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Abstract. We consider the following P4l interpolation problem: On two
sets of nodes (one consists of the zeros of a polynomial p, of degree n,
while the elements of the other one are the zeros of p,) different interpo-
lation conditions are prescribed simultaneously. Weighted (0,1,...,r-2,r)-
interpolation conditions (r > 2) are given on one of the sets of the nodes
with Hermite conditions on the other set. We study the regularity of the
problem and the explicit representation of the fundamental polynomials
of interpolation. We obtain regular examples on the zeros of the classical
orthogonal polynomials.

1. Introduction

In 1975 L. Pal introduced a modification of Hermite-Fejér interpolation in
which the function values and the first derivatives were prescribed on two sets
of nodes {x;} and {z}}, respectively. In [8] he investigated the case when
pn(x;) =0for i =1,...,n and p)(zf) =0 for i = 1,...,n — 1, where p, is
a polynomial of degree n with distinct zeros. In 1983 L. Szili [9] studied the
inverse problem when the roles of p, and p], are interchanged, namely, the
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first derivatives are interpolated at the zeros of p,, and the function values are
interpolated at the zeros of p!,. Several authors studied these two problems,
the Pal-type (0;1)- and (1;0)-interpolation using different choices of nodes.

We consider the Pal interpolation with different kind of interpolation con-
ditions. Instead of the Lagrange condition we prescribe Hermite conditions,
consecutive derivatives up to a higher order. The lacunary condition we sub-
stitute with the weighted (0,1,... r-2,r)-interpolation (r > 2), introduced by
J. Baldzs [1] as a generalization of P. Turadn’s problem [10]. We study the
regularity of the problem and the explicit representation of the fundamental
polynomials of interpolation. We give some examples on the zeros of the clas-
sical orthogonal polynomials.

2. The interpolation problem

For given n and m € N, on a finite or infinite interval I let {z;}}_; and
{Z;}7™, be disjoint sets of points, the nodes, and let w € C"(I) be a given

function, the weight function. Furthermore, let yl(l) (I =0,1,....0 — 2,7

i=1,...,n) and yi(j) (j=0,...,5;—1; i =1,...,m) be arbitrary given real
numbers, M = j; + -+ j, and N =rn+ M.

Find a minimal degree polynomial Ry of degree less than N satisfying the
weighted (0,1,...,r — 2,r)-interpolation conditions on {x;}"
21  RP@)=y" (=01...r-2), (wR)"(x)=y",

i i

with Hermite interpolation conditions on {Z;}™,

(2:2) Ry @) =9  (G=0,....5i—1).
For ¢ > 1, the (2.1) — (2.2) interpolation problem is called Pdl-type weighted
0,...,7=2,71;0,...,¢—1)-interpolation on the zeros of p, , if {Z; ;-:11 are the

zeros of p), and the derivatives up to the £ — 1-th order are prescribed at each
Z; (i =1,...,n—1) in (2.2). The inverse Pdl-type problem is the weighted

(0,...,£—1;0,...,7 — 2,7)-interpolation on the zeros of p,, when the roles of
pr, and p), are interchanged, having Hermite conditions at the zeros of p,,, while
the weighted (0,1,...,r — 2,r)-interpolation conditions are prescribed at the

zeros of pl,.

An interpolation problem is called regular on a given set of nodes if there
exists a unique interpolant for any choice of the data in the conditions. The
(2.1)—(2.2) interpolation problem is not regular in general, as it is shown for
r = 2 and r = 3 in [3] and [2] respectively. In [5], [6] and [7] the authors
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considered the problem on special set of nodes with special additional condition.
In Theorem (2.1) we gave sufficient conditions on the nodes and the weight
function, for the problem to be regular under different choices of additional
interpolation conditions.

In what follows, let p,, and ¢ be polynomials of degree n and M, respectively,
associated with the interpolation conditions (2.1) — (2.2), that is

pn(x;) =0 1=1,...,n),
(2.3) ’( ) ( )
d@Z)=0 (G=0,....5i—1;i=1,...,m).

Theorem 2.1 (Lénard [4]). If on the nodes {x;}1—, and {Z;}1*, the weight
function w satisfies

(2.4) (wqp:l_l)(r) (;) =0 and w(x;) #0 (i=1,...,n),

then the interpolation problem (2.1) — (2.2) is regular under each of the addi-
tional conditions (i)-(v) in Table 1 if and only if the corresponding condition
in the third column of the table is fulfiled.

For the explicit forms of the fundamental polynomials of interpolation asso-
ciated with the weighted (0,1, ...,r—2, r)-interpolation conditions see Theorem
3.1 in [4].

3. Weighted (0, 2)-type P4l interpolation on the zeros of the classi-
cal orthogonal polynomials

The classical orthogonal polynomials fulfil the differential equation

(wy)" + f- (wy) =0

with some weight function w and function f. Therefore, if the nodes are the
zeros of the classical orthogonal polynomial p,, and w is the function associated
with p, in Table 2, then

(wpn)” () =0 (i=1,...,n).
It follows
B (wp) @) =0 i (wp)(z:)=0 (i=1,...,n).

