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Abstract. It is known that for every set of interpolation nodes, there ex-
ists a continuous function for which the sequence of Lagrange interpolation
polynomials is not uniformly convergent. In the case of the Chebyshev
abscissas, G. Grinwald constructed a process that is uniformly conver-
gent for all continuous functions on the whole interval [—1,1]. However,
M.S. Webster showed that for the roots of the Chebyshev polynomials of
the second kind, the analogous construction is uniformly convergent only
in closed subintervals of (—1,1). Our aim is to improve this result by us-
ing weighted Lagrange interpolation. We shall prove that the weighted
Griinwald—Rogosinski process is uniformly convergent on the whole inter-
val [—1,1] in suitable weighted function spaces. Order of convergence will
also be investigated.

1. Introduction

In 1914, G. Faber [1] proved the following fundamental result (see also e.g.
[15]): For any fixed interpolation matrix

X=A{zk,n | k=1,2,...,n; n=1,2,...} CR
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there exists a continuous function f for which the sequence of Lagrange interpo-
lation polynomials L, (f, X,-) (n € N={1,2,...}) is not uniformly convergent.
In 1935 and 1936, for the Chebyshev matrix

2k —1
2n

T:{ka:cos s k:l,?,...,n;n:l,Q,...}

(where the order of the Lebesgue function is the smallest possible) G. Griinwald
[2], [3] and J. Marcinkiewicz [5], [6] proved the following theorem: there exists
a continuous function f such that the sequence L, (f,T,x) (n € N) is divergent
for all points x of the interval [—1,1]. (See the survey paper [12].)

Therefore the following result, which was proved by G. Grinwald [4] in
1941, is interesting.

Theorem A. Let f be a continuous function on [—1,1]. Then

i g {Ly [£.T.0 = @] + L [f,T,0 + 9]} = f(2),

(1.1)
xz =cosf € [-1,1],

and the convergence is uniform on the whole interval [—1,1]. Here L,[f, T, 6]

denotes the Lagrange interpolation polynomial L, (f,T,x) after the substitution

r=cosf and p, = 5~ (n=1,2,...).

It is known that between the interpolation polynomials L, (f,T,-) (n € N)
and the partial sums of the trigonometric Fourier series of the even function f
there is a far reaching analogy. Moreover the above theorem of G. Griinwald
is analogous with the well known theorem of Rogosinski in the theory of
the trigonometric Fourier series. The process (1.1) will be called Grinwald-
Rogosinski process.

In 1943, M.S. Webster [19] obtained a similar result for the roots of the
Chebyshev polynomials of the second kind, i.e. when the interpolation matrix
is given by

(1.2) U:{ka:cos T k:172,...7n;n:1,2,...}.
n

He proved the following result.

Theorem B. Let f be a continuous function on [—1,1] and ¢, =
(n=1,2,...). Then

2(77,11)

lim 5 {L [f,U.0 = pn] + L [, U.0 + @]} = f(2),

(1.3)
x =cosf € (—1,1),
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and the convergence is uniform only on any interval [a,b] C (=1,1). In general,
convergence does not hold for x =1 orx = —1. In addition, v, may be replaced
by pr/2(n + 1), where p is any fized odd integer.

In 1975, P. Vértesi [16] generalized Webster’s result for the roots of Jacobi

B)

polynomials P,(La with arbitrary parameters o, 8 > —1.

The aim of this paper is to improve Webster’s result. We shall consider
the point system (1.2) and modify the process (1.3) by using the weighted La-
grange interpolation polynomials (see (2.4)). We shall prove that the weighted
Griinwald-Rogosinski process (2.6) is uniformly convergent on the whole inter-
val [—1,1] in suitable weighted spaces C,, (see (2.1)). Order of convergence
will also be investigated.

2. Result

Let C(I) be the linear space of real valued continuous functions defined on
the interval I C R. For a parameter v > 0 we consider the Jacobi weight

wy(@):= (12 (ve[-1,1)),

and define the weighted function space

(2.1) Co, = {f €C0(=1,1) ¢ lim (fw,)(x) = o}
|z]|—1
if y>0. If y =0 (i.e. wy, =1) then let C, = C[-1,1].
Then
191, = Wl o= o, (@] (7€ Co)
is a norm on C,,, and (wa | - wa) is a Banach space.

