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Abstract. We constructed the asymptotic formula over the ring of the
Gaussian integers for summatory function of the divisor function ds(w)
in an arithmetic progression N(w) = ¢ (mod ¢) which is non-trivial for

€

qém%’

1. Introduction

Let Z[i] be the ring of Gaussian integers and k > 2, k € IN. We define the
divisor function 7 (w), w € Z[i] as the coefficient of N(w)® in the Dirichlet

series
Z"(s) = * T(w) , s > 1.
(w)?
(Here, as usually, N(w) = |w|? is a norm of a Gaussian integer w, Z(s) is the
Hecke Z-function).
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The main point of this paper is to consider the case k = 3 and to construct
an asymptotic formula of the sum

Diwtg)= Y mla), (1<l<q (Lo =1)
N(w)=¢ (mod q),
N(w)<z

in particular to investigate the ranges of ¢ and x for which this formula is non-
trivial.

The similar problem was considered over Z in the works of Deshoulieres
and Iwaniec[3] and Heath-Brown[4]. Over the ring of integer elements of the
quadratic extension of @ in [6] it has been obtained an asymptotic formula for

Ti(z,wo,7) = Z Tr(w), (wo,y € Q(Vd), de7),

w=wo (mod v),
[N (w)|<=z

where v is a fix integer from Q(v/d).

In rational case Deshoulieres and Iwaniec and also Heath-Brown used Delig-
ne’s bound for the k-fold Kloosterman sum to estimate D3 (z; ¢, q).

In our paper we use the norm Kloosterman sums for which it is obtained a
non-trivial estimate (see, section 3). This let us to construct an asymptotic for-
mula for D3(x; ¢, q) over Z[i] that can be applied for investigation of asymptotic

behavior for the sum
> (N (w))7s(N(w)).
N(w)<z

Notations. We denote G := Z[i] the ring of the Gaussian integers
G = {a+bi|a,b,€ Z,i* = -1}.

For the designation of the Gaussian integers we shall use the Greek letters
a, B, v, & n; a Gaussian prime number denote through p if p & Z. For o € Z[i]
we put Sp(a) = a+a = 2R(a), N(a) = a - @, where @ denotes a complex
conjugate with a; Sp(a) and N(a) we name a trace and a norm (respectively)
of a from Q(7) into Q.

The writing a € Z4( respectively, a € G,) denotes that a € Z( respectively,
a € G) and a (respectively, o) runs a complete residue system modulo ¢ (mod-
ulo 7). Analogous, a € Z;( respectively, a € G) denotes a € Z(respectively,
a € G) and runs a reduced residue system modulo ¢ (respectively, modulo 7).

The writing > denotes that the summation runs over the region C' which
5(€)
describe extra.
For A€ N (or a € G) put v,(A) = a, (or vpe) = a) if p?||A (or p?|a).
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Moreover, exp (z) = €%, e4(2) = ™4 for ¢ € IN; the Vinogradov symbol

as in f(z) < g(x) means that f(z) = O(g(z)). The abbreviations "e4(-)” and

7e 2% ” are equal and use depend on the length of certain formula.

For z € Z (respectively, z € G), (z,p) = 1 let 2=! be the multiplicative
inverse modulo p™.

The signs Z and H* mean that the summation (product) conducts by all
the non-associated integer (respectively, prime) Gaussian numbers.

2. Preliminary results

We begin this section with a few background definitions and facts.

Let ¢ be a positive integer, ¢ > 1, and let x, be a Dirichlet character
modulo q. Determine the function x on the ring of Gaussian integers G as
x(a) : G = C, x(a) := xq(N(e)) for any o € G. It is clear that x is a
character of the group G7.

