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Abstract. In the paper, we prove the joint denseness and the functional
independence for the Dirichlet L-function L(s,x) and periodic Hurwitz
zeta-function {(s, a;b) with transcendental parameter o.

1. Introduction

In 1887, O. Holder proved [3] the algebraic-differential independence for the
gamma-function I'(s), s = o + it, i.e. that there exists no polynomial P not
identically zero such that

P (s,r(s),r’(s), o ,F("—”(s)) =0

for all s € C. In 1990, D. Hilbert noted that the Riemann zeta-function ((s)
does not satisfy any algebraic differential equation also. Also he proposed [2]
the more general case, i.e. that the function

o)=Y O
m=1
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does not satisfy any algebraic-differential equation. This problem was solved
by A. Ostrowski [9].

In 1973, S.M. Voronin obtained [14] the functional independence of the Rie-

mann zeta-function (recall that the functions fi(s),..., fi(s) are functionally
independent if, for any continuous functio_ns Fy, Fy,...,F, : C"™ — C, not all
identically vanishing, the function Z?:o s F; (f1(8), ..., fm(s)) is non-zero for

some s € C). He proved that {(s) does not satisfy any differential equation

n

Zstj (C(S),C’(s), .. .,g<N—1>(s)) =0
j=0
with continuous functions Fj, j = 1,...,n, not all identically zero.

The Voronin result was generalized by R. Garunkstis, A. Laurin¢ikas,
K. Matsumoto, H. Mishou, A.G. Postnikov, A. Reich, J. Steuding and many
other mathematicians (see, for example, [1, 6, 7, 8, 10, 11, 12, 13]).

2. Main results

In this paper, we consider the functional independence for the Dirichlet
L-function L(s, x) and the periodic Hurwitz zeta-function ¢(s, «; b).

We recall that the Dirichlet L-function L(s, x) associated with a character
x modulo ¢, in the half-plane ¢ > 1, is given by

Lis.y) = i xgz) 11 (1 B x(p)>1’

s
m=1 D p

and is analytically continuable to the complex plane (at s = 1 it is regular if x
is non-principal character).

The periodic Hurwitz zeta-function ((s, ; b) with a parameter a;, 0 < a <
<1, for o > 1, is defined by the series

o] bm
((s,0:0) = Y ——,
m=0 (m + a)
and analytically continuable to whole C, except for a possible pole at s = 1.
Here b,,, are complex numbers belonging to a periodic with a minimal period
k sequence b = {b,, : m € NU{0}}.

Now we state two results for the functions L(s, x) and ¢(s, «; b): the joint
denseness and the joint functional independence.
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Theorem 2.1. Let a be transcendental, 0 < a < 1. For % < o9 < 1, positive
integer N and t € R, the set

{L(UO + Zt7X)) LI(UO +1t, X)7 s 7L(N71) (UO + Zt7X)7

C(UO + Zt,Oé, b)? CI(UO + it,Oé; b)? sy C(N_l) (UO + Zta Q; b)}

is dense in C2NV.

Theorem 2.2. Suppose that o is transcendental, 0 < o < 1. Let F; : C*N — C
be a continuous function for each j =0,1,...,n, and

S (L0550, (5,0, LY D5, ),
7=0

((5,056),¢'(5,:b),..., (VD (s, 050))

is identically zero. Then, for j =0,1,...,n, F; =0.
3. Auxiliary results

The proof of Theorem 2.1 and 2.2 is based on joint universality in the
Voronin sense for the functions L(s, x) and ((s, a; b).

Denote by meas{A} the Lebesgue measure of a measurable set A C R, and
let 7" > 0.

Theorem 3.1. Let a be transcendental. Suppose that K1 and Ko are compact
subsets of the strip D = {s € C: 3 < o < 1} with connected complements. Let
fi(s) be a continuous function on K; which is analytic in the interior of K,
Jj =1,2. Suppose that f1(s) is non-vanishing on K. Then, for every positive
€, it holds that

1
lim inf —meas {7‘ € (0,77 : sup |L(s+it,x) — f1(s)| <,
T—oo T seK,

sup [¢(s + iT,a5b) — fo < s} > 0.
seEKo

The theorem is a special case of Theorem 1 from [4]. Joint discrete univer-
sality for the Dirichlet L-function and the periodic Hurwitz zeta-function by
the author was proved in [5].
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Note that in the proof of Theorem 3.1 we use joint limit theorem in the
sense of the weakly convergent probability measures for the functions L(s, x)
and ((s,a; b) in the space of analytic functions.

