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Abstract. Several 2-adic cosine and sine functions are constructed on
the 2-adic field expressed by the S-valued exponential functions and the
characters v,, of the 2-adic additive group. Then follows the construction
of some analogies of the Chebyshev polynomials on the 2-adic field (I, —T—, o)
using these cosine and sine functions. Orthogonality of these Chebyshev
polynomials is also investigated.

1. Introduction

Chebyshev polynomials are important for example in approximation theory
(the resulting interpolation polynomial provides an approximation that is close
to the polynomial of best approximation to a continuous function under the
maximum norm), and other fields of applications. In classical analysis the
Chebyshev polynomials of the first and second kind can be expressed through
the identities

sinlint Darecosa] ¢ 1,1}, n > 0),

T, (x) = cos(narccosz), Up(x)= sin(arccos 7)
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where the cosine and sine functions can be given by means of the exponential
function: cosz = % and sinz = . Each of the Chebyshev poly-
nomials of the first and second kind form an orthogonal system with respect
to the weight function (1 — z2)~'/2 and (1 — 22)'/2, respectively.

x

GiT _ i

In this work we will construct some analogies of the Chebyshev polynomials
on the 2-adic field (I, 4.—, o) using several kinds of 2-adic cosine and sine func-
tions. We present two opportunities to construct 2-adic trigonometric functions
expressed by the additive characters (v,,n € N) or by the S-valued exponential
functions, which is in connection with the multiplicative characters. In this way
we will obtain first two dyadic martingale structure preserving transformations
of (v,,n € N), which will yield a UDMD-product system, thus complete and
orthonormal. Then follows two further types of Chebyshev polynomials, which
will also fulfil orthogonality.

The algebraic structure is presented in details in [5] and [4]. Denote by
A :={0,1} the set of bits and by

B:{a:(aj,jeZHaj € Aand lim aj:O}
j——o00

the set of bytes. Special bytes are 6 := (0,0,---), e := (dp0,n € Z), and for
k € Z let ey := (dnk,n € Z) where d, is the Kronecker-symbol. The order of
a byte € B\ {6} is m(z) := min{n € N | 2, = 1}, and set 7(0) := +oo. The
norm of a byte z is defined by ||z|| := 277@®) for x € B\ {#}, and ||0| := 0.
By an interval in B of rank n € Z and center a € B we mean a set of the form
I(a) ={z € B| z; = a; for j <n}. Set I, :=1,00) (n € Z), I:= 1, and
S:i={zxel]|xz =1}

The 2-adic field (B, J.r, o) is given by the following operations. The 2-adic
(or arithmetical) sum a + b of elements a = (an,n € Z),b=(by,n € Z) € B is

defined by a —T— b := (sn,n € Z) where the bits g¢,, s, € A (n € Z) are obtained
recursively as follows:

Gn =8, =0 for n <m :=min{n(a),n(b)},
and a, + b, + qn_1 =2¢n, + s, forn>m.

The 2-adic (or arithmetical) product of a,b € B is a ¢ b := (p,,n € Z),
where the sequences ¢, € N and p, € A (n € Z) are defined recursively by

gn=pn=0 (n<m:=mx(a)+7(b))

and Z ajbnfj + Gn-1 = 2Gn + Dn (n > m)

j=—o0
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The reflection x~ of a byte z = (x;,j € Z) is defined by:
oz, forj<n()
(7)) =

1—x;, forj>m(x).

We will use the following notation: a lhi=a ; b—.

Definition 1. For x € I and n € N* deﬁnen-x::x—T—x—T—...—T—x and let
—_—

n times

0-x2:=80.

Note, that 2~z=x—¢.—m=elox (rel)and 2" -z =e, 0x (x € ,n €N).
Recall, that multiplication by ey shifts bytes: (ex ® z); = x;—x (k,l € Z).
For n € N with dyadic expansion n = Zjoonﬂ‘ the reversal of n is n =
= Z 0127971 The reversal map is a bijection from N onto Q N [0, 1] with

= {p2m | p,m € Z}. Counsider the Rademacher system (r,,n € N) with
rn(x) = (—1)* (x €I). Consider the Haar-measure y on the field (I, —T—, o).