Let us consider the Chebyshev polynomials of the second kind:

U, (z) = sin(n + 1)9’

sin 6
x=cosb, ze[-1,1], 0 €[0,n], n=0,1,2,....

(2.2)

They are orthogonal on the interval [—1, 1] with respect to the weight wy /o (x) =
=+1—22 (x € [-1,1]). The roots of U,, (n =1,2,...) are

(2.3) Zp,m = cos B, = cos

k=1,2,... .
n+17T ( ) &y ,’I’L)
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The weighted Lagrange interpolation polynomials of a function f € Cy, on
the point system (2.3) are defined by

Ln(faan’ya *w’y kan gkn UI)
(2.4) ];

(:v [-1,1], n=1,2,...),

where

._ ) = Un(x)
(2.5) brn(@) 1= ln (U, ) = UL () (@ — Thon)

(ze[-1,1; k=1,2,....m; n=1,2,...)
are the Lagrange fundamental polynomials. It is clear that

L, (f7 U, wv,xj)n) = Wy (-Tj,n)f(xj,n)
(j:l,?,...,n; n= 1,2,...).

Let
T

@n::m (TL:1,2,...)

and for a given cosf = x € [—1,1] and n € N we define

4 :=cosly :=cos (0 + p,) =xcosp, —V1—z2sinp,,

x_:=cosf_ :=cos (0 —p,) =xcosp, +\V1—x2singp,.

For the point system (2.3) the weighted Grinwald-Rogosinski process will
be defined by

(2 6) (Anf)(l‘) = An(f? U,’LU—W.’L’) = % {Ln(fa U7w'}”‘r+) +L7L(fa an77x—)}
- (neN, ze[-1,1], feCy,).

Recall that the number

En(f, w’y) = piengn I(f — p)wvHoo (n €N)

is called the best nth degree weighted polynomial approximation of the function
f € Cy.,, where P, denotes the linear space of algebraic polynomials of degree
at most n. It is known that

lim E,(f,w,) =0,

n—o0
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i.e. the set of the weighted polynomials w.p (p is an arbitrary algebraic poly-
nomial) is dense in the Banach space (Cy., | - [luw,) (see e.g. [14, Section 3]).

For a function f € C[—1,1] the second order modulus of smoothness is
defined by

wal£8) = sup [l An(fy )l (¢>0),

where
Ap(fyx)=fx+h)+ f(xa —h)—2f(x) (ze€[-1+h,1—h]).

Theorem. The weighted Grinwald-Rogosinski process (2.6) is uniformly con-
vergent in the function space Cy_, i.e.

(27) i |Au(f,Uyws, ) = (fu,)(@)] = 0

holds uniformly on the whole interval [—1,1] for every function f € Cy, if and
only if the parameter v satisfies the relation

(2.8) <y<2

N =

For the order of convergence we have

[An(£,U, w0, ) = (f)(@)] = O() (Buma (£0,) + wa(Froy,00))

(xe[-1,1], neN, felCy,).

(2.9)

Remarks. 1. From the proof of Theorem it follows that the process (2.6)
is uniformly convergent on arbitrary closed interval [a,b] C (—1,1) for every
parameter v > 0. If v = 0 then we obtain Webster’s result (see Theorem B),
also Vértesi’s result for Jacobi parameters o = 8 =1/2.

2. From a general summation theorem Zs. Németh [8, Theorem 3.2] ob-
tained the uniform convergence of the process (2.6) on the whole interval [—1, 1],
but only for parameter v = 1/2.

3. There is an other possibility to achieve the uniform convergence of the
Griinwald-Rogosinski process on the whole interval [—1, 1]. This is the so-called
additional nodes method (see e.g. [7, 4.2.2] and [9]). L. Szili [11, 7.3] proved
the following statement: If to the point system (2.3) we add the endpoints +1,
then the (unweighted) Griinwald-Rogosinski process is uniformly convergent
on [—1,1] for every continuous function f € C[—1,1].

