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Abstract. A Rolewicz type theorem concerning the superstability of ap-
proximate convexity is established. Namely, it is proved that any real
valued function f, defined on an open, convex subset D of a linear normed
space, which satisfies the inequality

fOz+ (1 =Ny) SAf(@) + (1 =N f(y) +c AT =Nz —yl)”

for every z,y € D and A\ € [0, 1], with a fixed non-negative real number
¢, and a fixed exponent p > 1, has to be convex, i.e., satisfies the above
inequality with ¢ = 0 as well.

1. Introduction

Investigations of approximate convexity, in various cases, usually involves
the study of functions f satisfying an inequality of the form

(L1 flz+ A=ty <tf(x) + @ =0)f(y) +C2 (¢, 1 =) ¢ (|z —yl),
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where f : D — R is defined on a convex, open subset D of a normed space
X, |Ju|| denotes the norm of v € X, C is a (usually non-negative) fixed real
number, ® : [0,1] x [0,1] — R and % : [0, +oo[— R are given functions, while
inequality (1.1) is supposed to hold for all ¢t € [0,1] and =, y € D. In several
papers, investigations are restricted to the case X = R, when f is defined on
an open interval and |lu|| has to be replaced by the absolute value |u| of the
real number u.

In case C = 0, the inequality (1.1) describes the concept of convex functions.
IfC>0and @(t,1—t) =¥ (|lz—yl|) =1 forall t € [0,1], z,y € D, a
function f: D — R satisfying (1.1) is called C-convex. The first investigations
of C-convex functions are due by Hyers and Ulam [6]. According to their
result, if the underlying space X is of finite dimension n and the function f is
C-convex, then there exists a convex function g : D — R such that

/(@) = g(a)] < knC

for all x € D. Concerning the constant k,, , they established the inequality

n(n + 3)
" i)

C-convex functions were studied by Green [3] as well. He obtained better esti-
mations. On the other hand, Laczkovich [7] proved that k, > 1 log,(n/2). This
estimation shows that the statement cannot be extended to infinite dimensional
spaces. A counterexample in this direction was earlier constructed by Casini
and Papini [2].

Luc, Ngai and Théra [8] investigated the solutions f of the inequality (1.1)
when ®(t,s) = ts and ¢¥(h) = h, X is a Banach space. They assumed, in
addition, that f is lower semicontinuous.

In a series of papers, Rolewicz introduced and investigated the concepts
of ¥-paraconvex and strongly w-paraconvex functions, corresponding to the
choices ®(t,s) = 1 and ®(¢, s) = min{t, s}, respectively, in the inequality (1.1).
He obtained various results according to the assumptions on X and the local
behaviour of the function ¢ around the origin. When X = R, ¢(h) = h?
with some fixed p > 2, C > 0 and ®(¢,s) = 1, he proved [13] that every
solution f: D — R of (1.1) is convex. Later he extended this result [14] to the
more general case when X is a Banach space and ¢ : [0, +oo[— R fulfils the
assumption limy_,o 1 (h)/h? = 0. His further results show that the assumption
on Y is essential. For instance, one can easily verify that the real function
f(x) = —C2? (z € R) is strongly ¢-paraconvex with ¢(h) = h? but f is not
convex when C' > 0. Via similar calculations one can prove the following
statement: if X = R, ®(¢,s) = ts, ¥(h) = h?, and f satisfies (1.1) for all
t € 10,1}, z,y € D, then the function g(x) = f(x)+C2? (z € D) is convex. The



Approximately convex functions 145

statement is valid for negative C as well, when f is called strongly convex (cf. [5,
Prop. 1.1.2], [10]). We note that the choices ®(¢, s) = min{t, s} and ®(¢, s) = ts
in (1.1) are essentially equivalent as 2 min{¢, 1—¢} <#(1—¢) <min{t, 1—¢}
for every ¢ € [0,1].

Motivated by results on C-convex functions and investigations in the spirit
of Luc, Ngai and Théra, Péles [12] proved the following theorem: Let I denote
an open interval in R and e, § be nonnegative real numbers. A function
f : I — R satisfies the inequality

flte+ (1 =)y) <tf(x)+ A =0)f(y) +et(l = )|z —y[+0

for all z,y € I and t € [0,1] if, and only if, f can be represented in the form
f=g+a+ 3, where g: I — R is convex, a : I — R is a Lipschitz function
and 3 : I — R is a bounded function.

