In trigonometric interpolation, S. N. Bernstein
has analogue results [2] for a class of interpolatory polynomials.

2. We remark that Theorem 3.3 can also be considered as a discrete version
of the de la Vallée Poussin summation of Fourier series.

3. This result also shows similarity to a result of P. Erdds [5, Theorem 1]
in the classical (unweighted) case, where he proved that if the interpolatory
point system (Xp;, M € NT) is such that the fundamental polynomials of
Lagrange interpolation are uniformly bounded, then for any f € C[—1, 1] there
exists a sequence of polynomials Qs (M € N1) of degree < M(1 + k) tending
uniformly to f, and Qs interpolates f at the points of X, for every M € NT.
For our four point systems, we now have a weighted analogue of this result.

3.4. Weighted Hermite—Fejér type interpolation

Let us define the summation function

1—t, iftelo1]
ou(t) = ,
0, ift € (1,400).

The next theorem states that the weighted Hermite—Fejér type interpolatory
polynomials can be obtained by using suitable summation function.

Theorem 3.4. Let |a| = || = 3 and (v,0) is given by (2.6) and suppose that
fe€Cuy, -
(i) For any M =1,2,... the polynomials

2M

on  (p xl@8) oy N~ (o _Jty+o _ (a,6)
SQM,M(fa M ,x) ;( OM + 27 + 26 CJ,M(f)pg (z)

(see (1.4) and (2.7)) satisfy the following Hermite—Fejér type interpolatory
properties

(3.1) Sei (1 X577 ) = flan),
(3.2) (w6550 20 (£, X577 ) (@rr) = 0,

for all a1 € X](\?’ﬂ).

(i) For any f € C,, , we have

.6

lim | f — S50 0 (£ X5 ), , = 0.

M —+oc0
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Remarks. 1. If « = 3 = —3 and v = 6 = 0, then we obtain Fejér’s classical
result for first kind Chebyshev roots in the unweighted case. (See e.g. [15, p.
165], [26].)

2. In [7] Agota P. Horvath proved a general convergence theorem for the
above type weighted Hermite-Fejér interpolation process on g(w)-normal point
systems (especially on Jacobi roots, see [7, Example (2)]); but Theorem 2 of

her paper does not contain our Theorem 3.4.

3. G. Mastroianni and J. Szabados [11] investigated an other type weighted
Hermite—Fejér interpolation process based on Jacobi nodes.

4. Proofs

4.1. On the coefficients c¢; rs(f)

Now we prove some results which will be useful later on. First we take a

closer look at the coefficients cgaMﬁ)(f) (see (1.4)), if || = |B] = 3.
Lemma 4.1. Let us fix the positive integer M. For any xp v € X](\?”B) (k=
1,2,...,.M) and j=0,1,...,.M — 1 we have

(4.1) P @) = —pS3r (),
and
(4.2) pg\?’ﬁ)(xk)M) =0.

For a function f € Cy, ,; the coefficients cga]\f)(f) have the properties

(43) Cj)M(f):_CQM_j)M(f) (jZO,l,...,M—l),
and
(44) emm(f) = 0.

Proof. (4.2) obviously holds since the elements of X](\?ﬁ ) are the roots of

pg\?’ﬁ ). The equality (4.1) follows from certain trigonometric identities. The
proofs are similar in each four cases for a, 5. We shall discuss only the case
a=f3= %, when for K =1,2,..., M we have (see (2.3))

)Bx = cos ¥ = cos i
kM = kM = M1

N=

pucs
M

.
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Since for any j =0,1,..., M — 1 we have

kﬂ'}

sin(j + 1)par = sin{(zM 2 (2M —j+ 1) 35

= —sin(2M — j + 1)V ur,
consequently by (2.3)

(3.3) 238 (cos 9 \ESL' LT
p;* (wrar) = p;* % (cosVuar) = T sindgm
_ 2 sin(2M — j 4+ )9, m (3, (%,
= —\/; S0 g a1 = —Dorr> J(COSﬂk M) = —PoirZ J(Jfk M),

which proofs (4.1).

