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x1 ≤ x2 y1 ≤ y2 T (x1, y1) ≤ T (x2, y2) ≤
[0, 1]

TM TP

TL TL(x, y) = max(x+ y − 1, 0)
TD TD(1, x) = TD(x, 1) = x TD(x, y) = 0

TM TD

T TD ≤ T ≤ TM

S
[0, 1] ([0, 1], S)

0
SM SP SL

SL(x, y) = min(x+y, 1) SD SD(0, x) = SD(x, 0) = x
SD(x, y) = 1 SM SD

S SM ≤ S ≤ SD

T (x, x) < x
x ∈ (0, 1) T

T (x, y) < T (x, z) x ∈ (0, 1] y < z
x, y ∈ (0, 1) T (x, y) = 0.

S(x, x) > x x, y ∈ (0, 1)
S S(x, y) < S(x, z) x ∈ [0, 1)

y < z x, y ∈ (0, 1) S(x, y) = 1

x, y > 0 T (x, y) > 0.

U : [0, 1] × [0, 1] → [0, 1]
e ∈ [0, 1]

U(e, x) = x x ∈ [0, 1].

U e ∈
]0, 1[ x→ U(x, 1) x→ U(x, 0) (x ∈ [0, 1])

x = e U



U(0, 1) = 0

U(x, y) =

⎧⎪⎪⎨⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

(x, y), otherwise.

U(0, 1) = 1

U(x, y) =

⎧⎪⎪⎨⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

(x, y), otherwise.

Umin

Umax

Umin

Umax

T S
e ∈]0, 1[

U1(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

1, x = 1 or y = 1;

(x, y), otherwise

e



U1

e ∈ (0, 1)

e ∈ (0, 1)

U1 Umin x = 1 y = 1
Umin

U1

U1(x, U1(y, z)) = U1(U1(x, y), z),

x = 1 z = 1 U1(x, U1(y, z)) = 1 = U1(U1(x, y), z).

U1(y, z) = 1 U1(x, y) = 1,
S(x, y) x = 1 y = 1. U1(x, U1(y, z)) = 1 = U1(U1(x, y), z).

S

TP, SL e = 0.3, x = 0.7 y = 0.8 z = 0.
U1(0.7, U1(0.8, 0)) = 0, U1(U1(0.7, 0.8), 0) = 1.

U1

S

x0, y0 �= 1, U1(x0, y0) =
1. x0, y0 > e. z0 < e, z0 �= 1 U(y0, z0) �= 1.

z0

T S
e ∈]0, 1[

U2(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

1, x = 1, y �= 0 or x �= 0, y = 1;

(x, y), otherwise

e



U2

e ∈ (0, 1)

e ∈ (0, 1)

U2 U1 (1, 0) (0, 1)
U1

U2(x, U2(y, z)) = U2(U2(x, y), z),

x = 0 z = 0

x = 1 U2(y, z) = 0 T
y = 0 z = 0

z = 1 U2(x, y) = 0

TL, SP e = 0.3, x = 1 y = 0.1 z = 0.1.
U2(1, U2(0.1, 0.1)) = 0, U2(U2(1, 0.1), 0.1) = 1.

U2

T (x, y) S(x, y)



min

min

S

T

1

1

e

e

1

1

U1

min

min

S

T

1

1

e

e

1

1

U2

U2(x, y) = 0 x = 0 y = 0
y0, z0 �= 0, U2(y0, z0) = 0.

y0, z0 < e. x = 1

T S
e ∈]0, 1[

U3(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

0, x = 0 or y = 0;

(x, y), otherwise

e

U3

e ∈ (0, 1)

e ∈ (0, 1)

U3 Umax x = 0 y = 0
Umax(x, y)

U3



U3(x, U3(y, z)) = U3(U3(x, y), z),

x = 0 z = 0 U3(x, U3(y, z)) = 0 = U3(U3(x, y), z).

U3(y, z) = 0 U3(x, y) = 1,
S(x, y) x = 0 y = 0. U3(x, U3(y, z)) = 0 = U3(U3(x, y), z).

T

TL, SP e = 0.3, x = 0.1 y = 0.1 z = 0.8.
U3(0.1, U3(0.1, 0.8)) = 0.8, U3(U3(0.1, 0.1), 0.8) = 0.

U3

T

x0, y0 �= 0, U3(x0, y0) =
0. x0, y0 < e. z0 �= 0 U3(y0, z0) �= 0.

z0 z0 > e

z0

T S
e ∈]0, 1[

U4(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

0, x = 0, y �= 1 or x �= 1, y = 0;

(x, y), otherwise

e

U4

e ∈ (0, 1)

e ∈ (0, 1)



U4 U3 (1, 0) (0, 1)
U3

U4(x, U4(y, z)) = U4(U4(x, y), z),

x = 1 z = 1

x = 0 U4(y, z) = 1 S(x, y)
y = 1 z = 1

z = 0 U4(x, y) = 1

TP, SL e = 0.3, x = 0 y = 0.8 z = 0.9
U4(0, U4(0.8, 0.9)) = 0, U4(U4(0, 0.8), 0.9) = 1.

