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Abstract. Here we deal with a special characterization problem of a
conditionally specified absolutely continuous bivariate distribution by the
help of a functional equation satisfied almost everywhere on its domain for
the unknown density functions. We consider the case of conditionals of
the same type (in other words, in the same location-scale families) with
specified moments (we have linear regressions and conditional standard
deviations).

1. Introduction

Let (X,Y) be an absolutely continuous bivariate random vector, whose
joint, marginal and conditional density functions are denoted by f(x vy, fx,
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Iy, x|y, fy|x respectively. Note that these functions are not uniquely deter-
mined, only almost everywhere. One can write f(xy) in two different ways
and obtain the equation

(1.1) fX|Y($’y)fY(Z/> = fY\X(xay>fX($)

valid for almost every (z,y) € R%?. This can be considered as a functional
equation for the marginal and conditional density functions. Assuming that
the conditional densities admit some properties (important from the point of
view of probability theory), the solutions can be given.

Probably Narumi was the first who studied some related questions in [7].
Later in [1] Arnold, Castillo and Sarabia showed how solutions of functional
equations can be used in characterizing joint distributions by certain properties
of conditional distributions.

In this paper we will suppose that the conditional density functions have
the form

r—a(y)) 1
(12) Pevla) = ()
| c(y)

y—blx)\ 1

1.3 ) =g (Y2 L

(1.3) fyix(x,y) = g2 ( i) ) )

for given functions a, b and for given positive functions ¢, d, where g1, g2
are unknown functions (necessarily densities). Equation (1.2) means that the
conditional distributions of the coordinate X with respect to the condition

Y =y are of the same type, i.e., they belong to the same location-scale family
for all y.

Then we can deduce from (1.1) a functional equation

z—a(y)) 1 o (b L
0o () L) = () St

where g1, 92, fy, fx are unknown densities.
2. Types of distributions and location-scale families

Two distribution functions F and H are of the same type if for some
a€eR, ¢>0

(2.1) F(m):H(x_a)
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for all = € R, see, e.g., Resnick [8, Section 0.3]. Clearly, this is an equivalence
relation between distribution functions, and hence establishes a partition of the
set of distribution functions. For instance, the normal distributions form such
an equivalence class. These equivalence classes may also be called location-scale
families, since the equivalence class of the distribution function H consists
all of the distribution functions F given in (2.1) letting run the location
parameter a € R and the scaling parameter ¢ > 0. If X and Z are
random variables with distribution functions F and H, respectively, given
in (2.1), then X and ¢Z + @ have the same distribution. These equivalence
classes are closed with respect to the topology of weak convergence, see the so
called convergence of types theorem, e.g., Resnick [8, Proposition 0.2]. Another
interesting feature is that a distribution is stable if and only if its location-scale
family is closed with respect to the convolution.

If F' is an absolutely continuous distribution function with density f and
(2.1) holds with a distribution function H with some a € R, ¢ >0, then H
is also absolutely continuous with some density h and

(z) —h<x;“> %

Now let (X,Y) be an absolutely continuous bivariate random vector such
that (1.2) holds. Suppose that, in addition, E(|X|) < co. Then the regression
curve of X with respect to Y has the form

y—= EX |Y =y) =c(y) E(Z1) + aly),

where Z; is a random variable with density g¢;. If, in addition, E(|X|?) < oo,
then the conditional standard deviation of X with respect to Y is given by

y =/ Var(X | Y =y) = c(y)y/Var(21),
since the conditional variance of X with respect to Y is

Var(X | Y =y) =E[(X —E(X | Y =))* | Y =y] = c(y)*E[(Z1 — E(Z1))*] =

= c(y)? Var(Z,).

Clearly, the regression curve and the conditional standard deviation are linear
functions of the condition if and only if the functions a and c¢ are linear. We
will restrict ourselves to this case.
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3. Linear regressions and conditional standard deviations

Consider the case when the functions a, b ¢ and d are linear functions of
the form

a(y) =miy+er, b(x) =maztez, c(y)=M(y+a), d(x)=X(z+az).