Now from the definition of the coefficients (1.4) immediately follow (4.3)
and (4.4). [ |

4.2. Discrete orthogonality

It is possible to convert the (continuous) orthogonality relationship (1.2)

with respect to the system (psI A e N), into a discrete orthogonality re-

lationship simply by replacing the integral with a certain summ. For the four
kinds of orthonormal Chebyshev polynomials the following discrete orthogonal-
ity properties hold:

Lemma 4.2. For a fited M € Nt and i, =0,1,...,M — 1 we have

L, if i1=3
ZP( P (apnn) P (@ronr) 02 5 (xh,01) Crr (wa,p) =
0, if i#7,
where:bkMeX(aB) nd
e if a=p=—1
0 ; 1
CM(wocﬁ): M+1’ Zf 0[2525
2T therwi
2M—|—17 otherwise.

Proof. From the Gauss—Jacobi quadrature formula (see [16, Theorem 3.4.1])
we have the following discrete orthogonality relation for i + j < 2M — 1

1
/ PP @)pl™? (2)wa (@ dx—ZpW ) 5 (@rar) Mer = i
1
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where A as’s are the Christoffel numbers, for which in the cases |a| = |8] = 1
by [16, pp. 352-353] we have
(4.5) MY = Ca(wap) w2 g(zenr)  (k=1,..., M),
which proves the statement. |
4.3.  An other form of S? ,/
For the proof of (2.9) we have to estimate the expression
‘f(x)_SS,M(faXMv ‘w'yts |f w’yé ) ;f,M(vava)w’Y,é(x)L

i.e. we approximate the function fw. s with the weighted polynomial S7f7 M W5

Now we give another form of S, w, s. From (2.7) and (1.4) we have

St (s Xars w)wy 5(x) =

(4.6) = A
Z Wy 5 f ) (@hnr) - KE pp(Wa,p,We 6, Thar, ) - — M

k=1 w%a(fEhM) ’

where the kernel function K @ By is defined as

Ky vi(Wap, Wy 5, Thoaa, @) o= K (@0, ) 1=

(4.7) Z@( j+y+9o ) (w mapga’ﬁ))(ka,M) (w, 6p§a ) (a)

= n+2y+26

for an z v € X

Lemma 4.3. Let us fir n € N, the positive integer M and the node xi p =

=cosVgp € X](\Z"B). For ¢ € [0, 7] we have
K y(cos Uk, ar, costd) =
DE (O + Ypnr) + DE(0 — Dpnr)s if a=
mp2(0 = V) = Do (0 + D), if =

3=

where

% Zj: ()cosgﬁ

D 3
Dn+1(19+19kM)+Dn+1(19 ﬂkM) if Oé:—%, b=
Dn+1(19 ﬁkM) n+1(19+197€,M)7 Zf Oé:%, B:_
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Proof. The proof is based on the trigonometric form of the polynomials p(

It is similar in each four cases for «, 8, so we give the proof only for a = 5 =
In this case"y—zs— =,s0 for 5 =0,1,...,n we have

Jty+0 Y\ j+1
P\nt2yr20)  “\nt2)

From (2.3) and (4.7) with 2 =: cos¥, (9 € [0, 7]) we obtain

B
1
2"

2 n .
K y(cos Vg, ar, cosv)) = = Z < ) sin(j + 1) arsin(j + 1)9,
7=0
since
2 sin(j +1 2
w1 1(cosV) - (2’2)(cos19) =sind - \/78111(]4—)19 = \/7 sin(j + 1)9,
22 m  sind 0

where j =0,1,...,n. Thus we get

K y(cos Uk, ar, cos ) =
n+1 n+1
[Z(p( )cosg 9 —Ipm) — Zcp( )COSJ'(19+19I€7M)}=

and using the fact that (1) = 0, the expression for K7 ,/(cos 9k ar, cos 1) also
equals to