The concept of UDMD systems is due to F. Schipp. (See [4] and [5].)
Denote with A the o-algebra generated by the intervals I,,(a) (a € I,n e N).
I, A, and the restriction of p on I gives a probability measure space ( JA ).
Let A, be the sub-c-algebra of A generated by the intervals I),(a) (a 6 I).
Let L(A,) denote the set of A,-measurable functions on I. The conditional
expectation of an f € L'(I) with respect to A,, is of the form

1
(Euf)@) 1= s /I | fan @en

A sequence of functions (f,,n € N) is called a dyadic martingale if each f,, is
Ap-measurable and &, f,+1 = fn (n € N). The sequence of martingale diffe-
rences of (fn,n € N) is the sequence ¢, := fr11 — fn (n € N). The martingale
difference sequence (¢,,,n € N) is called a unitary dyadic martingale difference
sequence or a UDMD sequence, if |¢,(z)] = 1 (n € N). According to Schipp
[4], (¢n,n € N) is a UDMD sequence if and only if

(1) ¢n =Tngn, gn € L(An)v ‘gn‘ =1 (n € N)

A system ¢ = (Y, m € N) is called a UDMD product system if it is a
product system generated by a UDMD system, i.e., there is a UDMD sys-
tem (¢n,n € N) such that for each m € N, whose binary expansion is given by
m =372 gm;2 (m; € A), the function ¢y, satisfies ¢, = []72, ¢} (m € N).

We consider e(t) = exp(2mit) (t € R). The character set of the group (I, —T—)
is the product system (v, m € N) generated by the functions

xT Tn—1 o
Ugn(x):e?(?n‘i’ 32 ++2nT) (IEH,HEN),
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that is, v, (z) = H;.;O('Ugj (z))™ (m € N). It is well-known, that (v,,n € N)
is a UDMD-product system on I.

The notion of DM SP-functions and some properties of compositions with
them were presented by the author in I. Simon][8].

Definition 2. We call a function B : I — I a dyadic martingale structure
preserving function or shortly a DMSP-function if it is generated by a system
of bijections (J,,n € N), ¥, : A — A, and an arbitrary system (9,,n €
€ N*), n, : A — A in the following way:

(B(z)), := Yo(z0),
(B(.r))n = (xn) + M (T0, 21, .., p—1) ( mod2) (neN7)

We will refer to some restrictions of DMSP-functions on dyadic intervals
also as DMSP-functions, as they fulfil the same properties. We will use the
following properties:

(i) For each bijection system (¢,,n € N) and arbitrary system (n,,n €
€ N*), the generated DMSP-function B is a bijection on I and its inverse
function, B! is also a DMSP-function.

(ii) Let B : I — I be a DMSP-transformation. The function system (f,,n €
€ N) is a UDMD system on I, if and only if (f, o B,n € N) is a UDMD
system on I.

(iii) DMSP-transformations are measure-preserving.

(iv) Let (B, : I — I,n € N) be a system of DMSP-transformations. The
function system (f,,n € N) is a UDMD system on I, if and only if
(fn 0 Bp,n € N) is a UDMD system on I.

(v) The composition of DMSP-functions is also a DMSP-function.

The first three properties were proved in [8]. (iv) can be shown in the same
way as (ii). (v) is trivial.

The S-valued exponential function on I: A 2-adic exponential function
is presented in Schipp-Wade [5], pp. 59-60. We will use now a similar one

determined by a slightly different base, starting from b, = e —T— eo instead of

e + e1. We consider first the following base:

Definition 3. Let b; :=¢ —T— e, by, :=="b,_1b,_1 (n>2).
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Definition 4. Let S:={z €S : 2; =1} = Iy(e ¥ e1). Define the S-valued
exponential function on I by:

) :Hb;”"‘1 (z=(z;,j €N) €l).

This function is similar to those defined in Schipp—Wade[5], pp. 59-60, thus
with similar arguments we have the following three propositions:
a) ¢ is a continuous function satisfying the functional-equation

(2) ((z+y)=Cx)elly) (r,yel).
b) The base has the following structure:

(3) b, =€ + €nt1 + dpt1 (n > 1) with w(dp41) > n+ 2.