4. L. Szili and P. Vértesi defined the weighted Griinwald-Rogosinski process
in another way, using suitable summation of Lagrange interpolation (see [13,
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Example 7, p. 328]). In [14, Corollary 3.4 (d)] they obtained that that process
on the point system (1.2) is uniformly convergent in C,_ if (cf. (2.8))

Dy

(2.10) 0<vy<2.

3. A Lemma

It is clear that for all fixed n € N (see (2.6))
At (Cup Il o) = (CI=11L - o)
is a bounded linear operator and its norm is defined by
[An]l = sup{ [ Anflloc + [Ifllw, <1}
Lemma. There exists a constant ¢ > 0 independent of n such that
[An]f <c  (neN)
if and only if the weight parameter ~y satisfies (2.8).

Remark. It is interesting to compare the operator norms ||A4,| (n € N) with
the norms of the weighted Lagrange interpolation operators (they are also called
the weighted Lebesque constants) on the roots of the Chebyshev polynomials of
the second kind. It is known that (see [7, p. 271]) they are given by

n

_ wy ()
| £0n(ws)| = ot 2 (o) [0k n ()] (neN, v>0).

G. Szegd’s classical result states that (see [7, Theorem 4.2.1] and [10, Theo-
rem 14.4]) in the unweighted case (i.e. when v = 0) || £, (wo)| ~ n (n € N),
where the constants in ”~”* are independent of n. G. Faber [1] proved that for
any interpolation matriz X the order of the Lebesgue constants is at least log n.
P. Vértesi [17] showed the analogous result for weighted Lagrange interpolation
for arbitrary Jacobi weights. It is also known that (see [7, Theorem 4.3.1]) on
the point system U (see (1.2)) this optimal order can be attained if and only
if the Jacobi parameter ~y satisfies the conditions (cf. (2.8))

(3.1) <y<

N w

DN | =

*an ~ by means that ¢1 < an/bp < c2 (n € N), where 0 < ¢1 < eo.
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Proof. We prove the Lemma in several steps.

Step 1. First we write the norm of the operator A,, in trigonometric form.
Since the weighted Griinwald—Rogosinski process (2.6) can be written as

(wyln) (@) + (WyLle,n) ()

f(@hn) =

(Anf)(@) = ;

(Fuoy) () L2 @) (s ) a2)

2w (Tk,n)

M- 11-

~
Il
-

(3.2)

3

=: (fwv) (l‘km) Sk,n(x)

k=1

(ze[-1,1); k=1,2,...,m; n€N; feCy,),

thus the norm of the operator A,, is given by

n

14n]l = max > 1Ska(@)].

el-11] £
If x = cos® € [—1,1] then
wy(z) = (1 —2%)7 =sin® 6.

By (2.2) and (2.5)

+1 n+1
U/ — _1 k+1 n — _1 k+1
n(zk,n) ( ) 1— xi,n ( ) sin2 0k,n’
.92 .
O sin(n 4+ 1)0
Cpon () = (—1)Ftt I o :
k(@) = (=1) n+1 sinf(cosd — cosby.,)
.. 92 .
O o sin(n + 1)0
Y n = (=1 k+1 Sin o 2y—1 0.
(wsien) (z) = (=1) n+1 st cosf — cos Oy’
thus we get
(_1)k+1 s 22
) =~ . O -
Sk.n(x) S+ 1) sin k.
sin?’ 16, sin(n + 1)0, n sin®?~10_sin(n + 1)0_
cos Oy — cos O p cos_ — cos by p '
Since

sin(n + 1)0+ = sin[(n + 1)(0 + )] = £ cos(n+ 1)0

2(n7t|—1)
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thus using the notation
K(0) := K,(0) :=sin®"'0 (6 €(0,m))

the above form of Sy ,(z) may be simplified as

Skn(x) = ﬂ sin®"27 @y, - cos (n 4+ 1)0 -
" 2(n+1) "
( K(04) B K(0-) )
cosby —cosO, cosO_ —cosby,/
Finally we get
3.3 Al = S ()] =
53 Il = e 3215k

Koy K@)
cosfy —cosby, cosO_ —cosby, |

|cos(n + 1)6] = . 5 o,
Ok,
96[62,);] 2(n+1) Zl ko

Step 2. Since the functions K (61)/(cosfy — cosfy,,,) are defined only for
Oy # Ok (ie. 0 Oy, £ @) therefore we have to split the sum in (3.3) into
two parts. For this purpose, let us introduce the following notation.