U4

T S

U4(x, y) = 1 x = 1 y = 1
y0, z0 �= 1, U4(y0, z0) = 1.

y0, z0 > e. x = 0



max

max

S

T

0

0e

e

1

1

U3

max

max

S

T

0

0e

e

1

1

U4

U5

U5(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

1, x = 1 and y ≥ a or y = 1 and x ≥ a;

(x, y), otherwise,

T S e ∈]0, 1[ a ∈]0, e[

min

min

S

T

1

1

e

a

e
a

1

1

U5

min

min

S

T1

T2

1

1

ea

e
a

1

1

U5

U5



U5 e

U5 e U5(a, a) =
a.

U5(a, a) ≤ a U5(a, a) < a. U5

U5(1, U5(a, a)) < 1. U5(U5(1, a), a) =
U5(1, a) = 1

U5 e T
T1 T2

T (x, y) =

⎧⎪⎪⎨⎪⎪⎩
a · T1

(
x
a ,

y
a

)
, (x, y) ∈ [0, a]2;

a+ (e− a) · T2

(
x−a
e−a ,

y−a
e−a

)
, (x, y) ∈ [a, e]2;

min(x, y),

U ′5 U ′′5

U ′5(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT2

(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

1, x = 1 or y = 1;

(x, y), otherwise.

U ′′5 (x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT1

(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

1, x = 1 or y = 1;

(x, y), otherwise.



min

min

S

T2

1

1

e

e

1

1

U ′
5

min

min

S

T1

1

1

e

e

1

1

U ′′
5

U5 S

U5 S

U5 Umin

(x, y) a ≤ x < e y = 1, a ≤ y < e x = 1
Umin

U5(x, U5(y, z)) = U5(U5(x, y), z),

a ≤ x < e U(y, z) = 1. U(y, z) = 1 S

y = 1 z ≥ a

y ≥ a z = 1

U5(x, y) =

⎧⎪⎪⎨⎪⎪⎩
(x, y), y > e, y �= 1;

a+ (e− a) · T2

(
x−a
e−a ,

y−a
e−a

)
a ≤ y ≤ e;

1, y = 1,



U5(x, y) ≥ a,

x = 1 a ≤ U5(y, z) < e.
a ≤ y ≤ e a ≤ z ≤ e

z = 1 a ≤ U5(x, y) < e

U5(x, y) = 1 a ≤ z < e

U7

U7(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S
(

x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

0, x = 0 and y ≤ a or y = 0 and x ≤ a;

(x, y), otherwise,

T S e ∈]0, 1[ a ∈]e, 1[

max

max

T

S
0

0e a

e

a

1

1

U7

max

max

T

S1

S2

0

0e a

e

a

1

1

U7

U7

U7 e

U7 e U7(a, a) =
a.



U5(a, a) ≥ a U7(a, a) > a. U7(0, U7(a, a)) = a,
U7(0, U7(a, a)) = U7(U7(0, a), a)) = 0

U7 e S
S1 S2

U ′7 U ′′7

U ′7(x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S1

(
x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

0, x = 1 or y = 1;

(x, y), otherwise,

U ′′7 (x, y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eT
(
x
e ,

y
e

)
, (x, y) ∈ [0, e]2;

e+ (1− e)S2

(
x−e
1−e ,

y−e
1−e

)
, (x, y) ∈ [e, 1]2;

0, x = 1 or y = 1;

(x, y), otherwise.

max

max

S1

T

0

0e

e

1

1

U ′
7

max

max

S2

T

0

0e

e

1

1

U ′′
7

U7 T



U7 T

U7 Umax

(x, y) e < x ≤ a y = 0, e < y ≤ a x = 0
Umax

U7(x, U7(y, z)) = U7(U7(x, y), z),

e < x ≤ a U(y, z) = 0. U(y, z) = 0 T

y = 0 z ≤ a

y ≤ a z = 0

U7(x, y) =

⎧⎪⎪⎨⎪⎪⎩
e+ (1− e) · S

(
x−a
e−a ,

y−a
e−a

)
, e ≤ y ≤ a;

(x, y), 0 < y < e, y �= 1;

0, y = 0,

U7(x, y) ≤ a,

x = 0 e < U7(y, z) ≤ a.
e ≤ y ≤ a e ≤ z ≤ a

z = 0 e < U7(x, y) ≤ a

U7(x, y) = 0 e < z ≤ a