¢) With the notations of Definition 1, the function ¢ has the following repre-
sentation:

4) (=)= H (e 1 €j+1 T djp1)%1 H [e +zj-1(ejq1 T djy1)] -

Let us note, that as b,, = b%n_l (n > 1), we have
i1y SN g q291
() Cly=][on =07 (z €l
j=1

which yields ((x) = bf(m) for z € INB" and also ((z) = b’f@) for x € I,
where BY := {a € B | limj 00 a; =0}, B(z) := 372 ;27 (z € BY) and
a(z) =37 x;2777" (z € B). Thus function ¢ corresponds to function 5
while we identify BT NI with N by means of 3 or ¢ corresponds to function
(2)* while we identify T with [0, 1] by means of .

The structure of this base will be essential, and we will need the first 6
digits of the first four exactly, which can be calculated simply:

62:6+63+e4:64.reg;rd3, m(ds) > 4,
(6) b3:€‘T‘64-T-€5-T-€6—7-69:(3-7-64—T—d4, m(dy) > 5,
by=e+es+eg+er+eg+...=e+e5+ds, 7T(d5>26,

where d3 = éy4, d4 = €5 ;66 ;69 d5 1:66‘7’“-

The reversal # of a byte ¢ € B is defined by 7 := 3(a~'(t)) (t € QT). That
is, if the expansion of ¢ is t = >>°2 ;27971 then £ = Y22 #;27. This
notion will be used in the proof of Theorem 2 and in perceiving the significance
of the function system (COS),,) defined in Definition 6.
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2. 2-adic sine and cosine functions

In this section we present two ways of constructions of 2-adic trigonometric
functions. The first one is expressed by the S-valued exponential functions,
which is in connection with the 2-adic multiplicative characters. See [5], pp.
72-73. An other way of the construction is expressed by the additive characters
and results a complex-valued function.

Definition 5. Define the 2-adic cosine and sine function on I as follows:

cosx := (((z) ¥ C(z7))ee_y (x €D,

sinz := (((z) : C(z7))ee_y (x €1).

Definition 6. To any n € N define the 2-adic COS,, and SIN,, functions on
I as follows:

COS,(z) = M (¢ €LneN),
vp(x) — vp(x7)

SIN,(z) := 5

(xeln>2).

As the reversal map establishes a contact between the discrete exponen-
tial system (e, n € N) and the character system (v,(z),n € N) (van(x) =
= ei”ﬂ(“’)), we have that the reversal map takes the classical real cosine sys-
tem (cos(nz),n € N) into (COS,(x),n € N). Similar statement holds for
(sin(nz),n € N) and (SIN,(z),n € N). Thus these systems can be perceived
as the 2-adic discrete cosine and sine systems.

Addition formulas for 2-adic sine and cosine functions are a result of the
functional equation (2) of the exponential function, and can be derived as in
the real case but resulting slightly different coefficients. We state first that by
x” =xzee” (x €B) and by the distributivity of the 2-adic operations we have
(z J.r y) T =z~ i y~. Furthermore, 2a := a J.r a = aeey, thusa = (a ; a)ee_q,
ande_jee_ 1 =e_5. Now,

cos(z 1 ) = (<<x+y>+<<m Fy))ee=
- (c o) ec))een =
= (I6@) o ¢y +¢@) 0 ) + 6 0 Cly) F ¢a) oy +
T () 0 Cy) = Ca) @ Sy T [CaT) 0 GlyT) = C7) o Cw)] ) @ e =

L]
=cosx ecosy + siny esinz.



Construction of 2-adic Chebyshev polynomials 155

Similarly, sin(x J.r y) =sinzecosy ; coszesiny (x,y € I). Clearly, cosine is
even and sine is odd, that is, cos(z™) = cos(z), and sin(z ™) = (sin(z))~ (z € I).
Thus also holds cos(z * Yy) = cosx e cosy : sinx e siny, and so, by addition
turns out, that

cos(z + y) + cos(x — y) = cosz e cosy e ey.

Thus the 2-adic cosine and sine functions satisfy the so-called d’Alembert
equation and sine-cosine functional equation investigated also in Sahoo[2] and
Staetker[3].

Evidently, we have

L]
cos 2z = cos® x + sin? x, sin2x =sinx ecosx e e,

e = cos(f) = cos® ° gin? x,
cosu + cosv = cos ([u 1 v] e e_1> ® oS ([u z v] e e_1> eel.

