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Abstract. It was a long time open problem the almost everywhere con-
vergence of the Cesaro (C, 1)-means of integrable functions o, f — f for
f € L*(I), where I is the group of 2-adic integers. In his paper the author
verified [2] this a.e. relation with the help of an inequality for the integral of
the maximal function of the Fejér kernels. Later, the author also discussed
[3] the almost everywhere convergence of the Cesaro (C, a)-means for every
a > 0. In general, in the investigation of the Fejér means with respect to
convergence or divergence issue, a formula for the kernel function plays an
important role. In the Walsh-Paley case see [1] or alternatively [7]. The
Walsh-Kaczmarz version is due to Skvortsov [10], [9]. For the time being,
there is no known formula for this 2-adic integers case. This paper fills this

gap.

1. Introduction

We follow the standard notions of dyadic analysis introduced by mathe-
maticians F. Schipp, P. Simon, W. R. Wade (see e.g. [7]) and others. Denote
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by N:={0,1,...},P:= N\ {0}, the set of natural numbers, the set of positive
integers and I := [0, 1) the unit interval. Denote by A(B) = |B| the Lebesgue
measure of the set B(B C I). Denote by LP(I) the usual Lebesgue spaces and
IIl.|l, the corresponding norms (1 < p < 00). Set

p p+l1l
Z:=<|= :
{525 spnen),

the set of dyadic intervals and for given z € I and n € N let I,(z) denote
the interval I,(z) € Z of length 27" which contains z. Also use the notion

I, :=I1,(0) (n €N). Let
xr = Z 2,2 (D
n=0

be the dyadic expansion of z € I, where x,, = Oor 1 and if x is a dyadic rational
number (z € {4 : p,n € N}) we choose the expansion which terminates in 0
’s. For n € N let ny be the kth coordinate of n with respect to number system

based 2. That is,
n= Z nka,
k=0

where ny € {0,1} (k € N). Also use the notation

n(®) = anQk (n,s € N).
k=s

The notion of the Hardy space H(I) is introduced in the following way [7, 8.
A function a € L>°(I) is called an atom, if either a = 1 or a has the following
properties: supp a C I, ||allec < |Ia\_1,fla = 0, for some I, € Z. We say
that the function f belongs to H, if f can be represented as f = Z;.io AiG;,
where a;’s are atoms and for the coefficients (\;) the inequality Y=, [Xi] < oo

is true. It is known that H is a Banach space with respect to the norm
o0
1l = inf 3 |Ad,
i=0

where the infimum is taken over all decompositions f = Y.;°  \;a; € H.

The 2-adic (or arithmetic) sum a + b := 300 7,2~ "+ (a,b € I), where
bits ¢n,rn, € {0,1}(n € N) are defined recursively as follows : ¢_1 := 0,
ap + by + Gn-1 = 2¢, + 1, for n € N. (Since g, r, take on only the val-
ues 0,1, these equations uniquely determine the coefficients ¢, and r,.) The
group (I,+) is called the group of 2-adic integers. Set

e(t) ;== exp(2mit) (t € R),
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. Set

Nl

where ¢ = (—1)

In i)
U2”(x)::€<?+"'+2n+l) (I'EI,HGN)

and
v = H o,

where N> n =37 n,;2" (n; € {0,1} (i € N)). It is known [4] that the system
(vn,n € N) is the character system of (I, +). Denote by

n—1
1
= Und\, D, = , Ky = D
wi= [ 5o > ST

the Fourier coefficients, the Dirichlet and the Fejér or (C,1) kernels, respec-
tively. It is also known that the Fejér or (C,1) means of f is

onf(y = [ f(&)Ku(y — z)d\(z) =
(3 S0 et
1 n
:n+1kZ:() | J(@)Diy —2)dMz) (neN, yel).

It is known that [5, 6, 2] forn e N, z € T

Do) = {2 ifrel,
n({T) =
2 0, ifz¢l,

and also that [5]
2) Y Dor(w)ni(~1)"*
k=0

Denote by K2 the kernel of the summability method (C,«), and call it the
(C, ) kernel, or the Cesaro kernel for o € R:

721401 1D ?:(a+1)(a+k2!)"'(a+k) (Oé?é—k‘)

It is well-known [12, Ch. 3] that A2 = S°p_ A%7,, A% — A% | = AL

n—1 —
A% ~n®. The (C,a) Cesaro means of the integrable function f is
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It was a question of Taibleson [11] open for a long time, that does the Fejér-
Lebesgue theorem, that is the a.e. convergence o, f — f hold for all integrable
function f. In 1992 Schipp and Wade proved [5] the L' norm convergence
onf — fforall feL!.

