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Abstract. Some orthogonality relations are proved for the continuous
wavelet transform.

1. Introduction

It is well-known for Fourier transforms that (f,g) = <f, §> and || fllz =

= Hﬂ‘ , where f,g € La(R) (see e.g. [4] or [8]). The analogous result can also
2

be found in the literature (e.g. Chui [2], Daubechies [3] or Grochenig [5]) for
continuous wavelet transforms,

——dxd
//Wmfl(xvs)Wng?(xvs)#:091792 <flaf2>7
R JR s

where

Cgl,gz = /R.é\l(s)g\?(s)i

5]

and W, f denotes the continuous wavelet transform of f € Ly(R) with respect
to a wavelet g € Lo(R). However, the proofs are incomplete and superficial.
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Usually the following fact is used: if £ : X — Y is a linear operator between the
two Banach spaces X, Y and ¢ : Xy — Y is bounded, then £ is also bounded
from X to Y, where Xy C X is dense in X. However, this is not necessarily true
(see Meyer, Taibleson and Weiss [6], Bownik [1] and also Weisz [7]). In this
paper we give an exact proof of the orthogonality result for continuous wavelet
transforms.

2. The continuous wavelet transform

Let us fix d > 1, d € N. For a set Y # () let Y be its Cartesian product
Y x ... x Y taken with itself d-times. For # = (z1,...,24) € R? and u =
= (uy,...,uq) € R? set

d d 1/r
u-x = Zukxk and x| == (Z |:vk|r>
k=1 k=1
with the usual modification for r = oo.

We briefly write L,(R?) instead of L,(R%, \) space equipped with the norm
(or quasi-norm)

1/p
= ([ lrran) © 0<pzo0)

where A is the Lebesgue measure. A function f is in the space Lp(IRd“7 s74=1d)\)

ifford=1
dxr ds Yp
Iz, 2 s-2an) 7= (/R/RU(JU’S)I’ 52 ) <0

and for d > 1

o dzds\ /P
||f||LP(Rd+1,S—d—1dA) = </0 /I;d |f($75)|p gd+1 > < 0.

Of course the space L,(R4*! s721d)) is a Banach space.

The Fourier transform of a tempered distribution is denoted by f If f e
€ L1 (R?) then

fla)= | f)e*=dt  (zeRY,
Rd
where + = v/—1. Translation and dilation of a function f are defined, respec-

tively, by
T, f(t) = f(t—=z),  Dsf(t):=|s|""?f(s™"t),
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where ¢,z € R%, s € R, s # 0. In this paper we will investigate the continuous
wavelet transform. The continuous wavelet transform of f with respect to a
wavelet g is defined by

Wof (@)= 1542 [ pOaGTT =2 de = (1. 72D

(z € R%, s € R, 5 # 0) when the integral does exist.

Plancherel’s theorem is well-known for Fourier transforms: if f,g € La(R),

then R
(o =(Fg) and 7l =||7] -

In the next sections we will consider the analogues of these results for continuous
wavelet transforms. Since the proofs of the analogues are superficial in the
literature, we will give their exact proofs.

3. Orthogonality results

In this section we present the one-dimensional results.

Theorem 3.1. Suppose that g € L1(R) N LQ(R) and

(3.1) ¢,:= [ fa) |—

If f € Ly(R), then
dxd
| [ s S5 =yl

Proof. It is easy to see that
Wyf(z,s) = (f x Dsg") (),

where L

9" (y) = g(-y)
is the involution. By Young’s inequality W, f(-, s) € La(R) for each fixed s # 0,
because

W Cos)lly = 1( * Dsg®) Olla < 11l 1Dsg™ Il = I 1711z llgll -

So we can take the Fourier transform of Wy f(-, s) in the first variable for each
fixed s # 0:

— ~

Wy f (@, 5) = F(@)Dyg* (@) = Is|'/? Flw)g* (sw) = |s]"/* Flw)glsw).
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Substituting ¢ = sw in the inner integral, we can see that

N ds =R dt
/mMW—zﬁmW—z%
R |s| R ||

which proves the theorem. |

By Plancherel’s theorem

dx d
| [imsaor “5

ds
2
2 ds

I
\\\\

Usually a similar proof can be found in the literature (see e.g. [2, 3, 5]),
however, the theorem is stated for g € Ly(R). The preceding proof does not
show the result for all g € Lo(R) with Cy < co. More generally, suppose that
X and Y are two Banach spaces, Xg C X is dense in X. If a linear operator ¢
is defined on X and ¢ : Xg — Y is bounded, then ¢ is not necessarily bounded
from X to Y (see Meyer, Taibleson and Weiss [6], Bownik [1] and also Weisz

[7]). Of course, the unique extension of ¢| is bounded from X to Y, however,

Xo
it is not sure that the extension is equal to £ on the whole X. Now we prove
the preceding result for all g € Ly(R) precisely.

Theorem 3.2. If g € Ly(R) with Cy < 0o and f € Lyo(R), then
dx ds
(32) | [ Wator S5 = ol

Proof. Supposing that f € L1 (R)N Ly(R), we can repeat the preceding proof
to obtain (3.2), where g € Ly(R) with Cy; < co. Let us fix such a function g
and consider the linear operator

T(f) =Wy f (f € Li(R) N L2(R)).