Clearly, COS,, is even and SIN,, is odd, that is COS,(z~) = COS, (),
and SIN,(z7) = —SIN,(z) (x € I,n € N). Addition formulas are in this

case also a result of the functional equation vy, (z i y) = vp(z)v,(y) of the

characters:

COS,(z 1 y) = COS, (x)COS(y) — SIN, (z)SINy(y),

COS,(z —y) = COS,(z)COS,(y) + SIN,(z)SIN,(y), thus
COS,(z + y) + COS,(z ~ ) = COS,,(2)COSa(y) (z,y € In € N).
Thus COS,, and SIN,, satisfy the so-called d’Alembert equation and sine-
cosine functional equation investigated for example in Sahoo [2] and in Staet-

ker [3]. We have furthermore: COS2(z) + SINZ(z) =1 (z € I, n € N).

As the inverse function of cos is needed in the chosen construction of Cheby-
shev polynomials, we determine now a set S, on which cos is bijective. It is not
injective on the original domain I, thus we consider its restriction on S and we
determine the range also: ST.

Notation 1. Recall that S := Ir(e —T— e1) =e —T— e1 —T— Ih={x€S : z; =1}
Consider the following sets of bytes

S”::Ig(e):e—T—Hg,:{e—T—t ctelzb={zel : zp=1,21 =22=0},
st 2216((2;63;*65):{1‘6}1 cxg=ax3=x5=1,2y =20 =24 =0} C S,

Sl = Il+2(el + 61+1), Si=e +111 = Il+1(€1) (l S N).
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Theorem 1. a) The function cos takes S to ST. Specially, cos : Scs—stis
a bijection.

b) The function cos takes I to S

Proof. a) If x € S, then 29y = (z 7)o =1l and (z7); =1 —x; (j > 1). Thus
with the notations of (3) and representation (4) we have:

(o)
T lw
cos(z) =bj° e HbJ H Tt ee_; =

bree_; H [6 +zji-1(ej41 "’ djt1) } H [e + (I —zj-1)(ejm1 + d]+1):|

Now, set z := (b;)~! e e; @ cos(z), which is the expression in the huge round
brackets. Let us investigate the digits of z: each of the products belongs to S,

thus the first terms are e —T— e = e1, and the next possibly nonzero digit is z3.
So, we compute the digits from the 3rd to the 8th using the structure (6) of
the base and establishing also the rests ¢; determined by the 2-adic sum:

23+2Q3:$1+(1—$1>:1 = 2z3=1, ¢g3=0
za+2¢a =22+ (L —22) + (d3)a(m1 + (1 — 1)) +g3 =2 = 24=0, g4 =1

1
25 + 2q5 = x3 + (1 — l‘3) (d3)5($1 + (1 — .131)) + (d4)5($2 + (1 — 1‘2))4-
~——
_O =1
+ q4 =3 :>Z5:(J5:1
—

(7)
26 +2q5 = 4+ (1 —24) + (d3)s + (da)s + (ds)s + g5 =4 = 2 =0, ¢s6 =2
N N

=0 =1 -1 =1
274+ 2q7 = x5+ (1 —x5) + [z122 + (1 — 21)(1 — 22)] (e3 @ e4)7 +(d3)7 + (dy)7+
————

always=1 depends on x1,x2 =1

+ (ds)7 + (de)7 + g6
zs =1+ [x123+ (1 — 21)(1 — 23)] +(21, 22) (mod 2)

depends on z1,z3

zp =14+ [zrap—s + (1 — x1)(1 — zp—5)] +o(x1, 22, . . ., 2R—6) (MoOd 2) (K >T).

depends on z1,xk_5
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This computation resulted, that the 1st, 3rd and 5th digits of z were equal
to 1, and the others were 0 until the 6th digit. Thus

COS(m):bl'e—l.(61‘7'63‘7‘65‘7‘&6)26‘7‘63‘7'65‘7‘05/5

with some dg € I7, d5 € Ig. Thus y = cos(z) € St and cos : S — ST.

Computation (7) also implies, that z7 can take either 0 or 1 depending on
x1 and s, and so do the following digits, too, but depending on further digits
of x. Thus setting condition x; = 1, which is the case for = € S, the 7th digit
of z determines x5, the 8th one determines x3, the k-th digit of z determines
k-5 (k> 7), and by an inductive argument follows the existence of a unique
z € S with the required property. Thus to any given y € ST there exists an
zes uniquely such that cosz = y.

b) When z € I'\ S, then only base elements b; of higher indexes (i > 2) will
occur in cos(x), thus the nonzero coordinates except of the Oth are shifted to
the right, so cos(z) € S and (cos(x)); = (cos(z))2 = 0 holds in each case, thus
the image of cos on I is a subset of S%. ]

Notation 2. Let us denote the inverse of cos : S — ST by arccos, which has
domain ST.