Lemma 1. Let ¢, g be the positive integers, ¢ > 1, £ £ 0 (mod q), and let
J(¢,q) denote the number of the solutions of 2> + y?> = ¢ (mod q). Then we

have
vp ((4,p*))+1 _ a+1
st =plea T {1- 22 at) |
p*llq p
p is odd
1 a—1
+ <1 — p> Z X4(pa7b) ,

b=a—vp((£,p%))

where

1 if qisoddorg=2 (mod4);
1 if ¢=0 (mod4), va(f) > va(q) —2;

2 if ¢q=0 (mod4),¢-2772() =1 (mod 4);

0 if ¢g=0 (mod4), ¢ -2772() =3 (mod 4),
moreover, the sign ' in production || denotes that if v,(¢) > vy(q) then an

appropriate multiplier in this production have to be substituted on 1+ (1 — %) X

a—1 b
x > xa(p*™).
b=0
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Proof. The statement of Lemma follows by multiplication at g of the function
J(¢,q) and the equation

J(&pa):; 3 Y e (e 42— 0)

z,yEZpa z=1

with the subsequent application the formula for the square of Gaussian sum

Glhp) = % ep(ha). .
QCEZPG,

Lemma 2. A non-principal character x4 produces a non-principal character x

if ¢ Z0 (mod 4). For ¢ =0 (mod 4) it has only one non-principal character

Xq producing the principal character xo of group Gy.

Proof. Using the standard representation of a Dirichlet character, it’s enough
to prove only the case ¢ = p™, p is a prime number. Every rational number a
has a norm in Q(i) that equal to a?, and hence, x(a) = x,(a?), and therefore
the equation x(a) = 1, (a,q) = 1 can be hold only if x,(a) = £1. Consequently,
only the real characters x, can produce the principal character xo. The basic
modulo of the Dirichlet character is an equal to 2" P, where m = 0,1, 2, 3,
and P = 1 or is a square-free odd number. So we should consider only the
case of real characters with the basic modulus 2, 4, 8, p. If p > 2 be a prime
number, for every b € Z, b is a quadratic non-residue mod p, there exists
«a € G such that N(a) = b (mod p) (see, Lemma 1), and hence, for only one

non-principal real character x,(z) := (%) ((%) is the Legendre symbol) we

have x(a) = xp(b) = —1, i.e. x is a non-principal character.

For the modulo 2 we have only the principal character. For the modulo
4 a non-principal character x4 generates the principal character x (because
N(a) = 1 (mod 4) if (N(«),p) = 1). At last, modulo 8 we have only one
the non-principal character xs which inducing y4. So, if ¢ Z 0 (mod 4), only
the principal character x40 produces the principal character xo, and for ¢ =0
(mod 4) we have only one character x, inducing the principal character xo.
That completes the proof of lemma. |

Lemma 3. Let p > 2 be a prime number, ai, as, b1, bs,c,m € 7,
(a1,b1,a92,b3,p) =1, m > 1. Then for the exponential sum

S = Z epm (a1 + a2y + bix? + boy? + pexy)
w,yEZ;m
we have

pmepm (Arar + Agas + Biby + Babs + Cic) if m is even,

m+

p 2 lepm (C’lal + CQCLQ + D1b1 + D2b2 +€QC) Zf m is odd
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where A;, B;,C;,D;,C; €7, i=1,2.
Proof. First, we suppose that m = 2n. Putting

r=1z0+p"u, y=1yo+p"v, 20,Y0 € ZLipn, U,V € Lipn
we infer

S = Z ep2n (@120 + azyo + b1xg + bayg + peroyo) X
Z0,90€%n

X Z epn (a1t + agv + 2(bruxg + bavyo) + cp(uyo + vxo))
w,VELpn

The summation over u, v shows that the inner sum vanishes if at least one of
congruence

a1+ 2b1zo + pcyo =0 (mod p™)

(2.1) \
as + 2bayo + pcxo =0 (mod p™)
violates.
Since (a1, as,b1,be,p) = 1 we have only one pair (zg,yo) € Z;mz such that
(2.1) holds.

Thus we have
S = p*eyen (a1T0 + asyo + b1 + bayg + pexoyo).

moreover, &g, Yo are linear combinations at ay, as, b1, b with the coefficients
from Zp2n.
Now let m = 2n + 1. Putting

=0 +p"u, y = yo +p"v, T0,Y0 € Zipn, U,V € Lipn+1,

modulo p?**! we have

2?2 = 2 4 2p"xou + p*u?,

y® = yp + 20" yov + p*"0%,

zy = oyo + P (Tov + you) + p*ruv,
and hence,

arwg+asyo+biad+bayd+rezgug

S = E e p7n X

Zo 1y0€Z;n

ajutagv+2(bjzgutboygv)+p™(by u2+b2 v2)+pc(m0u+y0u)

pn+1
X E e pnt1

u,v=0
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The inner sum does not turn into zero only if

(2.2 peo +ay + 2y =0 (mod p")
. peyo + a1 +2bix0 =0 (mod p”).