Let
Ei={xeR|z+a2 >0}, Ey={yeR|y+a1 >0},

D=FE xE,CcR? and
H1:{$€R‘/\1I+m1>0}, ng{yER|)\2y+m2>0}.

From (1.4) we get equation

91<xm1y61> /\1(1 fy (y) =

1) AR
:g2< )\2 ($+a2) ) )\2 (1’+ag)fx (l‘)

for almost all (z,y) € D, where the measurable unknown functions ¢ : H; —
—R,g2: Hy > R, fx : 1 = R, fy : F5 — R are non-negative, such that they
are positive on some Lebesgue measurable sets of positive Lebesgue measure.

Here my,ma, c1,c2, a1,a2 € R, A1, Ao € Ry (R4 is the set of positive
real numbers) are constants with the conditions Ky := mja; — ¢ —ag = 0,
KQ =Moo — Co2 — A7 2 0.

In this paper we consider the case, when K? + K2 # 0.

Equation (3.1) is equivalent with the following one:

(1(a:+a2+K1_m)> fyy)
AW y+a ) My +an)

g (L (vtatRe AN fx(@)
=9 )\2 T+ as 2 )\2 ({E + ag)

for almost all (x,y) € D and with the substitutions z +as — z, y + a1 — y we

get equation
1 $+1(1_m if (y—ai) =
g1 ¥ Y 1 My Yy (Y 1) =

1 K 1
= 92 (/\2 <y+x 2 m2>) Agixfx (acfaz)

for almost all (z,y) € RZ.
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We note that since

1<Z‘+K1 T+ K;

=Mt+my = Mt+mq >0,

— =t 0<
A Yy ml)

the support of g; indeed equals to H;. Similarly, by

1 (vt
)\2 X

K
y+ 2:)\2t+m2:>/\2t+m2>0,
X

—m2>:s®0<

we get, that the support of go equals to Hs.

Hence we can state the following.

Lemma 1. The functions g1 : HH — R, go : Ho — R, fy : Es — R,
fx © E1 — R satisfy functional equation (3.1) for almost all (z,y) € D if
and only if the functions g1, g2, f1, fo: Ry — R defined by

70 =a (5 =m0} @O =g (5 -2
) =fry—a), f2(z)=[fx(r—a2)

satisfy functional equation

(32) 7 () A= m () Rt

for almost all (z,y) € RZ..

In order to determine the solutions of (3.2) (and so (3.1)) we will use the
following general result (see [5]).

Let us consider the functional equation

(3.3) f1(@) f2(y) = pr (Gi(x,y)) p2 (G2(x, y)) h(z, y)

with unknown functions f1 : X = C, fo: Y - C,p;: U —-C, ps: V — C and
given functions G, Gz and h satisfied for almost all pairs (x,y) € X x Y (with
respect to the plane Lebesgue measure), where X,Y,U,V C R are nonvoid
open intervals, h is nowhere zero on X x Y, the mapping (z,y) — G(z,y) :=
= (G1(z,y), Ga(z,y)) is a Cl-diffeomorphism of X x Y onto U x V with inverse
(u,v) = F(u,v) := (Fi(u,v), F»(u,v)), and all the partial derivatives

0G4 0G4 0G4 0G2
W(‘ray)v Ty(x7y)a W(xvy)v Ty(xay)

and
OFy (u,0) OF; (u,0) OF,
u 0 Tey WY Ty

vanish nowhere on their domain.

(), D2 (u0)
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Let us observe that substituting u = G (z,y) and v = Ga(z,y), we obtain
the functional equation

(3.4) fi (F1(u,v)) fo (F2(u,v)) = p1(u)p2(v)h (Fi(u,v), Fa(u,v))

satisfied for almost all (u,v) € U x V; indeed, if (3.3) is satisfied for all (z,y) €
€ X xY \ N, where N C X xY has plane measure zero, then (3.4) is satisfied
for all (u,v) € U x V\ M, where M = G(N) and M has plane measure zero
because G is a diffeomorphism.