We will use the following lemma in the next section.

Lemma 1. f(t) := cos(e_4 @) is a DMSP-function on Sy = Is(eq ¥ es), and
also on Sq \ Sy = Is(es).

Proof. If t € S,, than z = ¢_4 ot € S. Computation (7) implies that if 2 € S
we have for z = (b1)~! e ¢; @ cos(z) recursion form:

zp = Tp—5 + (T2, 23,...,25—¢)  ( mod2) (k> 6)

with some ¢ : A¥=7 — A. As b; €S, b; @ z € S has the same type of recursion,
furthermore follows for y = cosxz = e_; ® by e z the recursion form

(8) Yk = Tp—a + o(T2,23,...,25-5)  ( mod 2) (k=>5)
with some ¢ : A¥=6 — A. As multiplying by e_4 shifts bytes, we have zp_4 =
= (tee_yq)g—a =ty (k € Z). Thus by (8) follows that f(t) = cos(e_4 1) is a

DMSP-function on Sy.

Computation (7) also implies that for 2 € S\'S we have z; = 0 and recursion
zp =1—xp_5 + (22,73, .., Tk—6) ( mod 2) (k = 6)

with some ¢ : AF=7 — A. Thus similarly follows in this case also that f(t)
= cos(e_4 o t) is also a DMSP-function on Sy \ Sy.
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Remark. Similar investigation shows, that sin : S — I3(e + e3) is a bijection,
and a simple recursion yields the digits of y = e_o esinz, thus x — e_o @ sin(x)
is a DMSP-function on S.

Theorem 2. The systems (COSy, COSy,+v/2C08,,4/2C0Ss,...) and
(\/iSINn,n > 2) are orthonormal systems.

Proof. Let n,m € N.

_ 1
/H C0S, ()00, ()du(x) = | /H v (@) o (@) dp () +

—|—i /an(x)vm(x—)d,u(m)+

1 _ 1 - - _.
+1/}IU”($ Yom (z)dp(z) + i/ﬂvn(x Vo (27 )du(z) =:

1
:1@+b+h+u)

Since x — x~ is measure-preserving, Iy = I;. As the system (v,,n € N) is
orthonormal, we have Iy = I} = 0y -

U (2)vm (27) = vp(T)vm(z) = v . () where operation ¥ on Nis defined in
the following way: n Tme= a(a=t(n) T a~'(m)) = ("+m P mod 2). Now,
nim=0on=m=0orn=m=1. Thus, Iy = [ vn(2)vm(z7)du(z) =

In case of (n,m) € {(0,0),(1,1)} we make use of the definition p(I) = 1,
which implies I = I3 = 1, thus [, COS,(z)COS,,(z) = 1. Otherwise I, =
=I3=0and so [;COS,(x)COS,(x) = 30mn.

As [, SIN, (2)SINy,(z)du(z) = $(I1 — Io — I3 + 1), the statement for
(SIN,,n € N\ {0,1}) follows similarly. [ |

3. The 2-adic Chebyshev polynomials

It seems at first sight to have exaggerated in the next two definitions by
using k twice in ¢y, but the first one ensures that the system will be a UDMD-
product system, and the second one belongs to the nature of Chebyshev poly-
nomials.
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Definition 7. Define the 2-adic Chebyshev polynomials of the first kind as the
product system of ¢1,(z) := vor+s (cos[(2k + 1) arccos(z)]) (z € ST, k € N), that
is,
(9) Tu(x):= H [vgr+s (cos[(2k + 1) arccos(x)])]"™* (x € ST,n € N).

k=0
Definition 8. Let us define the 2-adic Chebyshev polynomials of the second
kind as the product system of uy () := vorts (sin[(2k + 1) arccos z]) (x € ST, k €
€ N), that is

(10)  Upn( H Vorts (sin[(2k + 1) arccos(z)])]™* (x € St,n € N).