For a fixed point 6 of the interval [0, 7] let us denote by 6,,, (one of) the
closest node(s) to 6, i.e.

(3.4) min ’9 9kn‘ = ’9 Hjm‘.

1<k<n

Moreover let

S Sen@l= S 1Ska@+ Y [Skala)] =

(3.5) k=1 k=j—1,j,j+1 1<k<n

k#j—1,5,j+1
: ZI + ZII ’

Since
(3.6) Wen(z)| <2 (m1<z<1;k=1,2,...,n; n=1,2,...),

(see [18]) thus we have

Yo Skl =Y \ka)(l’—)+<w¢k,n><x+> _.

(3.7)  k=j-14i+1 k=j—1,j,j+1 2wy (xp,n)

(ze[-1,1], neN, v >0).
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Step 3. For the estimation of ), in (3.5) we introduce the functions: if
0 €[0,7] and 04 # 6k, (ie. 0 # 0, £y,) thenfor k=1,2,...,nand n e N
let

K(62) K(6-)
. Fr,(0) = - .
(3.8) kn(0) cosf —cosb, cosf_ —cosby,

Then by (3.3) and (3.5) we have for 6 € [0,7] and n € N

c .o
< - E sin>~2 6.,
II n ’
1<k<n

k#j—1,5,j+1

Fi.n(0)].

Using that 01 = 0 £ ¢, we get

K(604) (cos 0_ — cos Hk,n) — K(O,)(COS 0, — cos Hk)n) =
=—[K(04) — K(6-)] cos i + K(04) cosf_ — K(0_)cosfy =
= —[K(04) — K(6-)] cos O + K (05)(cos 0 cos n, + sinfsin g, ) —
—K(0-)(cosf cos g, —sinfsingp,) =
= 1[K(64) — K(0-)](cos 04 — cos by, + cosO_ — cosbyn)+
+[K(04) + K(6-)] sin O sin py,.

Since

(3.9) K (04) = K(0-)] = 2, K'(6%)] < = sin> (0",
n

where 0* € (0,,0+) thus we have

c 1 1
Fn(0)] < —sin>7=2¢*
[Fin(0)] < n o <|COS€+ — cos O | + | cos6_ —cos@k,n> +

c |K(04)+ K(0-)|sinb
n|cosfi — cosbyp| - |cosO_ — cosO |

(3.10)

If 0 # 0y, », = @y, then let

1 (sinby,\" "> 1 1
Grn(0) = —5 ( + ,
' n? \_ sin6* |cosOp —cosby |  |cosf_ — cosb,|

H,n(0) = sin® =7 Oy, [K(04) + K(6-)|sing
Ron A7) n2 |cos Oy — cos O |- |cosf_ — cos b |’
Mn(0):= > (Grn(0) + Hpn(0)).
1<k<n

k#j—1,5,5+1
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By (3.10) we get

(3.11) S Skm@) e D> (Grn(0) + Hen(0)) = cMy(6).

1<k<n 1<k<n
k#j—1,5,j+1 k#j—1,5,5+1

For the proof of the Lemma we have to show that the functions M, (9)
(0 € [0, 7], n € N) are uniformly bounded if and only if 7 satisfies (2.8).

Step 4. Now we prove that if % < v < 2 then there exists a constant ¢ > 0
independent of n such that

(3.12) M,(0) <c (6 € [0,7], neN).

We will distinguish three cases.

Case 1. Let 6 € (£, 5] with a positive fixed constant c. In this case for the

index j = j(n) defined by (3.4) we have 1 < j < [Cn] with a constant C' > 0.