From (2.2) it follows that there is only one pair (zg,yo) € Zzzz"*l for which

zo = —ay1(2b1)" + pXo,

mod p").
Yo = —az(2b2)" + pYy ( P")

In such case the inner sums over u and v are the Gaussian sums (mod p"T1).
Consequently, we obtain

m+

S=p"2 eym(Dixo + Dayo + Er2§ + Eayg),

where D;, E; are the linear combinations at a1, as, b1, by with the coefficients
from Zp2n+1 . |
Now, we remind the some necessary information about the Hecke Z-function.
Let 60,01 € Q(x) and let s € C, Rs > 1. We define the Hecke Z-function
by the absolute convergent series

6477% arg w

an(s; 60, 51) = Z Wezﬂ—im(‘slw)7

where g, 1 € Q(i), m € Z.

In the case m = 0, §o = 6; = 0 we write Z(s) instead Z(s;0,0).
Lemma 4. Form # 0 or m = 0 and 01 is not a Gaussian integer, Z,,(s; o, 01)
is an entire function. If m = 0 and 6, € G, the function Z,, is a holomorphic
except as s = 1, where it has simple pole with a residue w. Moreover, the
functional equation

75T (2|m|48) Zin (5500, 61) = 7~ I (2|m|+1—5)Z,, (1—s; 61, —dp)e~ 2% (0,00
holds in all the cases.

For the proof in the case dg = §; = 0 see[5]. The proof in other cases is
similar.
Corollary 1. In the domain —%3 < Rs = 0 < 2, |Ss| = [t| > 3 the following
estimates hold:

log* (m? + 1?) if 1<0<2;
(m? +12)%5" log" (m? +12)  if L<o<l;
Zm(5;0,0) <

19—-320

(m? +t2) " 18 log4(m2—|—t2) if OSOS%;

(m? + )12 if —i1<o<o0.
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This assertion follows from Lemma 4, an estimate Z,,(s,0,0) on half-line
(see, (6.16), [1]) and the application of the Phragmen-Lindel6f theorem for an
analytic functions in the strip —i <Rs < %

3. Norm Kloosterman sums

Let ag,...,a, € G, g > 1 be a positive integer.
Denote,
~ ~ (@0t tantn
(3.1) K, = K,(ap,01,...,00;q) = Z 2% a ),
5(0)

where C':= {{€Gy, i=0,1,...,n, N(&---&) =1 (mod q)}.

K,, we will call the n-fold norm Kloosterman sum.

It’s easy to check that for q1g2 = ¢, (¢1,¢2) =1
(32) I?n(OLOv ceey Qg q) = [’En(aoq/Qa ) O‘naév (11) : I?TL(OLOQIM ce 7anq/11 q2)7
where 1} =1 (mod ¢2), 295 = 1 (mod ¢1). _

This property reduces our problem to compute K, (ag,...,a,;q) for prime
power modulus ¢ = p™.

For a prime number p and the Gaussian integer o denote

(3.3) ro = max(p’||a) = min(v,(Ra), vp(Sa)).
T
In order to estimate I?n(ao, .oy ap;p™) it is sufficient to study the case
min(reg, .-y 7a, ) = 0,
i.e. at least one from ag,...,a, does not divide on p. But then, putting

aj =a;+1b;, j=0,1,...,n, we have GCD(ao, ..., an,bo,...,bn,p) = 1.
We consider the case n = 2.
First, we assume that m = 1.
Let p=1 (mod 4).
Denote §; = x; +1y;, = 0,1,2. Then from (3.1) it follows

(3.4) Ky = Z ep(aozo + a171 + azr2 — boyo — biy1 — baye),
5(0)