By B(S) denote the class of Borel sets of the space S, and let H(D) be
the space of analytic functions on D equipped with the topology of uniform
convergence on compacta. Let H?(D) = H(D) x H(D). Define two tori

H'yp and )y = H*ym,

where v, = v for all primes p, and 7, = v for all m € NU {0}, and v = {s €
€ C: |s| = 1}. Then Q;, j = 1,2, is a compact Abelian topological group,
and we have the probability space (QJ, B(;), mp;) with Haar measure mpy;
defined on (€2;,B(€;)). Since the product Q Q1 X 9 is a compact Abelian
group also, the probability Haar measure mpy on (£, B(2)) can be defined
as a product of measures mpg; and mpgs2. Denote by wi(p) the projection of
w1 € Q4 to the coordinate space 7,, and by ws(m) the projection of ws € Qo
to the coordinate space ~,,, and, for every positive m, define

=[] wiw)
pilim

where p?||m means the p¢|m but p?*! fm.

Let, for s € D, {(s,w) be the H?(D)-valued random element on the proba-
bility space (2, B(2), mp) given by

Q(S,UJ) = (L('SvXawl)aC(S,O‘,wQ; b))a W= (w17w2) €,

where
[e’s} —1
S X,wl Z X H < p > ) w1 € Qla
m=1 p
and
¢(s,a,wa; b) = i bt (m) wy € Q
s Lk, W2, e (m—!—a)“”’ 2 2.

In view of linearly independence over the field of rational numbers Q of the
system {logp : p is prime} U {log(m + «) : m € NU {0}}, it is proved that the
probability measure

%meas {r€[0,T]: (L(s,x),{(s,;b)) € A}, A€ B(H?*(D)),

converges weakly to the distribution of the random element ((s,w) as T" — oo.
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4. Proof of Theorem 2.1

We define the mapping h : R — C2V by the formula
Bt) = (Lo +it0), L' (0 +it,x), o, LY (0 + it ),
Clo+it,o;0), ¢ (0 +it,a;b),....,C N V(o +it, a; b)) ,

where 3 < o < 1. Denote by | - |ca~ the distance in the space C?V. Let z be

an arbitrary point of C2V with

zZ= (2’10, Z1ly o+ 3 BIN—=152205 2215+« + ZQN—1)~

For every € > 0, we can find that there exists a sequence of real number {7, },
lim,,, _so0 Trn = +00, such that

|h(Tm) - §|C2N <e.

To obtain this, it is sufficient to prove that there exists a sequence of real
numbers {7,,} such that, for j =0,1,..., N — 1, hold inequalities

4.1 ) iTom ] < S

( ) | (U+ZT 7X) Zl]‘<2N7
and

(4.2) €O (0 + i, 3 b) — 295] < %

We consider the polynomial

N—1 -
PNk(s):Z ;’l' . k=1,2.

m=0

Then we have that

PON(s) = 2km, §=0,1,....N—1, k=12

Let oy, % < 09 < 1, be fixed. We choose a compact subset K of the strip
D such that oy belongs to the interior of D. Then by Theorem 3.1 there exists
a sequence of real numbers {7,,,}, lim,;, o0 7y = 400, such that

eoN

(4.3) sup |L(o + iTm, x) — Pn1(s — 09)| < SNFINT

seK
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and

eoN

(4.4) sup (o + iTpm, a; b) — Pya(s — 0g)| < SNFINT

seEK

Here 0 is the distance of og from the boundary of K. Applying Cauchy integral
theorem, we obtain that, for j =0,1,..., N — 1,

ILY9) (00 + 1Ty, X) — 215

B ]7!/ L(s + i, x) = Pna(s —00) 4 | _ €
2w ls—oo|=2 (s —0g)itt 2N’
and
|§(j)(00+i7'm,oz;b)—z2j\
| . oy B
S| et Pl e
21 \S*UO\:g (S—O‘O)J+1 2N

Last two inequalities together with (4.3) and (4.4) yield (4.1) and (4.2), respec-
tively. The theorem is proved.