In order to estimate the sum in (3.11), we split it into four parts:

(3.13) o= D>+ D>+ >+ D>

1<k<n 1<k<j/2 j/2<k<2j 2j<k<[en] [en]<k<n
k#j—1,j,j+1 k#£j—1,5,j+1
where ¢ € (0,1) is independent of n € N such that 6y, € [0, 2], if 1 < k < [en].
For 1 <k <|[en] and n € N we use the following estimations:

k

sin O, ~ —,

n

) ) |

sinf, sinfy, sinf* ~ =,
n

5% — K|

| cos Oy — cos O | ~ 5

n

So we have

R )

1<k<j/2 1<k<j/2 N

s i
08 oy 9 =1,
j

)

1 2y—2
~ G274 - ~
’ 1<kz<:j/2 (k> 2y —2> 1,
T 571, if2y—2<1,

where we used that j + k ~ j. Moreover,
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s o 5 () (54) -

1<k<j/2 1<k<j/2

g i
98)  ifoy_2=1,

) . 1 2y—2 j
~Y ] ’Y_ — ~Y
J > (k) G2 i oy — 2> 1,

1<k<j/2
j7L, 0 if2y—2< 1.

This means that these sums are bounded independently from j and n if
v<2

For the second part of (3.13) we use that k ~ j, j + k ~ j. Then for every
j and n we have

s e v (0

j/2<k<2j Jj/2<k<2j J
k#j—1,5,j+1 k#j—1,j,j+1
1 1 log j
~ = Z 7]{; S C . S C
I paoreny 1K J
k#j—1,5,j+1

and

s e = () ()

j/2<k‘§2j j/2<k‘§2j
k#j—1,5,5+1 k#j—1,5,5+1
1
~ 2 o sC
j/2<k<2j
k#j—1,5,j+1

which means that this part is uniformly bounded for every parameter v > 0.

For the third part using % <2, % <1, j+k > k we obtain that

S G~ Y (k)ulmf

2j<k<[en] 2j<k<[en] J
1
flogﬁ_, if 2y =1,
N> i 7

L 2v—2 1
2j<k<[cn] - ]) + =, if 2y #£1,
n\n i
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which is uniformly bounded for every j and n if v > % However, if v = % then

K(0) =1 (0 €[0,7]), which means that (see Step 3)

S Skn@|<e > Heal(0),

1<k<n 1<k<n
k#j—1,5,j+1 k#j—1,5,j+1

so the above sum does not need to be bounded in this case.

Moreover
-\ 27 2
J k
X omo~ 3 (3) (5) <
2j<k<[en] 2j<k<[en]
1
2j<k<l[en]

which means that this is uniformly bounded for every parameter v > 0.

If [en] < k <mn and n € N then we use the following estimations:

. n+1—k
sin @y 5, ~ ——,
n
. . R |
sinf, sinfy, sinf* ~ =,
n

|cos O — cosby | > c.

So we have
j2 2 2-2
OIRCHUINED SRR SacPRS T
[en]<k<n [en]<k<n
i 1
IO ity —2=1,
n
9y —2 n—[en] 2v—2 )Y
J (1) 3> .
~— = ~ , i 2y—2>1,
" =1 n?
j2772

which is bounded independently from j and n if % <~y <2
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On the other hand,

2y
Z Hk’n(e) ~ Z ‘Z’LT(TL +1-— k)2_2"{ ~
[en]<k<n [en]<k<n
i3
j°logn |
. v if2y—2=1,
9y MLCT 1 2y—-2 -2y
J J :
NF; (l) ~ P if 2y —2>1,
= .
J .

This is bounded independently from j and n if v < 2.

Collecting the above formulas we have (3.12) for 6 € (£, 7] and n € N.