2
where C := {xj,yj €Zy: [1(23+yj) =1 (mod p)}
7=0
Let &g be a solution of congruence 22 = —1 (mod p).
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Put for every j =0,1,2
U; = x;j + oYy, Vj = T; — EoYj-
In view of §; € Gy it follows that N(§;) = :c? + yj2 # 0 (mod p) and thus
ujv; = x5 +y; #0 (mod p). Hence, u;,v; € Z7.
Furthermore, z; = 2'(u; + v;), y; = —2'eo(u; — v;), where 2-2" =1

(mod p™).
Consider three cases:

(i) a; #Z0 (mod p), j =0,1,2;
(ii) ap =0 (mod p), a1 0, ag £ 0 (mod p);

(i) ag = a1 =0 (mod p), az Z0 (mod p).

For the first case we have

2

Ks(ag, a1, 00;p) = Y e | Y (Aju; + Bjvy) |
s \yj=o

C:=quj,v; €2, j=0,1,2 Hujv]fl (mod p)
7=0

It is obvious that A; = 2'(a; +€0b;) (mod p), B; = 2'(a; —eob;) (mod p), and
hence, A;B;j = 4'(a5+b3) = 4 N(a;) (mod p). But then (4;,p) = (Bj,p) = 1.
By (3.5) and the estimate of P. Deligne[2], we have

(3.6) K| < 4p?.

For the second case we obtain

2
fN{z(OémOélaOQ%P): Z Z ZAuJ+BUJ ;

uo,v0€Z3 S(C) =

where

C:=quj,v; €2y, j=1,2; Hujvj = (upvo)’ (mod p)
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For every collection of (ug,vg) (it is (p — 1)? such collections at all) we have

the norm Kloosterman sum K; (which has been estimated in [9]). Thus, in the
case ag = 0 (mod p), we obtain

(3.7) K5 (0, a1, 0;p)| < 2(p — 1)%p? < 2p7.
At last, in the third case, we find at once
38 K00l <o-Dimx| X (D) <ut

Let now p = 3 (mod 4).
In this case G, is a finite field Iz, |G,| = p*.
Moreover, for any u,v € Z

(u+ i) =uP —iv? =u—iv (mod p),

and so 2R(u + iv) = T'r(u 4+ iv) (mod p), where T'r(-) is a trace from IF)2 into
F,.
So, the investigated sum Ky coincide with the sum

sve) = X e (w0 ) =1,

Xev; p

2
where o = (ap, a1, 2) € ]Ff’)Q, X = (z1,22,23) €Fp, - X = Zoaixi, V1 is an
i=
algebraic manyfold produced by a polynomial xoz1x2 — 1 over IF2.
Hence, applying to above the result of P. Deligne, we obtain

1S2(V, )| < (n+1—0)(p?) 5+,

where ¢ is a number of a; under condition o; =0 (mod p).

Moreover, from the representation S2(V,a)) by way of characteristic roots
of the Riemann zeta-function of algebraic manifold over finite field we conclude
S2(V,a) ~ 3S5(V,a) and thus we have

(39) Rl < 33+,
The case p =2, m =1 is trivial.

Let m > 1.
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There is no loss of generality in assuming that ag fp. Thus it follows that
<a07b07p) =1. _
Let &y = xg + iyo. By the definition of K5, we may write

_ 2 1 p™m—1
Ky= ) epn | D Rai&)—0 > e (B(N (&, 616) — 1)) | =
€, €Gym §=0 L
(3.10) =012
2
Zep N(&o€a€2) = 1) + Y (a0 — 0;3¢)) |
7=0
where

C:= {kEme, é-] GGpm, j:O71,2}

Note, that the summation over k in (3.10) gives zero if N(&;), N(&2) are not
coprimes to p.
Therefore, we have

2
p—1 k((wgﬂgw(sl)N(sz>—1>+j§0<aj RE;—b;SES)

Fampm X3 % e

p £1,62€Gym k=0 z0,y0€Zpm

Now, taking into account that the summation over xg (or yg) gives zero if k =0
(mod p), we deduce

Fom 3 (k) 3 e (Rlaas + a2a)) %

p - .
(311) k:Eme 51,£2€Gpm
XY epn(F(k,E)),
Z0,Y0E€Zp

where F(k, &) = kN (&1&) (23 + y2) + aozo + boyo-
The inner sum over xg, yo in (3.11) is the product of two classical Gaussian
sums, and, hence

D e (kN (&&) (a5 +y5) + aozo — boyo) =
(3.12) ©0,Y0 €EZpm
p—1
= epm (—(4kN(&162))" - (af +b3))(=1) = p™.