The notion of midconvex (or Jensen convex) functions concerns functions
f: D — R that satisfy (1.1) for all 2,y € D with¢t = 1/2and C = 0. According
to the celebrated Bernstein—Doetsch theorem [1], if f is midconvex and locally
bounded above, then f is convex. Analogously, if f satisfies (1.1) with ¢t = 1/2,
C>0and ®(1/2,1/2) =¥ (lx—y||) = 1 for all z,y € D and f is locally
bounded above, then f is 2C-convex [11]. Hazy and Péles [4], considering an
exponent p € [0, 1], investigated the relations among the solutions of inequality
(1.1) with ®(¢,s) = (ts)?, ¥(h) = h?, and those of the special case t = 1/2,
obtaining similar results. Their results were generalized to more general choices
of ® and ¢ by Maké and Pales [9]. A comparison of these results with those
of Rolewicz is elaborated by Jacek Tabor and J6zef Tabor [15].

2. Results

We consider approximate convexity of the form (1.1) in case ®(t, s) = (ts)?,
(h) = h? , under the assumption that p > 1. We begin the investigation and
reformulation of the problem in case of real variables.

2.1. Approximate convexity on intervals

Proposition 2.1. Let I C R be an open interval, ¢ > 0, p > 1. A function
f I — R fulfils the inequality

(2.1) Oz + (1= Ny) S Af(@) + (1 =2 f(y) + A0 =A) [z —yl)”
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for every x,y € I and X € [0,1] if, and only if, f satisfies the inequality
(2.2) Fo) < 2 ) + L2 p () + e <<—y><y—>)

z—x z—x z—x
for every x,y,z € I fulfillingx <y < z.

Proof. Let us assume that (2.1) holds for all z,y € I and X\ € [0,1]. Let
us consider z,y,z € I such that z <y < z. Let A= Z=2. Then 0 < A < 1,
1-X=%2 and y = Az + (1 — \)z. Thus, applying the inequality (2.1) with

z in place of y, we obtain (2.2).

Conversely, suppose that f satisfies (2.2) for all z,y,2z € [ fulfilling = <
<y<z,and let 0 < A < 1, z,2z € I such that x < z. Introducing
y=Ax+(1—X)z, we obtain < y < z and all the above listed expressions for
Aand 1 — A. Therefore (2.2) yields (2.1) with z in place of y. In other words,
(2.1) is verified if x < y and 0 < A < 1. Since A can be replaced with 1 — A
(as both are between 0 and 1), the inequality (2.1) is symmetric with respect
to  and y. So we obtained (2.1) from (2.2) for  # y and 0 < A < 1. In the
remaining cases (i.e., when z = y or A € {0, 1}) (2.1) obviously holds with
equality.

The proof of the following lemma consists of straightforward calculations,
so it is left to the reader.

Lemma 2.2. Let us suppose that x, y, z € I satisfy x <y < z. Then (2.2)
is equivalent to each of the following three inequalities:

ey LSO OO (20) e,

Yy— - zZ—T zZ—T

(2.4) fCﬁ__fhﬂc<y__x)p(zyylfgftﬁ__fQ0

z2—x z2—x z2—y

and

0s  IW-I@ _ 1) -Iw) +C<<z—y><y—x>)p‘1
y—x T z—y z—z '

Theorem 2.3. Let I C R be an open interval, ¢ > 0, p>1and f: I - R
such that, for every x,y € I and X € [0,1], f satisfies (2.1). Then, for every
a € I, there exist the limits

fL(a):—SlirglW—sup{W:a>s€I}eR and

fi(@) = tim 1D =S@ _mf{ 1) - f(a)

ra<tel ; eR.
t—a+ t—a t—a

Moreover, f’ (a) < f!(a).
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Proof. First we show that f/ (a) exists, it is real and it coincides with the
greatest lower bound of the given set of difference ratios. Let s,t € I such that
s < a < t. Then from (2.5) we get

f@f@%>ﬂ®f@_{(@®@$)”1

t—a - a—s t—s
S HO=F6) gt
a—s
Thus the set
S*z{f(t)_f(a) tel a<t}
@ t—a ’

is bounded below, therefore
¢(a) :=inf S} € R.