2

CAsE 2. Let 6 € [0, £] and o = cosf. If 1 < k < [cn] then by (3.2) and (3.6)

we get

Sk.n <
‘ k, (17)| > w'y(l‘k:,n) SiIlQﬂy gk,n

(i) () =c(i)”

and if [en] < k < n then (similarly)

|Son(2)] < C <1k>27.

n+1-—

So we have

n [en] 1 2y n—len] 1 2
swen=e (2 () + 3 (i)
=1

k=1

This is bounded in z and n € N if v > %

o)+ (@ )] _ (5 0-)7 + (sin® 6,)7 _

On the other hand, when v = %, k=1,2,....[ecn]and k # j — 1,5, + 1

then we have

(Shon ()] = sinfy,, | sin(n+1)04 sin(n + 1)6_
kom ~ 2(n+1)|cosfy — cos Okpn cosb_ —cosbyp
sin 6y p sin @ - cos(n + 1)0
= N ©p, <c
n+1 (cos 04 — cos Hk,n) (cos 0_ — cos Qk’n)
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where we used that

) k . 1 k2
, sm9k7nwﬁ, smgonwﬁ and |cosfy —cosbyp| ~ —.

sinf <
< 2

Slo

If [en] < k < n then using that sin 6y, ~ =% and |cos6y — cosby| > c we

similarly get
1—-k%
|Skn ()] < e 20

Consequently we obtain that
N & 1k
S Sl <C z(k) by )
1<k<n k=1 k
k#j—1,5,j+1

which is uniformly bounded.
Thus we proved (3.12) in CASE 2.

CASE 3. Let 0 € (%,’/T] and 0’ := m — . Then with the notations

Wy [0] :=wy(cosb), L n[0] :=Llin(cost) Sknlb]:= Skn(cosb)

wy[f+ @n] = w [0 —pn],  wy[0 = @n] = wy [0 + on],
and
lenl0 + @n] = lnt1-k,nl0" — nl,  lonld = @n] = lnp1-knl8 + @0l
which means that Sy,11-k.n[0'] = Sk.n[f]. So we have
D 1Sknl0]l =D 1Snt1-wnl0] =D [Sal0']],
k=1 k=1 =1

which is uniformly bounded if % <~ <2, as we have shown before.

Thus (3.12) is completely proved.

Step 5. To prove that the conditions for the parameter « are also necessary,
first let us assume that v < %, and for the point § = 0 we have

[en]

n [en] s 2-2  2y—1
1 sin“ =7 Oy, sin”“7" " @,
E S0 >E Si[0]| = E d ~
k_l‘ [0l _k_1| k[0l n+1& | cos i, — o8 O 1|
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LR (EY7 ()77 SRy
n n n k2 k ’

k=1 k=1
which is not uniformly bounded in n € N.

Now, if v > 2, we consider the point § = F:

n [en]
> 1Sk [3] |>Z|Sk 5l1=
k=1
_Jcos(n+1)%|[cos® ™ npn| Z sin?=%7 0, ,, sin @,
N n+1 |00829kn—sm ©nl
|cos n+1 % [Czn% =2y n? -
n?—(k2+1) —
[en] 1\ 272
|27 —4 -
> |cos(n+1)5n Z(kz) )
k=1
which is also not uniformly bounded in n € N.
Thus the Lemma is completely proved. |

4. Proof of the Theorem

Since the operator norms ||A4,]| (n € N) are not uniformly bounded if 0 <
v < 1/2 or v > 2 thus by the Banach—Steinhaus theorem we obtain that the
limit relation (2.7) is not true for every function f € Cy, .

Now, let 1/2 < 4 < 2. For the proof of (2.7) let us denote by P,, € P, the
best weighted approximating polynomial of f of order at most n, that is

En(f,wy) = [[fwy — Pawy|

Then we have
| An(f, wy, ) = (fws)(2)] =

= [An(fowy, @) = 5 {(Poc1wy) (@) + (Paorwy) (z-)} +
5 {(Pam1wy)(@4) = (fws)(@4) + (Paorwy) (@) = (fws)(z-)} +
+3 {(fwy)(@4) = 2(fwy) (@) + (fwy)(@-)} | =
= O0(1) (An(f = Po1,wy, ) + Enoa (fwy) + w2(fwy, on)) =
= 0(1) (En-1(f,wy) + w2(fwy, ¢n)),
which nrovea (9 7) [ |
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