Theorem 1. Suppose that the measurable functions f1, fa, p1, p2 satisfy the
functional equation (3.3) almost everywhere. Then either one of the functions
f1 and fo and one of the functions p1 and ps are zero almost everywhere or all
of them are almost everywhere nonzero.

Using this theorem to equation (3.2) we can state the following.

Theorem 2. Let i, G2, fi1, fo: Ry — R be nonnegative measurable functions
satisfying (3.2) for almost all (z,y) € R3, such that they are positive on some
Lebesgue measurable subsets of Ry of positive Lebesque measure. Then gy, s,
f1, fo are positive almost everywhere on R .

Proof. Let us write zy — K instead of z in (3.2), hence we get equation

, Ky \ - A
(3.5) g1 (2) f1(y) = g2 (H) fa (zy = K1) )\iﬁ

for almost all z, y > 0, zy > K;.

The assumptions of Theorem 1 are satisfied, for the mapping

y+ K.
(020) > Glava) i= (Gl Galan)) = (L2 oy - 1)
zy — K3
we have non-vanishing partial derivatives
oG K oG K+ K
1:_(y+ 2)2/2#07 1 21‘2#0
Oz (zy — K1) Ay (zy — K1)
8G2 6G2
9 =~V # 0, oy " #
The inverse of this mapping is
v + K1

(u,v) = F(z,y) := (F1(u,v), F2(u,v)) = (uv - K>

7UU_K2>7

u,v >0, uv> Ky
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and the partial derivatives don’t vanish:

oF, (v+ Ki)v OFr Ky + K

= T RUY Ly, S 0
ou (uv — K2)2 7 ov (uv — K2)2 7
OF;, OF; _
87 v 7é 0 an 7é 0

We can easily check, that all assumptions of Theorem 1 are satisfied and further
none of the functions are almost everywhere zero, then all the functions are
almost everywhere nonzero. Thus the nonnegativity of functions implies that
J1, G2, f1, f are almost everywhere positive. |

Using Theorem 2 and a general result of A. Jdrai [3] we can prove the
following result.

Theorem 3. Let 1, Go, f1, f2 : Ry — R be nonnegative measurable functions,
satisfying (3.2) for almost all (z,y) € Ri such that they are positive on some
Lebesgue measurable subsets of R, of positive measure. Then there exist unique
continuous functzons g1, Jo, fl, fg R+ — Ry such that g1 = g1, g2 = G2,
f1 f1 and fg fo almost everywhere on Ry, and if g1, g2, f1, fo are replaced
by g1, G2, fl, f2, respectively, then equation (3.2) is satisfied everywhere on Ri.

Proof. Theorem 2 shows that functions gi, g», fi, fo are positive almost
everywhere on R, .

First we prove that there exists a unique continuous function g; which is
equal to g almost everywhere on R, and replacing g by g1, equation (3.2) is
satisfied almost everywhere.

With the substitution ¢t = % we get from (3.2) the equation

g2 (B2 ) oty — ) 2%
X fi(y)

which is satisfied for almost all (¢,y) € A, where A = {(¢,y) |t, y > 0, ty > K1 }.
By Fubini’s Theorem it follows that there exists 7" C Ry of full measure such
that for all ¢ € T" equation (3.6) is satisfied for almost every y € A, where

(3.6) g1 (t) =

Ar={y eRy|(ty) € A}.
Let us define the functions g;, g,, g3,h in the following way:

y+ Ks

g2 ty) =ty — K
ty_Klv gZ( ay) Yy 1

g (t,y) =

2122

g3 (t7y) =Y, h(t7y7217227z3) = 23 ’
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and let us now apply a theorem of Jarai (see [3] Theorem 3) to (3.6) with the
following casting;:
)\1]?2 (t) )\ZfI (t)