In 1997 Gé&t proved [2] the a.e. convergence o, f — f for every integrable
function. He also proved that the maximal operator of the Fejér means, that
is, o* f is of type (H,L'). In other words, there exists an absolute constant
C > 0 such that ||o*f|lg < C|f||: for all f € H.

Later, Gat proved [3] for all « > 0 the a.e. relation o%f — f for each
integrable function f. In the proofs of these results a key lemma was [2, Lemma
3]: Let B >t be fixed natural numbers. Then,

(1.1) /1 sup [Kn(2)ldA(z) < C (2 B)%

\Ir11 N>2B

In this paper we essentially improve inequality (1.1). Moreover, for the time
being there is no formula for the Fejér kernels. This paper aims to fill this gap.
For more details on the Fourier theory with respect to the character system of
the group of 2-adic integers see for instance [5, 6]. In this paper C' denotes an
absolute constant which may be different from line to line.

2. The results

For k € N and « € I let product < k,z > be defined as

/410330 k1$1 k‘1.’130 k‘QJZQ k2$1 kgxo
< k,x>= 51 + 5 + 53 T T + 52 + 53 4=

For any = € I and s € N use the notation
Ts—1 Ts—2 Zo
of Tz T

The main tool in the proof of the main result is the following lemma.

Tsk =

Lemma 2.1. Let x € I and s € N. Then the following equality holds:

= <k 1>\ 1
ka(m)e — =14cotm Tsx—l—ﬁ .

k=0
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Proof. Since
vp(z) =e(< k,x>) =
(koxo kyzy n k1o T ks_1ms_1 1651360>7

21 21 22 21 e

then by < k,1/2 >=ko/2' + k1 /2% + - + ks_1/2° for k < 2° we have
2°—1 1

<k,z>
E vg(z)e (22 ):

1 -
=2 6<2s+1(ks—1(23ws—1+28 oz e+ 2w+ 20)4
ko,....ks—1€{0,1}

+ ke o2, o+ 2512y g4+ 22mp + 2N+ F
—+ ]fl (251'1 + 25711'0 —+ 2572) + ko(?sl'o + 281))> .

Set L, =25t lr,o+1=2%,_1+251zs o+ -+ 225 + 2° which is an odd
natural number. The function €(5) is periodic modulo 257!, The equalities
L, =2z, 142 oo+ - +25+ 2,
2L, = 2z o +2° oy 3+ -+ 22204+ 2'  (mod 2°11),
2L, =20y 3+ 2oy 4+ -+ 2%20+2%  (mod 25T1),
2572, = 2%, +2° "oy +2°72  (mod 2°T1),
25_1Lw — 283,:0 + 25—1 (mod 28—‘,—1)

give

> ok(@)e (<k72;>> =

L, .
= D €<2s+1(’€s—1+21ks-2+-~+2‘ 1’“0)):

ko,..‘,ks—le{oﬁl}
= Lo 1\ _
Sy () -
=0

_ ep(mip) -1

©exp (ZM%) -1
2

L—e(5)
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Recall that L, is odd and consequently e(L,/2) = —1. Since
1/2 4+ 1/2cot ¢/2, then

1 —
I—exp(ed)

2°—1 1
<kis L
Z v (z)e (22) =1+1cot (7T2ijl> .
k=0
This completes the proof of Lemma 2.1. ]

The following theorem is the main result of the paper. It gives a formula
for the Fejér kernel functions with respect to the character system of the group
of 2-adic integers.

Theorem 2.1. Forn,t € N, z € I; \ I;11 we have

Lo 25— 1
= Znsz D, 41 (x) + v,y 11) () 5 +
s=0

+ Z 1522 (1 + 1 cot(T72) )y e ().
s=t+1

Proof. Let 24 < n < 2411, Then we have

> e Z_: (D, o1 () + v o41) (2) Dy ()

Lo 25— 1
= Zns2 Dn(s+1)($) + ’Un(s+1)($) B .
s=0

In the sequel we turn our attention to the case s > t. Use the formula for the
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Dirichlet kernel D,,(x) given by Schipp ([5]).

n(+tD pos_q

Koo (@)= Y Dila)=

k=n(s+1)
nGtD4os 1 ¢—1 nGth 495 1
j t
= ) O_kum@+ Y k(- Z+Z
k=n(s+1) 7=0 k=n(s+1)

Since 2°F! is a divisor of n(*t1) | then k = n(**1V 41 (0 < I < 2°). Consequently,
we have

V() = V0 4 (@) = Ve ()0 ().
Thus, (in the case of s > t)