2

+

11 o2 j , 1 % j _
Lt ; ? <n+2) sk =y = 2 <n—|—2> cos (0 -+ D)
consequently
1
K:f)M(COSﬁk’M,COS’ﬂ) = ; [D7f+2(19 — 19]@11\/[) — D,f+2(19 + 19]@11\/[)} . ]

4.4. Proof of Theorem 2.1

Let |o| = || = 3. We shall use the Banach-Steinhaus theorem. The

polynomials {p( B e N} form a closed system in the space (Cu, ;. || ||w.,.5)
(see e.g. [20, Section 3]), therefore we have to show that

-0 (m — 400)

(4.8) ‘ Sy, (Pis X, ) — Di

Wy,
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for every fixed 7 € N, moreover the norms of the operators S:fm) A, 18 uniformly
bounded, i.e. there exists ¢ > 0 independent of m such that

(4.9) 1Sy o llw,s <e  (meN),
where
”S;fm,Mme%g = IIstup ) {||S:fm7Mm(f, Xy Mwss + f € C’ww}.
Jllwy 5=

In order to prove (4.8), let us fix i € N and assume that m is large enough,
i.e. min{M,,,n.;,} > i. Now by Lemma 4.2, for j =0,1,..., M,, — 1 we have
1, ifi=y

¢j, M, (Pi) = o

0, ifi+#j7,

so considering n,, < 2M,, and (4.3), the equality

Sy, (Pis Xy o) =

B ity s\ M, — i+ + 6 _
B Ny + 277 + 20 Pi—¥ Ny + 27 + 20 P2Mrm—i

holds. It is clear that

. i+y+4
1 AT ) p0) = 1.
m;Tm¢<nm+27+ZJ #(0)

Since n,, < 2M,, (m € N) and

2M,, —1
lim inf ity +9 = lim inf

2M,, + 2y + 25 ittt ) o
Mmoo M 427420 mefoo 21,

N +27+28 Ny + 27+ 26

moreover p(z) = 0 if z > 1, thus we have

lim 2My, —i+y+9 _ 0
m_)+00(p Ny + 277 + 26 o

therefore we proved (4.8).
Next we show (4.9). Using (4.5), (4.6) and Cys,, = Cu,, (Wa,g), the norm

can be expressed as

155

Mo,

M., (f? XMm7 ')”w,y’,; =
M,

=:Hj{:ivwﬁ(kawm)f(xMAan)'Chmn'fffmem(kamnr)Ha;
k=1
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80 if || fllw, s = SuPge—1,1 | (wy,5f) (z)| = 1, then we obtain

My,

IS¢ apMlws = sup Car, Y
z€[—1,1] k=0

Kfm,Mm (xk7Mm ) :E)‘ :

By Lemma 4.3 the kernel can be uniformly expressed as

1
K:fm,Mm (ﬁkka ) 19) = ; {Dzm+2'y+26(19 - 19k7Mk) + Drfm+2'y+26(/(9 + ﬁk,Mk)} )
SO
<

[EXSYAN [P

M,
< % ﬁrél[%?;] ]CZ{|D5M+27+25(19 + ﬁk,Mk)‘ + ‘Drfm+27+25(19 - 19k7Mk)|}'
=1

Let
M
1
IDENans == 5y sup Y _{IDEW + Vi ar)| + |DE W — D ar)|}-
2M 9€(0,m] .
Then

2nm 2nm 1 ("
@ < e, = L ®
(see [22, pp. 242]) and

2sup | D7 |ly = ¢l o)
neN

(see Theorem 2 in §24 of [12]). Consequently if ¢ € L'(RT) and n,, < 2M,,,
then there exists ¢ > 0 such that

M,, N + 27 + 26 .
| nm,Mmev,s < CMmT <1 + TW ||90||L1(1R+) <eg,

since Ciy,, (Wa,p) < 57— for any || = |B| = 3. This completes the proof of
(4.9) and consequently of Theorem 2.1. ]