In order to see the orthogonality, we need first to examine the functions
x + cos((2n + 1) arccos z) and x + sin((2n + 1) arccos ) (x € ST).

Lemma 2. The functions x + cos ((2n + 1) arccosz) (z € S) and z + e3 @
esin((2n + 1) arccosx) (z € St,n € N) are DMSP-functions on S'.

Proof. The first function is obtained by a composition of functions

f1(z) := eq @ arccos(z), fr:8T— S,
fg(x)::(2n+1)~x:x;xl...;x, f2:S4 — Sy
—_———
2n+1 times

f3(z) :==cos(zee_y), f3:S4 — St

The distributivity implies that (2n+1)- (es0y) =eso[(2n+1)-y] (y € B),
thus (f3 0 f2 0 f1)(x) = cos((2n + 1) arccos z) (z € ST).

We have already seen in Lemma 1, that f3 is a DMSP-function on S, and
on Sy \ S4, too. Thus property i) of DMSP-functions results that f; is also a
DMSP-function on ST.

Let us examine f,. With the dyadic expansion n = Z;’ZO n;2' we have
n-x =3y coni(2"-x) =32 n;(e; o z), where the sum is taken in sense 1.
Thus (n-x), = Zf:o n;xx—; (k € N, « € I), which contains zy, if and only if
no = 1, that is, if n is odd. Thus fo(z) = (2n + 1) -  is a DMSP-function on
Su. leen n € N the range of f; is either Sy or Sy \ Su depending on n; € A.

PTroperty v) of DMSP-functions implies that f3o foo f1 is a DMSP-function
on ST. |

Theorem 3. The 2-adic Chebyshev polynomials of the first and second kind
(Tn,n € N) and (U,,n € N) form UDMD product systems, thus they are
complete and orthonormal systems.
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Proof. As for each ¢ € T the system (vgr+s,k € N) is a UDMD-system on
Is(c), we have by property iii) of DMSP-transformations and Lemma 3 that
(tn,n € N) is a UDMD-system on S, which results that (7),,n € N) is a
UDMD-product system on ST, thus complete and orthonormal. (See Schipp-
Wade[5], pp. 92-94.) The proof is similar for the second kind Chebyshev
polynomials. |

Corollary 1. Fourier series of any f € LP(I) (p > 1) with respect to systems
(Th,n € N) and (Up,n € N) converges a.e. to f.

This is a consequence of Theorem 4 in Schipp [6] stated in general for any
UDMD-product systems.

Corollary 2. (C,1)-summability of any f € L*(I) with respect to to systems
(Th,n € N) and (Uy,n € N) holds.

This is a consequence of Theorem 15 in G&t[1] stated for Vilenkin-like sys-
tems, a generalization of UDMD-product systems.

Remarks: 1) Theorem 3 remains valid if we use any proper UDMD-systems
instead of vorte and vor+s (k € N).

2) The 2-adic Chebyshev polynomials of the first and second kind can be
defined also on I by estabhshlng a proper shift operation: S : 1 — ST = I4(e +
+63+e5) S(x) —xoe6+e+eg+e5 Now,

ﬁ(a:) = H [vgrte (cos[(2k + 1) arccos(S(z))])]"™* (rel,n eN),
k=0

Up(z) = H [vgr+s (sin[(2k + 1) arccos(S(x))])]"™* (z € ,n € N).
k=0

Notation 3. Consider shift operations:

S:1—S!, S(z)=xees+etestes

S :S—1, §'x) =[x Tel e1]ee_s.

Definition 9. Define the 2-adic Chebyshev polynomials of the third and fourth
kind by

a1 T, (x) := COS,[S (arccos(S(x)))] (z €l,n €N),

U, (z) :== SIN,[S (arccos(S(z)))] (xel,n>2).
Theorem 4. The 2-adic Chebyshev polynomials of the third and fourth kind
(Tn,n € N), (Uy,,n € N) are orthogonal systems in L*(I).
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Proof. The variable transformation B : x +— S’(arccos(S(x))) is a DMSP-
transformation on I, thus it is measure-preserving. Hence,

(12) [foBdu=[ran  (rer'm),

Let n,m € N*. By (12) and by the orthogonality of the systems (COS,,,n € N),
(SIN,,n € N) follows the statement:

/H Ty ()T (@) s () = / COS,(4)COSm(y)dp(y) = 0 (n 4 m).
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