Then by (3.2) T is bounded from the space (L1 (R) N L2(R), ||-||5) to the Banach
space Lo(R?, s72d)\). Since L1(R) N Ly(R) is dense in Ly(R), we can extend T
to the whole Ly(R) space uniquely. Let us denote this extension again by 7.
From this it follows that

(3.3) T(f) = lim T(fn) in Ly(R?, s72d\)-norm,

n— oo
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where f,, € Li(R) N Ly(R), f € La(R) and f = lim,_ fr in Lo(R)-norm.
This implies

||T(f) ”Lz (R2,572d\) nh—>Héo ||T(.fn) ||L2 (R2,572d))

= G tim || fulls = C/2 | £
We have to prove only, that T'(f) = W, f for all f € Ly(R). Notice that
(Wof(x,s) =Wy fn(z,s)l = [(f = fa; TaDsg)l < IIf = fullo gl = 0

almost everywhere, i.e.
nh—>H;o T(fn) = nh_}n;o Wy fn=Wyf a.e.
This and (3.3) complete the proof. ]

We can easily give conditions such that (3.1) is satisfied. If g € Lo(R)
and g = 0 on the interval (—¢,€), or |g(w)| < Clw|* on (—¢,€) (e, > 0),
then Cy is finite. If g € Li1(R) N L2(R), then g is continuous, so (3.1) imply

= fR g(z)dx = 0. If this condition is satisfied and we impose a slightly
stronger condition than integrability on g, namely

/R (1+ [2]) |g(@)] de < oo,

then |g(w)| < C'|w|, hence C is finite.
Now we formulate the preceding result for the scalar product of two wavelet
transforms.

Theorem 3.3. Suppose that g1,g2 € L1(R) N L2(R) and
=N~ ds
Corani= [ FOIR) T
R s

is a finite number. If f1, fo € La(R), then

/ (/ W!hfl €, S fg(:(: 8)d$> ? Cghgz <f17f2>'

Proof. As in Theorem 3.1,

[ ([ o i) & =
_ /R(/R <f1*psgr>(x>wsg;)(m)dx) is

/R (/ (7% Dugi) @)(fa+ Dugs ) (@) dw) o

/(/ s fi(w gl(SW)fQ()gde)dQ
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By Fubini’s theorem

/(/%ﬁx@mmmmm>

“’w\ oy

which proves the theorem. |

The preceding result is stated often for all g1, g2 € La(R). However, in this
case we have to suppose that Cy, < oo and Cg, < 0.

Theorem 3.4. Suppose that g1,92 € La(R), Cy, < 00 and Cy, < oo. If
f1,f2 S LQ(R), then

B4 [ Wah i) “ = Coun U fo).

Proof. By Hélder’s inequality Cj, 4, is a finite number. We can see as in
the previous proof that (3.4) holds for all fi, fo € L1(R) N La(R) and g1,92 €
€ Ly(R), Cy, < oo and Cy, < co. Here we can apply Fubini’s theorem, because
Wy, f; € La(R?,s72dX) (j = 1,2) by Theorem 3.2.

Let us fix the functions f, € L1 (R)NL2(R) and g1, g2 € L2(R) and consider
the linear operators

D= [ W e W ales)

(f1 € La(R))

and
Ur(f1) = Cyy 4, (f1, f2) (f1 € L2(R)).

‘We have seen before that

Ti(f1) =Uu(fr)  (fi € Lu(R) N La(R)).

By Hélder’s inequality U; is a bounded functional from the whole Lo(IR) space
to C, and because of Theorem 3.2, the same holds for 73. By the unique
extension theorem U; = T1, i.e., (3.4) holds for all functions fi, g1, g2 € L2(R)
and f2 el (R) N LQ(R)

Similarly, for fixed f1, 91,92 € La(R) consider the linear operators

~ [ [Wohie s Wa s B (2 € La(®)
RJR
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and
Us(fa) := Cy, g,(f1, f2)  (f2 € L2(R)).

We can show as before that Us = Tb, hence (3.4) is satisfied for all functions
fi,f2,91, 92 € La(R). [ |

4. Higher dimensional results

In this section we formulate the analogous theorems of the preceding section
for higher dimensions. A function f is radial with respect to the norm || - ||,
(briefly r-radial) if there exists a one-variable function 7 such that f(¢) =
= n(||t]l»). If r = 2 we call the function simply radial. If g; is r-radial, then let

pj(llll) == gj(x), j = 1,2 and

° ds > ds
C,, = / P L Cp = / (s pia(s) 2.

S S

This yields that

[ Feme = /w§< ||5||)9<||ww||)d
= [ o T

for almost all w € R?. The following results can be proved as in the one-
dimensional case.

Theorem 4.1. Suppose that g € Lo(R?) and § is an r-radial function such
that C, < co. If f € La(RY), then

o o dxds 5
| L wassr S = e

Theorem 4.2. Suppose that gi,go € Li(RY) N Ly(R?) and g1 and g are
r-radial functions such that Cy, 4, is a finite number. If f1, f € L2(R?), then

/OO (/ ngfl(l‘,S)Wngg(.’E,S) dl‘) % = 0917!]2 <f17f2> .
0 R4 S

Theorem 4.3. Suppose that g1, 92 € Lo(R?), § and 4 are r-radial functions
such that Cg, < 00 and Cy, < co. If fi1, fa € Ly(R?), then

drd
| [ Wil 5] S5 = Con £
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