Applying (3.1), the condition (2.4) of Theorem 2.1 is fulfiled with ¢ = (p!,)*
and w =w"t?"lform=n—1and j;=/¢(i=1,...,n—1). Hence we obtain
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Table 1.
Additional
Interpolatory Condition for Regularity
Condition(s)
. i i 1\
@ | B (@0) =y (api7")" (w0) # 0

() | (i) @o)=v | (warh™)" o) £ 0

(iii) . . . _
(whn)' >( )_y(()) ( apn 1>( )(Io) (qpn 1f10pn )dt>< Y (zo) #0

_ _ i e 8

(iv) R (z0) = 4, (apr D (2ng1) (qpn lfzo Pn(t)dt) (wo) —

v ) ) i _ ()
RN (@n41) = ¥ (a0 D (20) (aph™" [Z, pa(®)dt) " (wn41) £0

(r) r—1 (r) r—1 rx (r)
(wRN) (o) =, | (waph ™) (@nsr) (waph ™t [Z pa(v)dt) " (w0) —
Ry)(™ r—1\ (™) 1 o ()

(v) (1(17T)N) (Tnt1) = wapt: 1) (o) (wqpn 1fzo pn(t)dt> (©nt1)

Yn+1 £0

Theorem 3.1. Let the nodes {x;}7, be the zeros of a classical orthogonal
polynomial p, and let w be the function associated with p, in Table 2. Then
the Pdal-type weighted (0,1,...,r — 2,7;0,1,...,¢ — 1)-interpolation problem
with respect to the weight function w = w" =1 is regular under each of the
additional conditions (1)-(v) in Table 1 if and only if the corresponding condition
in the third column of the table is fulfiled.

Corollary 3.1. The Pdl-type weighted (0,1,...,7 —2,r;0,1,...,¢ — 1)-inter-
polation with respect to the w = e~ (r+20-1)z%/2 weight function is reqular on the
zeros of the Hermite polynomial H,, with the additional condition (i) in Table
1 with zg = 0 for odd n if and only if j = £, but it is not reqular for even n.

The special case r = 2 and £ = 1, the Pél-type weighted (0, 2; 0)-interpola-
tion on the zeros of the Hermite polynomials was discussed by P. Mathur and
S. Datta in [6].

In a similar way, choosing the zeros of the Laguerre polynomial LE{” and
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Table 2.
Pn I w
Hermite | H, (—00,00) /2
Laguerre L%a) (a>-1) [0, 00) e—%/2(a+1)/2
Jacobi | PP (o, 8> —1) | [-1,1] | (1 —2)@FD/2(1 4 ¢)B+1/2

2L to be the nodes {z;}1, and {Z;}", in Theorem 2.1, the condition
(2.4) is satisfied with the weight function w(x) = (6*3’5/2x(0‘*1)/2)r_1.

Theorem 3.2. Let the nodes {x;}}_, and {Z;}]—, be the zeros of the polyno-
mials L%l) and xL%O), respectively. If the derivatives up to the { = r — 2-th
order are prescribed in (2.2), then the (2.1)—(2.2) interpolation problem with
respect to the weight function w(x) = e~3"=V2/2 s regular with the additional
condition (ii) in Table 1 at xo = 0.

Applying Theorem 3.2 and using the fact

!/ /
(L) @) = (22i) (@) = nLi?, @),
we obtain some regular cases:

Theorem 3.3. On the zeros of Lgfl) the Pdl-type weighted (0,1,...,r — 2, r;

0,1,...,r—2)-interpolation is reqular with respect to the weight function w(x) =
— 673(r71)x/2.

For further results on Pal-type weighted (0, 2;0)-interpolation on the zeros
of Jacobi polynomials we refer to [3]. For Pal-type weighted (0,1,3;0,1,...,
..., £—1)-interpolation on the zeros of the Hermite polynomials we refer to [2].

As an application of Theorem 2.1, we obtain similar results for the inverse
Pal-type interpolation problem, as well.

Theorem 3.4. Let the nodes {x;}1, be the zeros of a classical orthogonal
polynomial p, and let w be the function associated with p, in Table 2. Then
the Pdl-type weighted (0,1,...,0—1;0,1,...,7—2,r)-interpolation problem with
respect to the weight function w = w" ! is reqular under each of the additional
conditions (i)-(v) in Table 1 if and only if the corresponding condition in the
third column of the table is fulfiled.

P. Mathur and S. Datta in [7] studied the special case £ = 1 and r = 2 on
the zeros of the Hermite polynomials, K. K. Mathur and A. K. Srivastava [5]
discussed the problem on the same nodes for » = 3. In [3] we studied the
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problem on the zeros of the classical orthogonal polynomials for ¢ = 1 and
r = 2 and we obtained regular case on the zeros of the integrated Legendre
polynomial with respect to the weight function w(x) = 1.
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