(Here, as always A’ denotes the multiplicate inversive for A modulo p™ if
(A,p) =1). _

We continue the calculation of Ks.

From (3.11), (3.12) we infer

(3.13) Ko= Y (-D)"T epu(=k) > epn(Fi(k,9)),

k€Zym £1,62€Gym
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where
2

Fi(k,&) =Y (a;RE; — b;3¢;) — 4K (af + )N (L1&)-

7j=1

Put mq = [%}, §j =1j +pm‘Cj, n; € G;m, Cj S Gpmfml,
(314) nj =T; +iyj, Cj = Uj —|—ivj, Tj,Yj (S mel, Uj, Uy e me—ml, ] = 1,2
Then

(3.15) N(&)' = N(n) (1 = 2p™ (zju; + y;05)N(G;)).
Consequently, by (3.13)-(3.15), we obtain

Ko= > enRII| > e ®lam))x

kEZ;m wj,ijmel
(3.16) (25 +y3 p)=1

X Z epm(FQ(k’x7y)) 9
Uj,Vj GZp'mf'ml
where
F2<kaxa y) = HO +pm1H17

Hy = 4'K'(af +5) (21 + 1) (23 +y3)) == 4K/ (a§ + b5) D,
(3.17) 9

Hy =Y (=2'K(ag + b3) D(wju; + y;v;) + ajuj — bjvy).

j=1
The summation over u;, v; in (3.16) gives zero if it disturbs at least one of

the congruences

2ka; — D(ad +b3)z; =0 (mod p™~—™)
(3.18) ,j=1,2
2kb; + D(a3 +b3)y; =0 (mod p™~™)

If (3.18) holds, then the summation over u;, v; gives p2(m=—m1)
Let min (74, ,7a,) = 0 (see, notation (3.3)). In such case we have (a1, az, b1,
by, p) = 1. Let (ay,p) = 1. From the congruence

kay — D(a2 + %)z =0 (mod p)

it follows that (x1,p) = 1 and D(a2 + b3) = kajz; (mod p™~™). Thus from
(3.18) we infer

(3.19) To = ajagxy, Y1 = —aibiwy, y2 = —ajbex; (mod p™ ™).
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By (3.16), (3.17), (3.19) and Lemma 1, we lead the estimate for K, to an
exponential sum over k.

(3.20) Ko <pP™ | N epm(—k+ AK)| < 2pF.
keZ;m

In the case min (r4,,7a,) = r > 0 the system (3.18) has no solutions under
assemption (23 +y7,p) = 1, j = 1,2 and, consequently, the sum Ky is zero.
The same estimates hold for Ky if p=1+1.
So, we proved our statement.

Lemma 5. Let ag, a1, ag be the Gaussian integers, min (T'ag, TaysTas) = 0,
and ¢ > 1 be a positive integer, ¢ = q1q2, (q1,q2) = 1, q1 is square-free, g2 is
square-full.

Then

Ks(ap, a1, 00;q) = Ko(Ga, a1y, 22Gs; q1) - Ka(wGy, 01Gy, @275; G2),

moreover,
| K2 (00, 01T, 0203 q1)| < 29000 HP%HP(M’QZ)a
pla1

where

0 if 7o, =7a, =0;

lp(ar, ) = 1 if 1o, =0, ro, =1;
2 Zf rocl = rOéz = a
3
39(@2) g2 if min (1o, ,7a,) = 0
| Kooy, ony, 0015 g2)| < Jor all plas;

0 else.