4.5. Proof of Theorem 2.2

Let f € Cy, ; and M > 2, M € N. Using (43) and the fact that M <n <
< 2M we can write the polynomial S ,/(f, X ), x) (see (2.7)) in the form

S:f,M(faX]\?7 ,Jj) =

lec p(IFEVHO N (B
— n+2y+25)" P\ nr2yr20 )P

J
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since for 0 < j < 2M —n we have n < 2M — 7 <2M, and

2M —j+~v+46 _0
n+2y+2 )

Now for an arbitrary x; pr € XI(\/}"’B), (t=1,2,...,M) by (4.1) we get

Syt X\ wian) =
-1

= Gulh)- a0 N (MO
B j=0 M SO n+2"y+26 SD n+27+26 p] M)

and considering (1.3), Sy, 5,(/f, XI(V}"’B),xin) also equals to

Lar(f, X\ i )+

M-1 . '
3 Jtv+9 IM —j+~y+6

/ ' Lo 198 | = 1| - pi(zi ).

! §=0 ) [<P <n+27+25> +(p< n+ 2y + 26 pj (i)

Since
La(£ XD aing) = flain) (Y ain € XE7),

the equation
S a0 X577 wian) = flain)

holds for every z; pr € XI(\;’B ) if and only if the polynomial

4 Jty+e M —j+y+oy ]
¢ (f) [s0<n+2~y+26>+90< n+ 2y + 26 ) 1} p; (@)

M—-1
Jj=0

equals to zero at every point x; pr € X](VO["B ), so it has M distinct roots and its
degree < M — 1, consequently it is the zero polynomial.

So S:iM(f, X](\?’ﬁ), -) interpolates f if and only if

j+y+6 2M —j+~v+46
|l ——=]+p|————]—-1=0
n+ 2y 420 n+2y+ 26

for 7 =0,1,..., M — 1. This completes the proof. |
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4.6. Proof of Theorem 3.1

A simple calculation shows that

UM(f?'X](\?’ﬁ)a') = Sg](lM(f?X](\?’ﬁ)a)a

1-2t, iftelo,3]
pr(t) == , )
0, ift € (5,4’00).

where

For the Fourier transform of ¢ we have
. 1 [sin(z/4)\>
or@) =1 ( 2/4 ) !

consequently ¢r(z) € L*(RT), and by Theorem 2.1, our proof is complete. W
4.7. Proof of Theorem 3.2

The verification of (i) is based on the trigonometric form of the polynomials
pg»a’ﬁ ). 1Tt is similar in each four cases for «, 3, so we give the proof only for
o =pf =1 In this case y =0 = 1.

Using the notation  =: cosd, (¢ € [0,7]) a simple calculation shows that

21+ = cos(V Ftur).

Now by (2.3) for j =0,1,..., M — 1 we have

(wy 32572 ) @) + (wy 39 ) (@) =
e sin (j+1)(19—tM)] ) sin[(j +1)(9 +tm)]
= sin(¥ —tar) - sn@ —tar) sin( + tar) - sin(d 1 tay)

= 2cos(j + 1)tas - sin(j + 1)9,
and thus (by (1.3))

1 « o,
§{£M7w'y,6(f7 X](wﬁ)ux-i-) + ‘CM,w.Y,(s(fa X](\/[ ﬁ)ax—)} =

M—1
1 . "y
=3 D 2os(j + Ltar - i (F) sin(j +1)9 =
=0
2M , o
o j+1 ‘ sin(j + 1)v
—51nﬁz¢ <2M—|—2> ¢im(f) sing '
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where

J+1 . G+ Dm

= Dty = -
QP(M+2> cos(j + 1)ta = cos oM L 2
j+1
M+ 2

forij,l,...,M—l,andcp( >:O, otherwise.

Consequently
1 «@ a,
i{LMyww,é(fa X](\4”8)a$+) + ‘CMJHW,J(.]C? X](\/[ B)vx—)} =
11
=wy 1 S;P]&M(f, X](\42’2),x).