Ql(t)zf(t)a%(t):fl(t%fzfz(t)’ Tzfs(t)

Z=7;=R;, T=Y=X,=R;, (1=12,3).
One can easily verify that all assumptions of Jarai’s Theorem are satisfied,
thus we get that there exists a unique continuous function g, : Ry — R which

is almost everywhere equal to §; on Ry and g1, ga, f1, fo satisfy equation (3.2)
almost everywhere, which is equivalent to the equation

7 (w +yK1) fily) =g (yJ;Kz) Rz 1Y

)\21’

for almost all (z,y) € R%. Furthermore, g, is positive for almost all z € Ry.

By a similar argument we can prove the same for the function gs, f; and
fg, i.e. there exist continuous functions g» : Ry — R, fl : Ry — R and
fo : Ry — R which are almost everywhere equal to g», fi and fo on R,
respectively, and the functional equation

(37) () R -m () Rt

)\233

is satisfied almost everywhere on R%.

Both side of (3.7) define continuous functions on R?, which are equal to
each other on a dense subset of R2, therefore we obtain that (3.7) is satisfied
everywhere on R? .

One can show that if the nonnegative continuous functions g1, g2, f1, fa :
: Ry — R satisfy functional equation (3.7) for all (z,y) € R%, such that they
are positive almost everywhere on R, then they are positive everywhere on
R;. |

4. Solutions of functional equations (3.7) and (3.1),
characterizations

We can take the logarithm of equation (3.7) and we get that continuous
functions G1, Go, F, F5 defined by

Gi(t)=Ingi (t), Go(t)=1Ing (1), ﬁl(t):mf;fz), ﬁz(t):mfig)
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satisfy functional equation

(4.1) el <x+yK1> + i (y) = Go <y+xK2> + B (x)

everywhere on Ri.
First we prove the following
Lemma 2. If the continuous functions él, C~¥2, 131, Fy: Ry — R satisfy func-

tional equation (4.1) for all (z,y) € R%, then they are differentiable infinitely
many times on R,

Proof. With the substitution ¢t = ””+yK1, we get from (4.1) the equation

~ ~ + K ~ ~

(4.2) G1(t) = G (yz) + Py (ty— K1) - Fi(y), (ty) €D,
ty — Ky

where D = {(t,y) eER2|t,ye Ry, t-y> Kl}.

Let [a,b] C R4 be arbitrary and choose the interval [¢,d] C Ry arbitrary
such that [a, b] X [¢,d] C D holds.

Integrating (4.2) with respect to y on [c, d] we get

(d—c)Gh(t) Z/dé2 (%) dy+/dﬁ2 (ty—K1)dy—/dﬁ1 (y) dy.

We use the substitutions

y+ K.
gty =—"2=

ty—Kl U, 92(7y) Y 1 u

in the first and in the second integral, respectively.

It is easy to see that function y — ¢1(¢,y) is decreasing and function y —
— ga(t,y) is increasing.
Thus these equations can be solved uniquely for y if ¢ € [a, b].

- K1U+K2
N 1—tu

7K1+U

= t
n 72(au)

=M (tau)7 Yy

(Here tu # 1. % = u implies that ’?Ztitgf = tu. Assuming that tu = 1, we
get % =1 <= Kot + K; = 0, but this is impossible because of t € R,
K1, K3 2 0, K{ + K3 #0.)

~v1 and -y, are infinitely many times differentiable functions of ¢ and u.
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Performing the substitutions, we have

c+Ko

1 ct—Ky dt— K,
Gi(t) = i / G (1) Doy (t,u) du + / Fy (u) Dyrys (t,u) dt — C'|
ddttff(zl ct—Ky

where C = fcd Fi (y) dy.