4. Main results

First we will suppose that (¢,¢) = 1 and ¢ is a norm residue modg.
For Rs > 1 we denote

(1.1) Flstia) = Y 20,
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where C': {a € G: N(a) =/ (mod q), N(a) < z};

A(0)
s’

(42) F*(Svgv(J) = F(s;ﬁ, q) -

where

It is clear, that
(4.3)

F(s;4,q) = Z Z(s;?,O)Z(s;?,O)Z(s;f’,O) N(q)~3.

a1,az,a3€G]
N(a1,az2,a3)=L(q)

Hence, be a simple generalization of the well-known Perron’s formula for
the Dirichlet series on an arithmetic progression (see,[8] ) we have

c+iT
1 " x®
T(x;4,q) = o zz:( ) )73(04) =9 / F (S5E,Q)?d5+
)= mo .
(44) N(Q)Sx q c—1iT

+0 (g1 ) + 06

where ¢ > 1, 1 < T < x are the parameters to be chosen later.
Now we obtain by moving the path of integration to the line s = —b,
b> 0,

T(x;t,q) = > T3() = (ggﬁgg) (F*(s;ﬁ, q) m) +

B
N(a)=¢ (mod q)

N(a)<z
. —biT ) c+iT
x® x®
— F*(s:0,q)ds + — F*(s;0,q) > ds—
(45) tor | PletoTass s [ PstgTs
—b—iT —b+iT
1 c—iT
1;8 IC
- — F*(s;4,q)—ds+ O | ————— O (z°).
2mi / (55 ’Q)s st <Tq(c—1)3>+ (%)
—b=iT

For the calculation of integrals in (4.5) we consider the function F*(s;¢,q)
in the strip —e < Rs < c.
It is obviously that

(4.6) |F*(c+it; £, q)| < > () ¢ (6> 0).
N(a)=¢ (mod q)
N(a)>q
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On the line Rs = —e we apply the functional equation for Z(s;d,0) and
then obtain

(4.7)
6s
3(1—s)
Fs;t,q)=n3 (1) —=—%
(87 aq) ™ <q> 1—\3(5) X
3
1as AL
X Z Z eq | R Zajwj N(wywaws) ™+ —%.
ap,az,a3€Gq  wi,w2,w3€G =1

N(arazaz)=L (q)

By the absolute convergence of the series at w1, wy, ws we may write

6s n3/q1
F*(s;,q) = m° (7;) Fd-s S)x

3(s)
(4.8)
x Z Z N(w)—1+3 Z K2(w1,w2,uow3;Q),
6eG weG wi,w2,w3EG
5|q (W7(I):6 wWiwows=w

where N(up) = ¢ (mod q).
Putting 6 = 610203 and w = dw’ = d1w]dawhdswh and applying Lemma 6 we
have for s = —¢ + it:

3

31— ) are
( 5) <<q576521/(q)(|t|+3)d+65.

4. F*(s: 768+§2u(q)
(4.9) (s;l,q) <q 72 T9(s)

Hence, by (4.6)-(4.9) and the Phragmen-Lindel6f theorem we infer for —e <
<Rs<c, [3s] 23

(4.10) F*(s;4,q) < q% It e )
Thus trivially we have
ctiT .
(411) / F*(S,E, q)gds < q%—652l/(q)T2+6b+ Jljib.
b+iT s Tq

Moreover, by Stirling’s formula and a simple transformation, we obtain

| T .
= [ F*(s;4,9)%ds =
—b=iT

(4.12) L
T % N e (30 (T (22) 7)),

Slg wel
5€G (w,q)=4
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where

dw)= Y Ko(wi,ws,uows;q), (N(ug) =€ (mod q))

Wlwowz=w

(4.13) T Ver

T
% L_/tQ"‘Gb (y—%eit(logt—l) + y%e—it(logt—l)) g(t)dt—l—
2mi
To

+O (T30
where y = ”—G(xN( ), To > 1 and will select later.
In the last integral put t = yst1, f(t) = t(log i% —1) = ysty(logt; —1).
Since, f/(t1) =0 only if t; = 1, and f"(1) = yyé > 0, we conclude, that the
integral J(w) has only one stationary point t; = 1if 1 € {y_%TO, y_%T]
Hence, for N(w) >

an integration by parts yields estimate

71'17

N -1
(4.14) J(w) < y P min (Tg%b,THGb log ( (w)x) ) logT.