Let 1 > 0. Since dlir(r)l cd?~1 = 0, it follows that there exists 6y > 0 such
—0+

that 0-5571 < 5. Moreover, there exists u € I such that u > a and W <
< p(a)+ %. Let 6 = min {dp,u — a}. Obviously, § > 0. If a <t < a+ 4, then
a+ 0 <a+(u—a)=uand from (2.3) we get

f(t) = f(a) < f(U)f(a)+C<ut>p(ta)p—1

<
<p(a)_ t—a U—a U—a

g _
<pla) + 5 +efp T < pla) +er

Hence, we have p(a) = tlim+ w = fi(a).
—a

We can apply an analogous argument, based on the inequalities (2.5) and
(2.4), to show that f’ (a) exists, it is real and it coincides with the least upper
bound of the given set of difference ratios.

In order to verify the inequality f’ (a) < f)(a), let us consider z,z € I
such that * < a < z. Writing « in the place of y in (2.5) we get

fla) = f(z) < f(z) — f(a) Lo {(za)(az)r_l -
Hence we have
fl(a) = lim f@) = fa) oy, Fla) = f@) < f(z) — f(a) Fe(z—a)y

t—a— T —a t—a—  a—x z—a
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and thus

T z—a+ zZ—a

f~(a) < lim (f(z)—f(a) +c(z — a)p_l) = fi(a). [ ]

Theorem 2.4. Let I C R be an open interval, c >0, p>1and f: I - R
such that f satisfies (2.1) for every xz,y € I and A € [0,1]. Then f satisfies
(2.1) with ¢ =0 as well, so f is conver.

Proof. Suppose that z,y,z € I satisfy x < y < z. According to Theorem
2.3, we have the inequalities

y—a -y

Therefore inequality (2.5) is satisfied with ¢ = 0 as well. Thus inequalities (2.2)
and (2.1) are also valid with ¢ = 0. Hence, f is convex by definition. [ ]

Remark 2.1. Let us consider the example f(z) = —$2? (z € R), which
was mentioned in the introduction as well. Clearly, f is continuous, bounded
above, and it fulfils (2.1) with p = 2 for A = 1/2 and for all z , y € R. However,
it is not convex (when ¢ > 0), hence, due to Theorem 2.4, it cannot satisfy (2.1)
with p = 2 (and any constant in place of ¢) for all A € [0,1]. Therefore the
Bernstein—Doetsch theorem cannot be extended to this type of approximately
convex functions.

2.2. Approximate convexity in normed spaces

Theorem 2.5. Let (X, || -||) denote a linear normed space, D C X be open
and convez, ¢ > 0, p > 1 and let us suppose that f : D — R satisfies

FQz+ (1= Ny) < Af(2) + (1 =N f(y) + A0 =Nz —yl)”

for every x,y € D and X € [0,1]. Then f is conver.

Proof. Fix z,y € X and let u = %‘y, w = Y% . Note that u —w =z € D
and u+w =y € D, hence there exists an open interval I such that £1 € I
and u+ sw € D for all s € I. Let

9(s) = f(u+ sw) (sel).
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Then, for every s,t € I and A € [0, 1], we have

gAs+ (1 =Nt) = fA(u+sw)+(1—N)(u+tw)) <

IN

Af(u+sw) 4+ (1 =X f(u+tw) +
+ (A1 = Nl(u+ sw) = (u+tw)|)" =
= Ag(s) + (1= N)g(t) + cllwl|” (AL = N)[s —¢])" .

Thus ¢ satisfies the assumptions of Theorem 2.4 (with the constant c||w|? in
place of ¢), hence it is convex. In particular, we have, for every A € [0, 1],

O+ (1= A)y) gA=D) + (1 =X)-1)

Ag(=1) + (1 = Ng(1) = Af (@) + (1 = A)f(y) -

IN

As x and y were arbitrarily fixed, this completes the proof. |
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