The functions 6’27 ﬁg are at least continuous. Hence, by repeated appli-
cations of the theorem concerning the differentiation of parametric integrals
(see e.g. [2]) the right-hand side is differentiable infinitely many times on [a, b].
Since [a,b] is an arbitrary interval of R, we have that G, is differentiable
infinitely many times on R;.

The differentiability of ég can be obtained similarly.

By the help of equation (4.1) one can easily deduce that ﬁl and ﬁg are also
differentiable infinitely many times on R, . |

Now, using Lemma 2.1.6. from [6], that is differentiate equation (4.1) twice
we get that the functions G; and G, satisfy the differential equations

G+ G () = — teR
1)+ G () (ot + 10 ( +)
and N
sGY(s)+Gh(s) = —— L seR
5 (s) + G5 (s) st ) ( +)

with some constant v. Solving these differential equations we get the solutions
for equation (4.1) and hence for equations (3.7), (3.2) and finally for (3.1), so
we can state the following.

Theorem 4. If the measurable functions g1, go, fx, fy satisfy equation (3.1)
in case K1 >0, Ky > 0 for almost all (x,y) € D, then

0 (@) = exp(d) (gj vz + m1)>p1 (gj v +my) + 1)q (a.0. z € Hy),

g2 (z) = exp (dy) (% (Ao + m2)>p2 (1 (Ao + mg) + 1)q (a.a. © € Hs),

P2
Fr @)= exp(ds) — (y+ap)P et (WH) (a.a. y€ Ey),

1
p1+q
K5

A P1
Ix (z) = exp(dy) W;q (z + ag)P> 0! < + 1) (a.a. x € Ey),
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wherep;, q, d; € R (i =1,2; j =1,2,3,4) are arbitrary constants with d1+ds =
=dy + dy.

These functions are densities if and only if —1 < p; < 0, =1 < pa <
<0, —2—min{py,p2} < g < —2—p; —pa, and di, do, d3 and dy are
appropriate norming constants. Consequently, in this case the marginals and
the conditional distributions of the absolutely continuous random vector (X,Y)
are beta distributions of the second kind, and the joint density function has the
form

1 (24 ao PLry+ag PLreday y+a 4
o) (,y) K < K, + > i, + i, + i, +

for almost all (x,y) € D, where
K=K KB(pi+1,—¢g—p1—1)B(pr+q¢—2,—¢—p1—p2—2)
(here B is the beta function).

Theorem 5. If the measurable functions g1, g2, fx, fy satisfy equation (3.1)
in case K1 =0, Ko > 0 for almost all (x,y) € D, then

_ —b1 a
g ()= Ay (Mzx+mq) exp{K2 (/\13?+m1)} (a.a. x € Hy),
g2 (2) = Ay Aoz + ma)? exp {W} (a.a. € Hy),
2

@)= MAs(y+a) ™" (y+ar + Kz)" (a.a. y € Ey),

_ by—b1+1 —a
fx (@)= XAs(z+ a2) exp{eraQ} (a.a. x € Ey),

where a, by, by, A; € R, 1=1,2,3,4 are arbitrary constants with A1 A3 = A Ay.

Theorem 6. If the measurable functions g1, g2, fx, fy satisfy equation (3.1)
in case K1 >0, Ko =0 for almost all (x,y) € D, then

g1 ()= A Mz +mp)? exp{W} (a.a. x € Hy),
1
= A “expd —— a zeH
g2 (z) 2 (Ao + my) exp{K1 ()\gx+m2)} (a.a. = € Hy),

frw)= MAz(y+a)= " exp{y J_ram } (a.a. y € Ey),

fx (@)= XA4(z+ ag)kb1 (z+az+ Kl)b2 (a.a. =€ En),

where a, by, ba, A; € R, 1 =1,2,3,4 are arbitrary constants with A1 A3 = AsAy.
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Remark. The functions in Theorem 5 (and in Theorem 6) can not be density
functions simultaneously, so we have no solution for the original probability
problem in case K1 =0, K2 > 0 (and in case K7 > 0, K3 = 0).
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