(ii) For the Fourier transform of g we have

sin(x — m)/2

R (r € RT),

ba(r) =

so pg € L*(RT). By Theorem 2.1, we obtain our statement. [ ]
4.8. Proof of Theorem 3.3

An easy calculation shows that

1 sin?(x/2) — sin?(1 + k)z

AKL — ]R+
50 ¢, € LY(RT), and also
r(t) (1 —1) =1 (t €10,1]),
thus from Theorem 2.1 and 2.2 we obtain the statement. |

4.9. Proof of Theorem 3.4

(i) The summation function ¢ obviously satisfies the symmetry property
of Theorem 2.2, which proves the interpolatory properties (3.1).
For the proof of (3.2) we shall use the following result regarding some values

(c.)

of the derivatives of the functions w sp;

Lemma 4.4. Let |a| = || = § and (v,0) is given by (2.6). Fiz the positive

integer M. Then for any node xy pr € X](\?”B) we have

/ /
(2M — j 4+~ +96) (ww;pgaﬁ)) (zer) = (j+7+96) (w%spéﬁf_)j) (k)

where j =0,1,..., M — 1.
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Proof. The proof is based on the trigonometric form of the polynomials
(8) —. p;, and is similar in each f f ive th f
p; =: pj, and is similar in each four cases for «, 8, so we give the proo

only for « = 8 = . In this case y = = 3,

.1 km
X377 D @, = cos M1 =: cos Vg, M,
and by (2.3)
(w11 pj)(x) =sin ((j + 1) arccos z), (j=0,1,....,M —1).

For an arbitrary j =0,1,...,M — 1 and 9 € [0, 7] we have

(w

/ 2(j+1)-cos(j+ 1)
éPJ@%W= 2(j+1)-cos(j )7

=

T sin ¥
and since
i+ 1)k 2M +2 — (2M — 5+ 1))k 2M — 5+ 1Dk
cos(]]\j[—_’_)lﬁzcos( + ]544_1 j+1)) 71':cos—( M]—|—+1 ) W,
thus
! 2 (4 1)-cos(2M — j + 1)Uy mr
(w%’% pj) (fk,M) o ; sinﬁk,M ’ ($k7M < XM)

Observe that the expression on the right side equals to

j+1 \ﬁ(zM—jH)-cos(QM—j+1)z9k,M_
2M —j5+1 s sin Uy

__J+1 '
= m(w%,% p2M—j) (QTk,M)v
proving our statement. |
Let ¢ := ¢pg. Then we have

P 2M .
o Jty+9
(wméS%aMM(fa X7, ')) => ¢ (2M+2”Y+25> cim(f) - (wy,sp5)".

By (4.3), this equals to

M—1

] ) oM —j 5
Z [@(QA/JIEL%)(W%M%)/ - ‘P( 2M+J2:1;5 )(wmémM—j)l] cjm(f)
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Using

Jty+9o Jty+d
P\ o) TP\ ) <L
2M +2y+26 2M + 2y +26
and Lemma 4.4 together leads us to

(w'v,zSS;aM,M(fa X, ))I (r,m) =

_Mz‘:l JHy+S N 2M—j4y+d j+y+38 .
_j:O P\2M + 2y + 20 jHy+46 P\oM + 2y + 26

cjn () (wry.60) (2r,01),

which equals to 0 for every xy ar € Xy if

2M +2y+25 < j+y+6 )_2M—j+7+(5_0
j+y+6 2M 42y + 26 JjH+y+6
for 7=0,1,...,M — 1, or in another form,
j+y+6 j+y+9o )
| =1- —— =0,1,....,.M —1).
(2M+2~y+25> iyt UL )

Since g satisfies this condition and the interpolatory condition as well, so
the proof of (3.2) is complete.

(ii) Since
. 1 (sin(z/2) 2 n
@H(@—g(w) (z € RT)
belongs to L*(R"), therefore by Theorem 2.1 we obtain the statement. ]
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