1

Z = ’Un(g+1) Z Z Z k 2j ’Ul == Un(e+1) Z ’U

ls—1=0 lo=0 j=0 1,=0

where ¢ does not depend on l,. Since x € I \ L1, véﬁ () = e(l(xp/24+ -+
+20/201)) = €(1,/2) = (—1)", then we get S°" = 0. Consequently,

nGt o5 1
t
E Dk(x)—vn<s+1> E E lt2
k=n(s+1) ls_1=0 lo=0

For j <t (recall that = € I; \ I;+1) we have

L - T Tj_q Ttt1 1
vy @) = (i (51 + 7% +"'+2j—t))€<lj2j—t+1>'

These assumptions imply the equality

n(st 4291

> D)=

k=n(s+1)

1 1 1
R E T SID SR ST (T M (RER

Ts—1 Ti41 1
X € (ls,l (*21 + -+ 28_t_1)) € <l512s_t>

Use the notation

k= lt 120 + lt 221 + -4 l8712$—t—2 < 2S—t—1
+ +
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and
Ts

Since

=¢ <k0212> € (k1213> Y <ks_t_22sl_t> =e(<k,1/2> /2)

and since all functions vy; is periodic modulo 1, then

n(tD o5

> Dyx)=

k=n(s+1)
25—&71_1
= Vi) (2)2% v (2 2)e(< K, 1/2 > /2).
k=0
By Lemma 2.1 we get
gs—t—1_1
> w@M)e(< K 1/2> /2) =
k=0
(2t+1JL‘)s_t_2 (2t+1f£)0 1
:1+ZCOt7T<21+"'+2Stl+2St =
_ Tg_1 Tyl 1 _
=1+acotm ( 21 oot 9s—t—1 + 25t> -
_ Ls—1 Li+1 Lt _
—1—|—zcot7r< o1 4+ 3o i1 + S —|—> =

=1+ 2cot(mrsx).

Consequently,
nGt o5 1
> Di(r) = vy (2)2% (1 + rcot m(rex)).
k=n(s+1)
Finally, for s > t we write

(CARDNE, L |

s=t+1 k=n(s+1)

A
= Z 1522, 1) (2) (1 + 1 cot 7(752)).
s=t+1

This completes the proof of Theorem 2.1.
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Theorem 2.1 immediately gives the following estimation for the absolute
value of the kernel.

Corollary 2.1. For x € I \ I;11, n > 2%, n,t € N we have the estimation for
the Fejér kernel:
K ()] < €22 > ng(1+ | cot mral).
s=t+1

Besides, Corollary 2.1 implies an estimation for the kernel depending only
on the integer part of the binary logarithm of n, that is, on A = |log,n| and
not depending on the coordinates of n.

Corollary 2.2. Forx € I \ I;11, n > 2%, n,t € N we have the estimation for
the Fejér kernel:
A
InK, ()] < €22 > (14| cot wra).
s=t+1

The following corollary of Theorem 2.1 improves the result in paper [2]
which played a key role in the proof of the a.e. convergence of the (C, 1) means
of the Fourier series of integrable functions on the group of 2-adic integers. This
result is essentially better than inequality (1.1), that is, in paper [2, Lemma 3].

Corollary 2.3. For B > t, B,t € N we have the estimation for the Fejér

kernel: )
B-—t
[ s @i < o B2
I\I; 11 n>2B 2
Proof. 1In the proof we use the inequality in Corollary 2.2. For s > t and
7=1,...,8s—t—1set

Ji=@\Lizi)N{x el 1 =0,...,05_; =0,25_j_1 = 1}.
For j =0 let
JOZ(It\It+1)ﬂ{$EIZl‘S_1 21}

Then we have
s—t—1

INLy= | J;
§=0
On the set J; the following inequality holds:

| cot mrsx| < =
Ts
Cc2*
= - <
2571.%5,1 + 25721.572 4+ .. 4 2‘97]71.%57]',1 4+ 2t$t =
s
< O o

= 9s—j—1 =
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Consequently, we get

/ |1+ cot mrszx|dA(z) <
Ie\Ity1

s—t—1

1 1
<C Z ( +2J2]+t) < C(s 1) 5

This inequality by Corollary 2.2 gives

/I sup |K,(x)|d\(z) <

t\It11 n>28
o0

< Z/ sup | K, (2)|dA (x) <
A=pB Y It\1It41 {n:2A<n<2A+1}

<C Z 92t=4 Z / 14+ |cot mrsz|dA(z) <

s=t+17 Le\ o1

1 > B —1)?
<czwz (s~ 1)y < z e <o

s=t+1 A=B

This completes the proof of Corollary 2.3. |
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