T646

For N(w) <
1.4, p.162) we deduce

(see, [7]: Theorem

(4.15)

+ 19) (T2+6b) + 9] (Tg+6b)

with the absolute constants a1, as in symbol 7O”.
So, to sum up, we have obtained from (4.4), (4.5), (4.11)-(4.15) the following
relation

(W)~
T(x:0,q) = (res rgS)< (s:£.9) ) > (ﬁ-
s=1s=0 0eG (w,q)=6 2m
3lg N(w)<X

. m  7mw/zN(w s 5
(4.16) sin (4 - q()> ((]g(wN(w))w)) +

Rt
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TG 6
where X = L.
ToxT

After all this preliminary work, it is straight-forward to prove the main
result of this paper.

Theorem 1. Let ¢, q be the positive integers, 1 < ¢ < q, (¢{,q) = 1. Then for
T — oo we have

T . 1 2
Z m3(a) = 53¢, q) H (1 — N(p)) Py(logz)+

N(w)=¢ (mod q) plg
N(w)<z

(4.17) x . 1
+ ?J(é, q) H (1 - N(p)> P (log )+

where J(gq, ) is determined by Lemma 1 and P;(u) are the polynomials of j'"-
degree with the computable coefficients, moreover these coefficients and the con-
stant in the error term do mot depend on x, £, q.

Proof. Let x be an arbitrary character and let xo be a principal character,
both from the group of characters G, modulo gq. The Hecke Z-function with a
character x is defined by the series

Z(s,x) = Z ]i;((:}))s, (Rs > 1).

For x = xo

Z(s.xo) = [T (1 - ﬁéff) =TI -N—m) 2.

peG

Since, Z(s) = ((s)L(s, x4), we have

Soy) - TED 1, 7Bla) g~ log N (o)

42 s—1 ' 4q? N(p) —1
@ s ¢ (p)

+ 2D (ZE 4+ L) +al(s— 1)+
_mple) 1 ey
o s RUNCORACEE VR

where E is the Euler’s constant, L(s,y4) is L-function of Dirichlet with the
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non-principal character x (mod 4),

<>fqn( )

o)

(4.15) 2050 = 2% 40,00 + b0~ 1) -

bo,q(X0) = ( ) <E+ LL(11;§4)) Z

For an arbitrary character x € éq we have

where

Next,

077 (5. 20) = @) ¥ x5 -
4
#(q)

X(e1)Z (s, x)-
xeGy

Thus, by (4.18)

os 0 1 4 _
2z< q1,0>:2.+q bO,q(X)X(a1)+'

So,

$= N(ayazaz)=L (q)

3
=112 (5,?,0)} =
s

P 2 3
= 3 {ngPz logz + 5o P logx > boq(x) (E X(aj)> +
ai,a2,a3€GY X€Cq .

N(aiazaz)=L (q)

tagg® 2 boa(xa)bog(x2) > X(e)x(ay)
X1,X2€Gq i=1,2, j=23,
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Taking into account that a summation over o, as, ag shows the terms with
Xi # Xo gives 0, we obtain

s 36(9)*3(q, £ 3723(q, ¢
res (F*(s)a:) = %6((]’)3:& logz + Wxﬂ log z+
s=1 5 q q

(4.19) 1273(q, ¢)

:I:’
7*9(q)

where J(g, £) is determined by Lemma 1, $(q) be totient Euler function in Z[].
Moreover,

(4.20) res <F*(s)xss> = (¢(0)L(0,x4))* — 1 = Cy is constant.

Now, we see from (16), (18), (19) that the assertion of the Theorem is
1 <€,T:x%q_1. |

logz

proved by choosing Ty = T%gg, b=

The asymptotic formula (4.17) is non-trivial if ¢ < 27 +e. Similar asymp-
totic formula for the divisor function 75 () under N(a) = ¢ (mod ¢) have been
obtained in [10] a non-trivial for ¢ < 276 7€, We claim that with a growth of k
the divisor function 7, («) in an arithmetic progression N(a) = ¢ (mod ¢) has
an asymptotic formula that is a non-trivial in still smaller range of a change ¢.

The case (¢,q) > 1 can be leaded easily to considered (¢,q) = 1.

Authors is very grateful to the referee for pointing out some inaccuracies
that improved its quality.
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