5. Proof of Theorem 2.2

To the proof of Theorem 2.2 we need one more statement.

Lemma 5.1. Suppose that o is transcendental. Let F : C?N — C be a contin-
wous function, and let

F (5520, L0, LY s, ),
C(s,050),C (s, a30), ..., ¢V V(s a; b)) =0.
Then F = 0.

Proof. In contrary to the assertion of lemma, let F' # 0. Then there exists
a point z € C?V such that F(z) # 0. From continuity of the function F' it
follows that there exists a bounded region G C C?V such that z € G and, for
all s € G,

(5.1) |[F(s)] >¢>0.
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Let % 5 <o < 1. By Theorem 2.1 there exists values of ¢ such that

(L(O’ +it,x), L' (0 +it,x),..., LYY (o +it, x),
Clo+it,o;0),¢ (0 + it,a;b),....,C N V(o +it, a; b)) €q.
But this fact together with (5.1) contradict the assertion of the lemma. [ |

Proof of Theorem 2.2. Now we suppose that Fy # 0. Then there exists a
bounded region Gy C C2V such that the inequality

|Fo(s)] = co >0
holds for all s € Gy. Let

Jo = max {j: sup |F()7é0}

0<j<n S€Go

If jo = 0 then statement of the theorem directly follows from Lemma 5.1.
Let jo > 0. Then there exists a subregion G C Gy such that

(5.2) §ien£6 |Fj, ()] > e1 > 0.

In view of Theorem 2.1, there exists a sequence of real numbers {7},
lim,,, so0 T, = +00, such that

(L(a+i7’m,x),L (o +iTm, X), - L(N )(0+i7m,x),
(0 + i, 0 0), (0 + i, 3 B), ., CV D (0 4 i, b)) c G
for 3 < o < 1. Taking into account (5.2), we have
| 4 iy |90 ‘Fjo (L(cr + T, X), L' (0 + 0T, X), -+, LY ™D (0 + i, ),
C(0+i,058),C'(0 + T, 058), ..., (VD (0 4 i, :0) )| > o0

as m — oo. This contradicts to the hypothesis of the theorem. Theorem 2.2 is
proved. |

6. Conclusions

The joint functional independence theorem similar to Theorem 2.2 can
be obtained in more general case if we extend collection of functions namely

L(saXI)a ey L(Sa Xd)a C(S7 aq; bl)a DR C(Saar; br)
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Suppose that «;, j = 1,...,7, be a real number, 0 < a;j < 1. Let b; =
= {bm; : m € NU {0}} be a periodic sequence of complex numbers with a
minimal period k;, and suppose that (s, c;;b;) is a corresponding periodic
Hurwitz zeta-function, j = 1,...,r. Denote by k = [ki,..., k] the least com-
mon multiple of the periods ki, ..., k., and by B denote the matrix

bll b12 .« e bl’l”

B _ b21 b22 o b27’

b1 bra ... bpy
Theorem 6.1. Suppose that the numbers ay, ..., a, are algebraically indepen-
dent over the field of rational numbers, rank(B) = r, and x1,...,Xd are pair-
wise non-equivalent Dirichlet character. Let F; : CN4) — C be continuous

functions for each j = 0,1,...,n, and the function

n
Z Sj Fj (L(S7X1)’ L/(val)a RS L(N_l)(sa Xl)a R
7=0

L(S7 Xd)7 L/(S7 Xd)? ctt L(Nil) (57 Xd)’
C(Saal; bl)a C/(Sa Qa; bl)a ) C(Nil)(sa Qg bl)a )

<(57 aT’; b’!‘)a C’(Sa 047-; bT)v st C(Nil)(sv a?"; br))

is identically zero. Then, for j =0,1,...,n, F; =0.
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